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Preface

This volume contains the proceedings of FroCoS 2002, the 4th International
Workshop on Frontiers of Combining Systems, held April 8-10, 2002 in Santa
Margherita Ligure (near Genova), Italy. Like its predecessors, organized in Mu-
nich (1996), Amsterdam (1998), and Nancy (2000), FroCoS 2002 offered a com-
mon forum for the presentation and discussion of research activities on the com-
bination and integration of systems in various areas of computer science, such
as logic, computation, program development and proof, artificial intelligence,
mechanical verification, and symbolic computation.

There were 35 submissions of high quality, authored by researchers from
countries including Australia, Belgium, Brazil, Finland, France, Germany, Italy,
Portugal, Spain, Singapore, United Kingdom, United States of America, and Yu-
goslavia. All the submissions were thoroughly evaluated on the basis of at least
three referee reports, and an electronic program committee meeting was held
through the Internet. The program committee selected 14 research contributions.
The topics covered by the selected papers include: combination of logics, com-
bination of constraint solving techniques, combination of decision procedures,
combination problems in verification, modular properties of theorem proving,
integration of decision procedures and other solving processes into constraint
programming and deduction systems.

The workshop program was enriched by four invited talks by Greg Nelson on
“Foundations of a Constraint-Based Illustrator”, Alessandro Cimatti on “Inte-
grating BDD-based and SAT-based Symbolic Model Checking”, Deepak Kapur
on “A Rewrite Rule based Framework for Combining Decision Procedures”, and
Tom F. Melham on “An Investigation into Software Architecture for Embedded
Proof Engines”, and one tutorial by Thom Fruehwirth and Slim Abdennadher
on “Reasoning with, about, and for Constraint Handling Rules”.

I would like to thank the many people who made FroCoS 2002 possible. I am
grateful to: the members of the program committee and the additional referees
named on the following pages for reviewing the papers in a very short time and
maintaining the very high standard of FroCoS workshops; the other members of
the FroCoS Steering Committee for their advice and encouragement; the invited
speakers; and last, but by no means least, Silvio Ranise for handling the software
for our web-based reviewing procedure and Luca Compagna for his help in the
local organization of the workshop.

January 2002 Alessandro Armando
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Foundations of a Constraint-Based Illustrator

Greg Nelson

COMPAQ Systems Research Center
130 Lytton Avenue, Palo Alto, CA 94301

Abstract. The talk describes some of the formal foundations of Juno-
2, a constraint-based graphical illustrator implemented by Allan Heydon
and Greg Nelson and available over the web in source form.

The first idea underlying Juno-2 is that constraint-based programming
is obtained from ordinary imperative programming not by adding a fea-
ture but by subtracting a restriction: specifically by dropping the law of
the excluded miracle from the calculus of guarded commands of Edsger
W. Dijkstra. Dropping this law introduces “partial commands” (some-
times called “miracles”), which, when combined with conventional local
variable introductions (”VAR statements”) creates a highly principled
constraint solving primitive that is beautifully orthogonal to the conven-
tional imperative features of the language.

The second idea is that the “combination of decision procedures tech-
nique” that has been widely used in the automatic theorem-proving com-
munity for the last two decades can also be used to combine constraint
solvers for two logical theories into a single constraint solver for the com-
bination of the theories. Juno-2 uses this idea to combine a simple solver
for the theory of a pairing function (which amounts only to an implemen-
tation of unification closure) with a sophisticated numerical solver for the
theory of the real numbers to produce a powerful constraint solver that
is useful for producing accurate technical illustrations and animations.
The talk will include a demonstration of Juno-2, weather permitting.

References

A

. Allan Heydon and Greg Nelson. The Juno-2 Contraint-based Drawing Editor. Re-

search Report 131a. Digital Equipment Corporation Systems Research Center, Palo
Alto, CA 1994.

The Juno-2 Home Page. http://research. compaq.com/SRC/juno-2
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ACM Siggraph conference, pp 235-43, July 1985.

Greg Nelson. A Generalization of Dijkstra’s Calculus. ACM TOPLAS 11(4). Octo-
ber 1989, pp 517-61.

Greg Nelson. Combining Satisfiability Pocedures by Equality-sharing. In “Au-
tomatic Theorem Proving: after 25 years” edited by W. W. Bledsoe and D. W.
Loveland. (vol 29 of “Contemporary Mathematics”) American Mathematical Soci-
ety 1983. pp 201-11.
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Integrating HoL-CASL
into the Development Graph Manager MAYA

Serge Autexier! and Till Mossakowski?

1 FR 6.2 Informatik, Saarland University,
P.O. Box 15 11 50, D 66041 Saarbriicken,
Autexier@ags.uni-sb.de, Fax: 449 681 302 2235
2 BISS, University of Bremen,

P.O. Box 330 440, D 28334 Bremen,
till@tzi.de, Fax: +49 421 218 3054

Abstract. For the recently developed specification language CASL, there
exist two different kinds of proof support: While HOL-CASL has its
strength in proofs about specifications in-the-small, MAYA has been de-
signed for management of proofs in (CASL) specifications in-the-large,
within an evolutionary formal software development process involving
changes of specifications. In this work, we discuss our integration of HOL-
CasL and MAYA into a powerful system providing tool support for CASL,
which will also serve as a basis for the integration of further proof tools.

1 Introduction

The specification of large software systems is only manageable if specifications
are built in a structured manner. Specification languages, like CASL [4], provide
various mechanisms to combine basic specifications to structured specifications.
Analogously, verification tools must be able to represent the logical content of
specifications in a structured way. This needs to be more than the pure logical
content of the specification, since the status, proven or open, of proof obligations
must be represented in order to keep the whole development in a consistent
state. Attempts to prove some proof obligation may fail, revealing errors in the
specification, which is subsequently changed. Hence specification and verification
of software are intertwined, until we finally obtain a version of the specification,
whose proof obligations can all be proved. In practice, it is indispensable to deal
in an efficient manner with the effects of correcting flaws in the specification.
This is mainly to be able to determine which proofs remain valid, since a lot of
proof effort, i.e. development time, has gone into creating those proofs.
Industrial strength formal software development systems like VSE [9] have
been designed to deal with the evolutionary character of the software develop-
ment process. The main differences between those systems and usual theorem
provers is on the one hand that they accommodate the need to provide tool sup-
port to exploit the structure of specifications to ease their verification. On the
other hand, they provide tool support to administrate the status of the develop-
ment. The development graph manager MAYA [I3)8] has been designed to make

A. Armando (Ed.): FroCoS 2002, LNAI 2309, pp. 2-[[7] 2002.
© Springer-Verlag Berlin Heidelberg 2002



Integrating HOL-CASL into the Development Graph Manager MAYA 3

the ability of development administration and management of change accessible
to existing (semi-)automated theorem provers. It incorporates a mechanism to
reason about the structure of specifications, and thus provides tool-support for
the verification of specifications in-the-large. Doing so, it organizes and mini-
mizes the overall verification task, and leaves the task to prove theorems from a
set of axioms — i.e. the verification of specifications in-the-small — to the theorem
provers, which is what they are usually designed for.

MAYA provides a uniform interface to parsers of specification languages, and
the CATs-parser [15] for the Common Algebraic Specification Language (CASL)
has already been integrated into MAYA, using a transformation from CASL to
development graphs (see [I]). From this integration resulted the need for strong
proof support for specific theorems arising during the verification of CASL spec-
ifications. The HOL-CASL-system [I5] provides such CASL specific tool support
of verification in-the-small, but lacks the abilities required for verification in-the-
large. The two systems, MAYA and HOL-CASL have complementary features, and
thus there is a need to integrate them to obtain a strong tool support for formal
software development with CASL.

In this paper we present this integration of HOL-CASL with MAYA and it is
organized as follows: In Sect.[2l we present the development graph manager MAYA
and briefly introduce its basics. In Sect.[3 we describe the HOL-CASL-system and
its graphical user interface IsaWin. A discussion of possible integration scenarios,
followed by a detailed description of the chosen scenario and its implementation
is presented in Sect.[d. Before concluding in Sect. [6], we also give an account on
some related work in Sect. [5

2 Development Graph Manager MAYA

The development graph as presented in [13J8] has been developed to mediate be-
tween parsers for specifications and theorem provers to deal with all evolutionary
aspects of formal software development. Software is usually specified in a struc-
tured manner in order to allow for the reuse of software components. Various
structuring mechanisms have been proposed to this end (e.g. [6120/21]). Besides
the definition of software systems, the system requirements are specified (e.g.
safety or liveness properties) in requirement specifications. Those must be ful-
filled by the specified system and this is represented by postulating entailment
relations between the requirement specifications and the system specification.
Some of the postulated relations can be discharged just by exploiting the struc-
ture of the specification. Recognizing those subsumption relations saves a lot of
proof effort, and hence development time. From the remaining postulated rela-
tions arise the proof obligations which must be tackled using some interactive
or automated theorem prover. The existing theorem provers that can be used
to tackle proof obligations often do not support the structuring mechanisms, or
only simple structuring mechanisms. In order to allow for their use in the con-
text of formal software development, it is necessary to determine, for each proof
obligation, the set of axioms that can be used to prove the proof obligation.
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spec LIST [sort Elem| =

free type List[Elem] ::= []|_-:: __(Elem; List[Elem])
ops __++__ : List[Elem] x List[Elem] — List[Elem];
reverse : List[Elem] — List[Elem];

pred null : List[Elem]
V z,y : Elem;
K,L : List[Elem]

JJ++K =K % (concat_nil_List)%
Nz L)++K =z (L++K) %(concat_NeList_List)%
. reverse([]) =[] % (reverse_nil)%

. reverse(x :: L) = reverse(L) + +(z :: []) %(reverse_NeList)%
.null(L) & L=1] % (null)%

then %implies
VK,L: List[Elem] . reverse(K + +L) = reverse(L) + +reverse(K)
. null(reverse(L)) < null(L)

end

spec MONOID =

sort Elem
ops e . Elem;
__*% __ : Elem x Elem — Elem,assoc, unit e
end

view MONOIDASLIST : MONOID to LisT[sort Elem] =
Elem +~— List[Elem],
e =[],

S S R
end

Fig. 1. A CASL specification that lists with append form a monoid.

The whole formal software development process is evolutionary in nature,
as failing to establish some proof obligation may lead to changes in the actual
specification which again may affect subsumption properties and already proven
proof obligations. The minimization of the effects of changes is a major issue,
since it saves a lot of accomplished proof efforts. To achieve this the structure
of the specifications can, again, be exploited.

The development graph, as introduced in [I3]8], is a uniform formalism to
represent structured theories. In order to illustrate its description we use the
example CASL-specification viewed in Fig. [l This specification consists of a
specification LIST composed of a specification of lists over arbitrary elements
(of type Elem), which are enriched by an append function - ++__ and a re-
verse function reverse. This can be seen as the system specification. The second
specification MONOID specifies monoids and can be seen as the requirement spec-
ification, which is then linked to LIST by the view MONOIDASLIST.

Formally, a development graph is an acyclic, directed graph, where each
node represents a theory like for instance LiST, its different parts structured by
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LIST[ELEM]| €= = = = = = = = — — MoNoOID

SECOND-THEN-PART

FIRST-THEN-PART

Fig. 2. Development Graph for the running example

then, or MoNOID in CAsL. Each node contains a local signature and a set of
local axioms. E.g. the local signature of the second then-part of LiST are the
functions __ ++__ and reverse and its local axioms are the axioms defining those
functions. The so-called definition links of the graph are directed links between
two nodes. They define how the theory of the target node is built upon the
theory of the source node. Those links can be compared roughly to the then
structuring mechanisms, but also and (i.e. unions of specifications), depending
on the number of definition links that go into some node. There are three kinds
of definition links:

1. Global definition links, that intuitively export the whole visible signature
and axioms of the source node to the target node,

2. Local definition links, whose intuitive semantics is that they export only
the local signature and the local axioms of the source node to the target
node,

3. and Hiding definition links, that export the visible signature except the
hidden symbols. Those are used to encode the hiding of signature symbols in
specification language. Examples are local functions, which are encapsulated
by some module and invisible to the outside.

Intuitively, global and hiding definition links are used to represent the struc-
ture of the specification, e.g. the CAsL-specification in Fig. [l Global and hiding
definition links are decomposed into various local definition links, which allows
for a granular and thus efficient analysis of the effects due to changes of the
specification (cf. [T] for an example). For a formal definition of the development
graph and a detailed account on how links are decomposed we refer to [SIT3].

In addition to definition links, there are theorem links, which are used to
represent proof-obligations arising from the original specification. In contrast to
definition links, which are assumed relationships, theorem links postulate rela-
tionships and also come in three kinds:

1. Global theorem links postulate that all visible axioms of the source node
must be theorems in the target node,

2. Local theorem links postulate that only the local axioms of the source
node must be theorems in the target node, and

3. Hiding theorem links are global theorem links from a subtheory of the
source to the target (i.e. some of the symbols in the source may be hidden
and therefore need not be mapped into the target signature).
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Fig. 3. The development graph manager MAYA

The global theorem links are mainly used to encode the postulated entail-
ment relations between specifications. Similarly to definition links, global theo-
rem links are decomposed into local theorem links. This allows on the one hand
to recognize those parts of the global theorem link that are subsumed by the
other relations between theories. On the other hand, it allows for a granular
and thus efficient analysis of changes in the specification. During the decom-
position, hiding theorem links are used to represent intermediate states of the
decomposition process.

The development graph for the running example is viewed in Fig. 2l Leaves in
the graph correspond to basic specifications, which do not make use of other the-
ories (like MONOID or the first then-part of the structured specification LisT).
Inner nodes correspond to structured specifications which define theories using
other theories (like LIST or its second then-part). The structuring mechanisms
like then are encoded into definition links in the graph. Postulated relation-
ships are encoded into the global theorem links. E.g. the view-part of name
MOoNOIDASLIST of the CASL-specification postulates that “list with append form
a monoid structure”. This is expressed by a global theorem link from MONOID
to LIsT annotated by the morphism o, that maps the type Elem to the type
List, and the functions e and __*__ to [/ and __++__, respectively. The actual
proof obligations arising from this theorem link are to prove that the axioms
from MONOID mapped by ¢ are theorems in the theory of LiIST.
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Specification Theorem
Language 1 MAYA Prover 1
HOL-CASL
CASL Spec. Development / IsaWin
Language

Graph INKA

—— Manager
Specification Theorem
Language m Prover n

Fig. 4. The vision of the development graph manager MAYA

i

The development graph manager MAYA is an implementation of the develop-
ment graph and provides tool support for the various aspects of an evolutionary
formal software development process:

— It allows the encoding of structured specifications in a uniform and struc-
tured representation.

— The bookkeeping about proven and pending proof obligations is supported

in order to keep the whole development in a consistent state.

The decomposition and subsumption algorithms provide an efficient and

reliable tool support to recognize those parts of postulated relationships,

that are subsumed by the graph structure.

— It performs a detailed analysis of changes in the specification and minimizes
their effects on existing proofs of established proof obligations by exploiting
the decomposition of global relationships into local relationships.

The core of MAYA is implemented in Allegro Common Lisp and its graphical
user interface (see Fig.[3) in MOZART (www.mozart-oz.org). The vision of the
development graph manager is that it serves as a uniform mediator between on
the one hand different specification languages and different theorem provers on
the other hand (see Fig. [). The vision gives rise to several requirements that
need to be addressed during the design of the development graph manager: First,
it should be as easy as possible to connect a specification language. To do so,
only a parser must be supplied for the specification language as well as a trans-
lation from the specification language’s logic and structuring mechanisms into
those of the development graph. This allows to represent the specifications in
the development graph structure and MAYA provides tool support to determine
changes between different specification revisions. The validity of this design goal
has been showed by implementing a connection from CASL to MAYA and has
been reported in [I]. Secondly, it should be as easy as possible to connect an
existing theorem prover to MAYA, in order to use it to prove the arising con-
jectures. There are several possible integration scenarios, which are discussed in
Sect. [ as well as the scenario chosen to integrate the HOL-CASL-system.

The logic underlying the implemented development graph currently is higher-
order logic (HOL) with polymorphism and type constructors. We have chosen
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HOL since it is general and flexible enough to encode nearly all logics used in
practice. Moreover, there are good theorem provers supporting HOL. However,
it should be stressed that the choice of the logic is entirely orthogonal to the
structuring mechanisms of the development graph. Presently, MAYA not only
supports HOL, but also an extension of HOL with a temporal logic of actions.
In the future, we plan to allow heterogeneous development graphs over a given
arbitrary but fixed graph of logics, see [16].

&

CICICIEIES

Fig. 5. The HoL-CASL instantiation of the IsaWin system

3 Hor-CasL and IsaWin

CAsL is a specification language combining first-order logic and induction prin-
ciples with subsorting and partiality. Now most theorem provers do neither sup-
port subsorting nor partiality, and therefore it also does not make much sense
to have them in the logic of the development graph. Therefore, in order to do
theorem proving for CASL specifications, we need to code out these features. The
encoding of CASL into higher-order logic (HOL) is done by encoding partiality
via error elements living in a supersort, encoding subsorting via injections, and
encoding sort generation constraints as induction axioms (see [I4I5]). These
encodings are not only translations of syntax, but also have a model-theoretic
counterpart, which provides an implicit soundness and completeness proof for
the re-use of HOL-theorem provers for theorem proving in the CASL logic, which
is also known as the “borrowing” technique of Cerioli and Meseguer [3].
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HoOL-CASL now is an interface from CASL to Isabelle/HOL based on this
encoding. We have chosen Isabelle [18] because it has a very small core guar-
anteeing correctness. Furthermore, there is over ten years of experience with it
(several mathematical textbooks have partially been verified with Isabelle).

IsaWin is a generic graphical interface, which can be set on top of Isabelle
[12/11]. We have instantiated IsaWin with our HOL-CASL encoding of CASL into
Isabelle/HOL. In Fig. 5, you can see a typical IsaWin window. The icon labeled
with (X, E') denotes a CASL specification (more precisely, its encoding in HOL).
The icon labeled with a tree is an open proof goal. By double-clicking on it,
you can perform proof steps with this goal. This is done by dragging either
already proven theorems (those icons marked with - A) or simplifier sets (icons
marked with {I — r}) onto the goal. The effect is the (one-step) resolution of
the goal with the selected theorem, or the (multi-step) rewriting of the goal with
the chosen simplifier set. After the proof of a goal is finished, it turns into a
theorem. You can then use it in proofs of other theorems, or, if it has the form
of a rewrite rule, add it to a simplifier set.

4 Integrating HOL-CAsL and IsaWin into MAYA

The development graph manager MAYA has a connection to the specification
language CASL (see [1]). Hence, it provides tool support for the administration of
formal software developments with CASL specifications and especially an efficient
management of change. Conceptually, this provides a kind of proof engine for
the verification of CASL specifications in-the-large, and it lacks a proof engine for
verification in-the-small, to actually prove the conjectures arising during formal
software development.

The HoL-CASL-system is an instance of the Isabelle/HOL generic theorem
prover for CASL. It incorporates specialized proof support to tackle theorem
proving problems arising in the domain of CAsL-specification. However, it lacks
a sophisticated administration of whole developments as well as an efficient
management of change. In contrast to MAYA, it thus provides strong tool sup-
port for CAsSL-specification and verification in-the-small, but is weak for CASL-
specification and verification in-the-large.

In comparison, the two systems have complementary strengths and thus there
is a need to integrate both systems to overcome the weaknesses of the stand-alone
systems.

4.1 Spectrum of Integration Scenarios

The overall principle of the integration of MAYA with some theorem prover is as
follows: MAYA deals with all in-the-large aspects of formal software development,
while the theorem prover is used to deal with the in-the-small aspects, i.e. to
actually prove a conjecture w.r.t. some set of axioms.

However, there is a large scale as of to which degree the integration of MAYA
and some theorem prover can be realised. The looser the integration is, the
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simpler it is to realise, but also the less efficient it is in practice, and vice versa.
The loosest possible coupling would be that whenever there is a conjecture to
prove w.r.t. the theory of some node, all the axioms defining the theory of this
node are determined from the development graph structure. All those axioms
are sent to the theorem prover together with the request to prove the conjecture.
As a result, the theorem prover returns whether it could prove the conjecture or
not. However, such a loose integration has some severe drawbacks in practice: On
the one hand, in practice the number of axioms can be rather huge and it is very
inefficient to send always all axioms together with a conjecture, even if the set of
usable axioms for the current conjecture is the same than those for the previous
theorem. On the other hand, if the theorem prover returns only the information
whether it could prove a conjecture or not, there is no information about the
axioms actually used during that proof. Subsequently, MAYA must assume, that
any usable axioms could have been used. Hence, the status of this proof depends
on all usable axioms, and the proof gets invalid — from MAYA’s point of view — as
soon as one of those is deleted due to some change of the original specification.
This is another strong loss in efficiency for the management of change.

In contrast to this loosest integration, the tightest integration would be to
determine all nodes in the development graph, w.r.t. whose theories the actual
conjectures must be proven. For each such proof node, an instance of the theorem
prover is created and initialized with the theory of this node. Besides the logical
content of a node in the development graph, each node could contain informa-
tion about domain specific reasoning procedures. Those are e.g. domain specific
tactics for some tactical theorem prover. Those specific reasoning procedures
could be handled over to the theorem prover, in order to reach a high degree
of automation for proof search. After setting up all theorem prover instances in
this manner, each is requested to prove the conjectures associated to its proof
node. The theorem prover returns for every conjecture whether it could prove
it or not. In case it could prove a conjecture, it returns a proof object in some
logical calculus, which is stored in the development graph. Whenever the speci-
fication is changed, MAYA can exploit the structure of the development graph to
determine on a granular level how the theories of proof nodes are affected, and
subsequently only send the differences to the associated instances of the theorem
prover. This consists of inserting resp. deleting single types, constants, or axioms
in the theorem prover, and prevents having to send always the whole theory af-
ter some change. Furthermore, the proof objects stored for some theorem can be
analysed, whether the axioms used during that proof are still present or not. If
so, the proof is still valid. If not, then we can try to patch the proof using the
various proof reuse or proof patching techniques.

Besides this very efficient management of change, the tight integration also
allows to support incremental software development methods, i.e. a development
strategy that begins with developing the core of a system and adds features
incrementally. Those methods change or extend the specification in a determined
manner, such that the effects on proof objects are predictable. Again, specific
proof patching techniques can be used to try to patch the affected proof objects,
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which would prevent to have to redo the proofs. Examples for such incremental
formal software development methods can be found in [22].

4.2 Integration Scenario for HoL-CAsL

From this scale of possible integration scenarios, we chose the following: Accord-
ing to the ideal tight integration scenario, there should be in each proof node
an instance of the HOoL-CASL-system. In practice, there may be a large number
of those proof nodes, and it is technically infeasible to run several instances of
HoL-CAsL in parallel. Therefore the approach is to have one instance of the
HoL-CAsL-system and to literally “move” it around between the proof nodes. If
the HOL-CASL-system is initialized w.r.t. a specific proof node, MAYA provides
all the axioms visible in that node (i.e. the theory of this node) that can be used
to prove that conjecture. To actually prove a conjecture w.r.t. this node, MAvYA
sends a request to the HOL-CASL-system. When it comes to prove a conjecture
w.r.t. a different proof node, the HOL-CASL-system must be initialized w.r.t. the
new proof node. To this end, MAYA exploits the structure of the development
graph in order to compute the differences between the theories of the old and
the new proof node. Subsequently, only the differences are sent to HOL-CASL
prover, which results in a gain in efficiency in practice. The latter is expected to
hold a single theory (called Current, see Fig. [), that contains all usable types,
constants and axioms. The presented integration scenario is realised on top of
seven basic interface functions from MAYA to the HOL-CASL-system:

— Insertion and deletion of types
Insertion and deletion of constants
— Insertion and deletion of axioms.
— Request to prove some conjecture.

A theorem proving request returns whether the cojecture could be proven or
not, and this information is incorporated into the in-the-large process of the
development graph manager. In case it could be proven, information about the
axioms used to prove that theorem (this can be extracted from proof trees) is
returned as well as two file names, one for the proof tree and one for the tactic
script of the proof. The information about used axioms is included into MAYA
and serves to determine whether or not a proof remains valid after a change of the
specification. If a proof has been invalidated, we can try to reprove the theorem
by using the tactic script contained in the stored file. The other file with the
proof tree can be used to run a proof-checker. At the moment, proof trees have a
prover specific format; however, we plan to make the format prover independent,
such that MAYA can construct a large proof tree out of the individual trees, which
can then be fed into a proof checker in order to double-check the correctness of
proofs in the integrated system.

Since both the actual MAYA-system and the HOL-CASL-system are based on
higher-order logic, there was no need to define logic morphisms.
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4.3 Theorem Prover Design Requirements

The functionality exhibited by the basic functions has implications on the design
of the theorem prover. The problem arises from the non-monotonic update of
its theory. Usually, theorem provers are designed such that their theories can be
enriched, but lack the ability to change or remove parts of its theory. The theorem
prover must have at least a weak truth maintenance system, in order to track
dependencies between axioms and derived information, like e.g. simplifier rules,
induction rules or orderings among constants. The derived information might be
more complex: Consider as an example the classification of some rewrite rule,
where the left-hand side must be greater than the right-hand side w.r.t. a term
ordering on top of the ordering among constants. The latter may be induced by
bits of ordering relations between constants, which result from the analysis of
axioms. It is necessary to know which ordering bits have been used to determine
whether some term is greater than another, in order to know which axioms this
comparison depends on. Subsequently, the rewrite rule depends on those axioms
as well as the original axiom this rule stems from. Those dependencies are even
more complex in case rewrite rules are derived from other rewrite rules, by e.g.
some completion procedure.

In plain Isabelle, the derivation of simplifier sets is not that sophisticated —
Isabelle follows a conservative extension paradigm and automatically generates
simplifier sets only along conservative extensions. Therefore, Isabelle is not so
well-suited for the integration with MAYA, since MAYA always sends sets of arbi-
trary axioms, which need not to follow the conservative extension paradigm. We
have solved this problem by adding some heuristics for the automatic computa-
tion of simplifiers to HOL-CASL, e.g. by adding all axioms in Horn form. This
needs to be further improved in the future (see also the section about future
work).

For the HoL-CASL-system, the functions implying a monotonic change (i.e.
insertion of types, constants and axioms) of its current theory could also be easily
realised. A major problem were the functions entailing a non-monotonic change,
i.e. a modification of the current theory. Indeed, those modifications conflict
with Isabelle’s LCF-style approach of guaranteeing correctness by restricting
the access to the core proof engine by means of the Standard ML type system
in a way that no unsound proof is possible. This restriction of access also means
that it is not possible to delete parts of theories. Further, it is not even possible to
copy those parts of a theory that should be kept. Therefore, we had to change the
Isabelle kernel by removing some of the access restrictions. Of course, in general
such a manipulative surgery sacrifices Isabelle’s puristic philosophy. However, in
this case, correctness cannot be ensured by Isabelle alone any longer, but results
from an interplay with MAYA and Isabelle — a view that in principle is also
shared by the developers of Isabelle [17].

4.4 Technical Integration

On a technical level, the integration is realised such that the HOL-CASL-system is
called as a subprocess from Lisp, the programming language used for MAYA. The
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commands from MAYA to HOL-CASL are sent via a Unix pipe to the HOL-CASL-
system using a refinement of the XML-RPC protocol (www.xml-rpc.org). The
complete DTD of the used exchange format can be found on the MAYA webpage
(www.dfki.de/~inka/maya.html). The commands are processed by the HoOL-
CAsL system and acknowledged according to the XML-RPC standard.

However, it should be stressed that the XML format is essentially theorem
prover independent and can be used for any prover supporting proofs in higher-
order logic (HOL). The prover is expected to hold one theory (called the current
theory). Via the protocol, MAYA can tell the prover to enrich the current theory
(by adding types, constants and axioms) as well as to modify it (by deleting
types, constants and axioms). The protocol also allows to ask the prover to
prove a formula. The prover must return the formula plus possibly a number of
lemmas needed in the proof. Both the original formula and the lemmas each come
along with a proof status. The proof status may either be “proved”, “disproved”
or “open”. In the case of “proved”, also the list of axioms used in the proof must
be supplied. Finally, the names of the two files containing the tactic script, that
generated the proof, and the proof object may be returned as well.

4.5 Example

As a very small example, consider the specification in Fig. [0l Suppose that we
have erroneously specified the axiom

reverse(x :: L) = reverse(L) + +[].

We can then prove without difficulty the proof obligations corresponding to the
view from Monoid to List (which then will change its colour from red to green
in the MAYA user interface, see Fig. [3), and also the first of the two formulas
that have been specified to be implied, namely

reverse(K + +L) = reverse(L) + +reverse(K).
However, when attempting to prove
null(reverse(L)) <= null(L)

we will fail. When looking at the specification, we (manually) can trace this back
to the erroneous axiom and correct it into

reverse(x :: L) = reverse(L) + +(z :: []).

After this, MAYA recomputes the development graph. The view from Monoid to
List still has green colour, indicating that its proof still remains valid. However,
the proof of

reverse(K + +L) = reverse(L) 4+ +reverse(K)

is now invalidated and has to be replayed. Fortunately, in this case the tactic
script need not be changed, because in contrast to plain Isabelle, HOL-CASL
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computes simplifier sets containing axioms from the specification. Finally, we
now also can prove
null(reverse(L)) <= null(L).

The main benefit in this small example was to avoid the replay of the tactic
script for the proof of the view. The full power of the integration of MAvA
with HOL-CASL shows up in more complex examples, where the structure of
the specification changes and even where for some theorems that remain valid
after the change, a replay of tactic scripts would not be possible, because e.g.
simplifier sets in HOL-CASL have changed.

5 Related Work

Recently, a number of approaches of integrating different theorem provers and ex-
change formats for logical entities have been developed, among them the MATH-
WEB project [[7], the OMDOC [10] format, the HOL-CLAM project [2] and the
PROSPER toolkit [5]. Typically, these approaches define an interchange format
for logical entities and/or provide a central core proof engine, which serves as the
basis to integrate different theorem provers. The approach presented here is new
with respect to the emphasis on theorem proving and management of change
in structured specifications. That is, MAYA can be regarded as a kind of core
proof engine, but not at the level of specification in-the-small, but at the level of
specification-in-the-large: Many proof obligations can be discharged and proofs
can be re-used (after change of the specification) by an analysis of the structure
of the specification (here represented as development graph). A similar approach
is taken in the VSE system [9] and the KIV system [19]. However, those systems
are not built in a way as modular as our system, but are instead monolithic,
which hampers the integration of theorem provers different from the integrated
one. Moreover, our system is suitable for extensions allowing for theorem proving
across different logics (see [16]).

6 Conclusion

In this paper we reported on the integration of the development graph man-
ager MAYA with the HOL-CASL and IsaWin system. The major outcomings of
this work are twofold: First, this work is a proof of principle of the validity of
the design issues of MAYA as a mediator between parsers of specification lan-
guages and state of the art theorem provers. While [T] showed that the interface
of the development graph to parsers is adequate to integrate those, the work
presented in this paper demonstrates the adequacy of the interface of the devel-
opment graph tool to theorem provers. The major difficulty encountered during
the integration of HOL-CASL was getting the underlying Isabelle/HOL system
to accept non-monotonic changes of its theories.

The second major benefit is that the HOL-CASL-system has been extended
to a verification tool that handles in an efficient manner the management and
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bookkeeping tasks due to the evolutionary character of formal software devel-
opment. One should note that normally, Isabelle proofs are carried out in a
rather static environment, that is, the theory is not expected to change - and
when it changes, it is sometimes very tedious to adapt proof scripts accordingly,
especially if the structure of the specification changes and simplifier sets do no
longer work in the expected way. Using Isabelle’s information about used axioms
in some Isabelle/HOL proof, MAYA allows for a more efficient management of
change. Changes in the specification can be analysed and only the local effects
are propagated to the theorem prover.

A third achievement is that a prover with only limited in-the-large structuring
mechanisms (such as Isabelle/HOL) can now be used for proofs in complex
structured specifications. This is important especially for the verification of large
software systems. In a future extension, it might be desirable to exploit Isabelle’s
limited structuring mechanisms (extension and union) whenever possible. This
would mean that a local proof would take place not in a flattened theory as now,
but rather in a structured theory limited to extension and union.

As a by-product of this integration, there is now a simple XML based ex-
change format to exchange logical information like signatures and axioms be-
tween systems. It is designed to communicate single entities of unstructured pure
logical information, and by this is less verbose than other encodings like [I0].
This uniform format together with the general integration scenario should al-
low to integrate any tactic-based LCF-style theorem prover, provided that it
supports non-monotonic updates of its database. The Lisp sources of MAYA
as well as the binaries of HOL-CASL can be obtained from the MAva-webpage
www.dfki.de/"inka/maya.html.

Future work will consist in using the sketched verification environment to
perform case studies using CASL as the specification language to specify soft-
ware systems. With respect to the MAYA system, future work is concerned with
providing a full support for hiding. Also, we plan to connect more provers to
the prover independent XML interface. In connection with this, it is desirable
to make the analysis techniques of the Inka theorem prover, which can compute
simplifier sets in a sophisticated way using termination orderings, also available
to HOL-CASL. For this end, MAYA would need to be extended to be able also to
communicate information about simplifier sets. Finally, MAYA shall be extended
with a generic mechanism for definition of logics and logic morphisms, such that
multi-logic development graphs [I6] can be processed. With a definition of a
logic, not only its syntax, but also a format for proof trees shall be provided.
In this way, proof patching techniques, re-use of proofs and proof checking will
become available.
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Abstract. This paper argues that the core of modularity problems is an
understanding of how individual components of a large system interact
with each other, and that this interaction can be described by a layer
structure. We propose a uniform treatment of layers based upon the con-
cept of a monad. The combination of different systems can be described
by the coproduct of monads.

Concretely, we give a construction of the coproduct of two monads and
show how the layer structure in the coproduct monad can be used to
analyse layer structures in three different application areas, namely term
rewriting, denotational semantics and functional programming.

1 Introduction

When reasoning about complex systems (such as specifications of large systems,
or semantics of rich languages with many different features), modularity and
compositionality are crucial properties: compositionality allows a large problem
to be broken down into parts which can be reasoned about separately, while
modularity finds criteria under which results concerning these parts combine
into results about the overall system.

A prerequisite for modular reasoning is an understanding of how individual
components of a large system interact with each other. In modular term rewrit-
ing, the key concept is the layer structure on the terms of the combined rewrite
system, i.e. we can decompose the combined system into layers from the compo-
nent systems. Our basic observation is that this methodology can be generalized
by moving to a categorical framework, where layers become the basic concept,
described by monads, which describe a far wider class of systems than just term
rewriting systems, as demonstrated by the examples below. The combination of
smaller systems into a larger one is in general described by colimits, but in this
paper, we restrict ourselves a natural first step, the coproduct.

Monads have been used to describe various formal systems from term rewrit-
ing [TOJTT] to higher-order logic [3] and arbitrary computations [I3], just as col-
imits have been used to describe the combination of specifications and theories
[I6/17). A construction of the colimit of monads was given by Kelly [7, Chapter
VIII] but the generality of the construction is reflected in its complexity which
can be detering even for experienced category theorists, and hence limits the
applicability of the construction to modularity problems.

A. Armando (Ed.): FroCoS 2002, LNAT 2309, pp. 18-32] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Our contribution is to provide alternative constructions which, by restricting
ourselves to special cases, are significantly simpler and hence easier to apply in
practice. We describe how monads correspond to algebraic structures, coproducts
correspond to disjoint unions and how the layer structure in the coproduct monad
models the layer structure in the combined system, and apply these ideas to three
settings: modular rewriting, modular denotational semantics, and the functional
programming language Haskell.

Generality requires abstraction and, as we shall argue later, the use of mon-
ads is appropriate for our abstract treatment of layers. We are aware that our
categorical meta-language may make our work less accessible to those members
of the FroCoS community who are not proficient in category theory. Neverthe-
less, we have written this paper with the general FroCoS audience in mind, by
focusing on ideas, intuitions and concrete examples; proofs using much category
theory have been relegated to the appendix. Our overall aim is to apply our gen-
eral ideas to specific modularity problems and for that we require an exchange
of ideas; we hope this paper can serve as a basis for this interaction.

The rest of this paper is structured as follows: we first give a general account
of monads and motivate the construction of their coproducts. We examine par-
ticular special cases, for which we can give a simplified account. We finish by
detailing our three application areas.

2 An Introduction to Monads

In this section, we introduce monads, describe their applications and explain
their relevance to a general treatment of layers. Since this is standard material,
we refer the reader to general texts [I2] for more details. We start with the
canonical example of term algebras which we will use throughout the rest of the

paper.

Definition 1 (Signature). A (single-sorted) signature consists of a function
Y :N — Set. The set of n-ary operators of X' is defined X, = X(n).

Definition 2 (Term Algebra). Given a signature X and a set of variables X,
the term algebra T'x:(X) is defined inductively:

rxe X fEZn t]_,...tnETE(X)
T e TE(X) f(tl,...,tn) S TE(X)

Quotes are used to distinguish a variable € X from the term ’z € T (X). For
every set X, the term algebra T'x;(X) is also a set — categorically Ty, : Set — Set
is a functor over the category of sets. In addition, for every set of variables X,
there is a function X — Tx(X) sending each variable to the associated term.
Lastly, substitution takes terms built over terms and flattens them, as described
by a function Tx(Tx(X)) — Tx(X). These three pieces of data, namely the
construction of a theory from a set of variables, the embedding of variables as
terms and the operation of substitution are axiomatised as a monad:
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Definition 3 (Monads). A monad T = (T,n,u) on a category C is given by
an endofunctor T : C — C, called the action, and two natural transformations,
n: 1= T, called the unit, and p : TT = T, called the multiplication of the
monad, satisfying the monad laws: u-Tn =1= p-np, and p-Tpw = p-pp.

We have already sketched how the term algebra construction Ts has an
associated unit and multiplication. The equations of a monad correspond to
substitution being well behaved, in particular being associative with the variables
forming left and right units. In terms of layers, we think of Tx(X) as a layer
of terms over X, the unit converts each variable into a trivial layer and the
multiplication allows us to collapse two layers of the same type into a single layer.
Monads model a number of other interesting structures in computer science:

Ezample 1 (More Complex Syntaz). Given an algebraic theory A = (X, E), the
free algebra construction defined by Ts(X) = Ts(X)/~p, where ~g is the
equivalence relation induced by the equations F, is a monad over Set.

A many-sorted algebraic theory A = (S, X, E), where S is a set of sorts, gives
rise to a monad on the base category Set® which is the category of S-indexed
families of sets and S-indexed families of functions between them.

Calculi with variable binders such as the A-calculus, can be modeled as a
monad over Set” which is the category of functors from the category F of finite
ordinals and monotone functions between them, into the category Set [4].

Ezample 2 (Term Rewriting Systems). Term rewriting systems (TRSs) arise as
monads over the category Pre of preorders, while labelled TRSs arise as monads
over the category Cat of categories [10J11].

Ezample 8 (Computational Monads). Moggi proposed the use of monads to
structure denotational semantics where T X is thought of as the computations
over basic values X [13]; see Sect. B below.

Ezample 4 (Infinitary Structures). Final coalgebras have recently become pop-
ular as a model for infinitary structures. The term algebra from Def. ] is the
initial algebra of the functor Ty, and just as initial algebras form a monad, so
do final coalgebras: for the signature X, the mapping Ts° sending a set X to the
set of finite and infinite terms built over X is a monad [5].

From the perspective of modularity, we regard T(X) as an abstraction of
a layer. In the examples above, layers are terms, rewrites, or computations;
the monad approach allows us to abstract from their particular properties and
concentrate on their interaction. Monads provide an abstract calculus for such
layers where the actual layer, the empty layers, and the collapsing of two layers
of the same type are are taken as primitive concepts.

3 Coproducts of Monads

Recall our aim is to understand the layer structure in modularity problems by
understanding the layer structure in the coproduct of monads. The construction
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of the coproduct of monads is rather complex and so we motivate our general
construction by considering a simple case, namely the coproduct of two term
algebra monads. Given two signatures X, {2 with corresponding term algebra
monads Ty, T, the coproduct Ty + Ty, should calculate the terms built over
the disjoint union X' 4+ 2,ie. Tx + T = T2+_(2

Terms in Ty (X) have an inherent notion of layer: a term in T'x , decom-
poses into a term from T (or Ty,), and strictly smaller subterms whose head
symbols are from (2 (or X'). This suggests that we can build the action of the
coproduct Ty o(X) by successively applying the two actions (T, and Ty,):

Ty +To(X)= X +Ts(X)+To(X) + TsTs(X) + TsTo(X)+ (1)
TQTZ(X) + T_QTQ(X) + TZ‘T_QTZ‘(X) + ...

Crucially, theories are built over variables, and the instantiation of variables
builds layered terms. The quotes of Def. [2] can now be seen as encoding layer
information within the syntax. For example, if ' = {F,G} then the term G’G’x
is an element of T's;(Tx (X)) and hence has two X-layers. This is different from
the term GG’x which is an element of T';(X) and hence has only one X-layer.

Equation () is actually too simple. In particular there are different elements
of the sum which represent the same element of the coproduct monad, and we
therefore need to quotient the sum.

Firstly, consider a variable x € X. Then z € X, ’x € Tx(X), 7’z € ToTs(X).
By identifying a layered term with its image under the two units, one can identify
these layered terms; we call this the n-quotient.

Secondly, if 2 = {H} is another signature, the layered terms t; = GG’x €
Tx(X) and t3 = G’G’x € Tx(Tx(X)) are both layered versions of GG’x €
Txi0(X). By identifying a layered term containing a repeated layer with the
result of collapsing the layer, one identifies these terms (u-quotient).

Finally, in all elements of the sum ([I), descending from the root to a leaf in
any path we pass through the same number of quotes. Thus, layered terms such
as F(G’x,’H’x) do not exist in the sum. However, this term is an element of
T (X 4+ T(X)) which indicates that the layer structure of (I)) is not the only
possible layer structure. In fact, there are a number of different layer structures
which we propose, each with uses in different modularity problems.

Summing up, the coproduct monad T + R should be constructed pointwise
for any set X of variables as a quotient of layered terms. Layered terms are
formed solely by constructions over the component monads. This is crucial, as
the construction of the coproduct is compositional, and hence properties of T
and R can be lifted to T 4+ R. The equations are essentially given by the unit and
multiplication of the components.

For the rest of this paper, we have to make certain technical assumptions
about the two monads and the base category (see Appendix [A]).

! This relies on the fact that the mapping of signatures to monads preserves the
coproduct, which it does because it is a left adjoint.
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3.1 Pointed Functors

A functor S : C — C with a natural transformation o : 1 = S is called pointed.
Every monad is pointed, so taking the coproduct of pointed functors is a first
step towards the construction of the coproduct of monads. In the term algebra
example, the natural transformation ny : 1 = Ty models the variables, and
the coproduct of two pointed functors S, T should be the functor which for any
given set X returns the union of TX and SX with the variables identified. This
construction therefore implements the n-quotient from above.

In Set, we identify elements of a set by taking the quotient. Thus, for example
to share the variables from X in Tx(X) 4+ T (X), we quotient the set by the
equivalence relation generated by ’z ~ ’y (note how the term on the left is
an element of T (X), whereas the term on the right is an element of T (X)).
Categorically, this process is modelled by a pushout:

Definition 4 (Pointed Coproduct). Given two pointed functors (I,nr) and
(S,ns), their coproduct is given by the functor Q : C — C which maps every object
X in C to the colimit in [3) with the obvious extension of @ to morphisms. Q

XTIT

an lUT (2)
M

RX — QX
OR

TX

is pointed with o : 1 = Q given by ox = or'Nr = o7 N7

3.2 Non-collapsing Monads

An algebraic theory A = (X, E) is non-collapsing if none of the equations has a
variable as its left or right-hand side. Generalising this to monads, this means
that T'X can be decomposed into the variables X and non-variable terms Ty X,
ie. TX = X + Ty X for some Ty. More succinctly, this decomposition can be
written as an equation on functors, i.e. T'=1+ Tj.

Definition 5 (Non-Collapsing Monads). A monad T = (T,n,p) is non-
collapsing iff T = 1+ Ty, with the unit the inclusion iny : 1 = T and the other
inclusion written ap : Ty = T. In addition, there is a natural transformation
wo 2 ToT = Ty such that a-pg = p-ar.

Given a signature X', the term monad T’ is non-collapsing, since every term
is either a variable or an operation (applied to subterms). More generally, given
an algebraic theory (¥, E), the representing monad T (x g is non-collapsing iff
neither the left or right hand sides of any equation is a variable.

Lemma 1. In any category, the pushout of the inclusions in; : 1 = 1+ X and
g 1= 14+Y is 1+ X +Y. Given two non-collapsing monads 1 + Ty and
1+ Ry, their pointed coproduct is (Q,q) with Q =1+ Ty + Ry and ¢: 1 = Q.
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Proof. The first part can be proved by a simple diagram chase. The second part
follows since in a non-collapsing monad the units are the inclusions. O

3.3 Layer Structure 1: Alternating Layers

Our first axiomatisation of layer structure is based upon the idea that, in the
coproduct monad, layers alternate between T-layers and R-layers. Since we can
decompose the layers of the non-collapsing monads into the variables and the
terms, we share the variables between the two monads and only build new non-
variable layers on top of other non-variable layers.

Definition 6 (Alternating Layers). Define the series of functors Ar, and
Agrn as follows:

Aro=1 Arpt1=14+ToArn Arpo=1 Apnt1 =1+ RoAr,
Define natural transformations ar p : Arpn — Arpt1 and apn : Arpn — AR nt1
aro =1  arpy1 = 1+ Toarn aro =11 arny1 =1+ Roarn

Finally, define Ar and At as the colimits of the chains:

Ar=colin g AT =lin 4
We then have e : 1 = Ar and er : 1 = Ap defined by the inclusion of Ar
into A and A as the pushout:

1-T A,

egi ,_l 3)

Ar — A

The functor Ar, can be thought of as alternating, non-variable layers of
depth at most n, starting with a T-layer. Thus A7 41 =1+ ToAg,, says that
an alternating, top T-layer term of depth at most n + 1 is either a variable or
contains a non-variable layer Ty on top of an alternating, top R-layer term of
depth at most n. Az and Ar are alternating layers of arbitrary depth, starting
with a R and T-layer, respectively. A contains all alternating layers, starting
with either R or T', with the variables shared as we saw in the pointed coproduct
construction. That A is (isomorphic to) the coproduct is shown in Sect. [A.1l

3.4 Layer Construction 2: Quotiented Layers

In certain situations, the alternating layers will not be appropriate as, for exam-
ple, one may not want to have to explicitly enforce the alternating criteria on
layers. An alternative construction starts with the pointed coproduct of monads
14Ty and 1+ Ry given by Q@ = 1+ Ty + Rp with ¢ : 1 = @ given by Lemma [
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Definition 7 (Q-layers). With (Q, q) given by Lemmall, let Q* = colim or be
the colimit of the w-chain Q™ with maps ¢, : Q™ = Q"+ given by qo = q and
Int1 = Q"q.

Of course, @* is not the coproduct; it has n-quotienting built in, but no p-
quotienting. For this, we define a map v* : Q*X — (T+R)X which tells us when
two elements of QQ* represent the same element of the coproduct monad, and then
we construct normal forms for this equivalence relation. Technically, the map v*
is defined by a family of maps v, : Q"X — (T + R)X which commute with the
q" (i-e. vp-@n = Vy—1); such a family is called a cone. The precise definition of v,
and the quotienting, along with a proof of correctness, can be found in Sect. [A22]

3.5 Layer Structure 3: Non-alternating Layers

A third axiomatisation of layers follows from the observation that every term in
the coproduct is either a variable, a Ty-layer over sublayers or an Ry-layer over
sublayers. Thus one defines

Lo=1 Lpw1=1+TyL,+ RoLy

As the arguments are similar to those for the quotiented layers, and with

space considerations in mind, we only sketch the details. We define L* = %’EI? I
n

and uses the inclusions of Ty and Ry into T+R to define a natural transformation
w* : L* = T+ R which indicates when two layered term represent the same term
in the coproduct monad.

We then define a right inverse for w* by embedding the alternating layers
monad into L*, which allows us to conclude that the quotient of L* by the kernel
of w* defines the coproduct monad. The right inverse can be used to construct
representatives for each equivalence class of the kernel.

3.6 Collapsing Monads

We have given a number three constructions of the coproduct on non-collapsing
monads, each with a different layer structure. Kelly [7, Sect. 27] has shown
the construction of colimits of monads, from which we can deduce coproducts
of arbitrary monads as a special case. The coproduct is constructed pointwise;
given two monads T = (T, np, ur) and R = (R, ng, ur), the coproduct monad
T + R maps every object X to the colimit of sequence Xz defined as follows:
T+R(X)= CBOQZL X5 Xo=X X, =0QX Xpg41 = colim(Dg)
where Q, o7, 0 are given by Def. @l and Dg by the diagram in Fig. [l with the
colimiting morphism x5 : Dg — Xg41 which given the shape of the diagram is a
single morphism zg : QX3 — Xg41 making all arrows in the diagram commute.
In principle, Dg defines another layer structure for terms in the coproduct monad
but in practice the shape, size and contents of this diagram makes it difficult to
reason with directly.
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w

1 Tor Tx

TTXz_1 TTXg_ 1 — TQXp—1 TXgs op

QXs
RRXs_ RRX3 1 — RQXp_ RX OR
b \ 1 pot Ror @Xp-1 Rx s
2 %'
RXp_1 w

Fig. 1. The diagram defining the coproduct of two monads.

An alternative is to return to the quotiented layers. We can still define a chain
Q.. as in Def. [1 together with a map &* : Q"X — (T + R)X; unfortunately, in
the absence of the non-collapsing assumption we cannot go further and provide
canonical representatives of each equivalence class.

A final, very simple special case is when there is a natural transformation
m : QQ = @ which commutes with yur and pg

(TT'[LT:m'(O'R*O'R) O’R'[LE:m'(O'R*O'R) U-mleX (4)

then @ is the coproduct, and m its multiplication.

4 Applications I: Modular Rewriting

In this section, we sketch the application of our analysis to modular term rewrit-
ing. The results in this section have been presented elsewhere before [10], but the
alternating layer presentation from Sect. further simplifies our arguments.
The prerequisite of monadic rewriting is the representation of a TRS as a
monad. The action of this monad is given by the term reduction algebra:

Definition 8 (Term Reduction Algebra). For a term rewriting system R =
(X, R), the term reduction algebra Tr(X) built over a preorder X has as un-
derlying set the term algebra T;(X) and as order the least preorder including all
instantiations of rules r € R and the order on X such that all operations f € X
are monotone.

The mapping of X to Tr(X) gives rise to a functor Tk : Pre — Pre on the
category of preorders. To make this into a monad, we add unit and multiplication
as in the case of signatures (see Sect.[2]), except that we further have to show that
they are monotone. Since the monadic semantics is compositional, i.e. Tris =
Tr 4+ Ts, we can prove properties about the disjoint union of TRSs by proving
them for the coproduct monad. Of course we also have to translate properties
P of a TRS into an equivalent property P’ of monads. The obvious way is to
require that the action of the monad preserves P.

Definition 9 (Monadic SN). A monad T = (T,n, n) on Pre is strongly nor-
malising iff whenever the irreflexive part of X is strongly normalising, then so
is the irreflexive part of TX.
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To show that this definition makes sense, we show that a TRS R is SN iff
its representing monad Tx is SN in the sense of Def. [3 see [10, Prop. 5.1.5]. We
can now prove modularity of strong normalisation for non-collapsing TRS [15].
The main lemma will be that the coproduct of two non-collapsing monads T + R
is SN if T and R are. For this, recall the alternating layers A from Def. [6l

Lemma 2 (Modularity of SN for non-collapsing monads). Let T, R be
non-collapsing, strongly normalising monads, then the monad T+ R is SN.

Proof. We use the fact that T+ R(X) = AX, and show that AX is SN. We
first show that Ag and A7 are SN, i.e. that if X is SN so is ArX. Since A =

%OZ? Ap this is done by induction over n: the base case is the assumption; for
n

the inductive step, Ar »X is SN by the induction hypothesis, Ty Ag ,, is SN since
Ty preserves SN preorders and hence Ar 41X = X + TpAg,, is SN since the
disjoint union of SN preorders is SN. Now, AX = TArX, and since Ag is SN,
and by assumption T is SN, so is AX. O

Proposition 1 (Modularity of Strong Normalisation). Strong normalisa-
tion is modular for non-collapsing term rewriting systems.

Proof. Given two strongly normalising TRSs R and S, then T and Tg are
SN. By Lemma [Z it follows that AX is SN whenever X is, and since AX =
(TR + Ts)X, T+ R is SN. By compositionality, this means that Tr4s is SN,
and hence R + S is SN, as required. O

The advantage of using monads here is that the main lemma does not talk
about term rewriting systems anymore, but about monads. Thus, the theorem
applies to any structure which can be modelled by a monad as well, for example
if we allow equations as well as rewrite rules.

5 Applications II: Computational Monads

Computational monads [L3] provide a categorical framework for expressing com-
putational features independent of the specific computational model we have
in mind. The base category provides a basic model of computation, and the
computational monad builds additional features, such as exceptions, state and
non-determinism:

Ezample 5 (Exceptions). Let E be an object of C, which are the exceptions. The
exception monad is given as

Fip(X)=E+ X nEg = ing pE = [ing, 1]

As a second example, consider a monad adding state dependency. In an
abstract view, state is just an object S € C of our base category:
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Ezample 6 (The State Transformer Monad). Let S be an object of C. The monad
Stg = (Sts,ns, us) is defined as

Sts(X) =8 —SxX ns,x(z) = As.x pg x(c) = As.let (f,x) =cs in fx

A stateful computation maps a state to a successor state and a value. The
multiplication composes two stateful computations by inserting the successor
state of the first computation as input into the second. The overall result is the
result of the second computation.

Finally, if we have a finite powerset functor P, : C — C in our base category
(e.g. if C = Set), then we can incorporate non-determinism to our set of models:

Example 7 (The non-determinism monad). The monad P = (Psn,np, up) has
the finite powerset functor as its action, with the unit and multiplication defined
as follows:

np(X) = {X} pp(X) = Ux,ex Xo

The exception monad does not build any new layers, it only adds constants.
Thus, exceptions only ever occur in the lowest layer:

Lemma 3. The coproduct of Exg with any monad R= (R,ng, ur) is given by
SX =R(E+X)

The proof of Lemma-3 can be found in the appendix (Sect.[A.3]). Lemma [
allows us to combine exceptions with statefulness, leading to Exp + Stg =
(S = S x (X + E)), and with non-determinism, resulting in Pg, + Frgp =
Pfin(X + E). Further, we can combine non-determinism with stateful computa-
tions. One might think that the action of the combination would be Q(X) = S —
(S x PgnX), but this is slightly wrong, since it does not allow non-deterministic
computations not depending on the state S; the correct action is given by
first calculating Q(X) = (S — S x X) + Pp, X/~ where As.(s, X) ~ {X}. In
other words, every computation is either stateful or non-deterministic. In the
coproduct, this is closed under composition, i.e. the computations are inter-
leaved sequences of stateful and non-deterministic computations (appropriately
quotiented).

The combination of computational monads has been investigated before, but
mainly for special cases [6l8]. Monad transformers have been suggested as a
means to combine monads [T49], but they serve as an organisational tool rather
than a general semantic construction like the coproduct described here.

6 Applications ITI: Haskell

Monads are used extensively in Haskell, which provides the built-in monad I0 a
as well as user-defined ones. The Haskell types are our objects, and the terms our
morphisms. Thus, a type constructor ¢ forms a functor if for any function f: :a->
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b there is a function fmap :: t a-> t b, and it is a monad if additionally
there are functions eta :: a => t aandmu :: t (t a) -> t a for all types
a. These overloaded functions are handled by type classes. Building upon the
class Functor from Haskell’s standard prelude [Il Appx. A], we define

class Functor t=> Triple t where
eta :: a>t a
m ::t (ta ->ta

The monad laws cannot be expressed within Haskell, so the tacit assumption
is that they are verified externally. In the implementation of the coproduct,
we face the difficulty that Haskell does not allow us to write down equations
on types. Hence, we representing the equivalence classes, making eta and mu
operate directly on the representatives, which are modelled as follows:

data Plus t1 t2 a = T1 (t1 (Plus tl t2 a)) -- top-T1 layer
| T2 (t2 (Plus t1 t2 a)) -- top-T2 layer
| Var a -- a mere variable

Note how this datatype corresponds to the functor L* from Sect. B3 We have
to make the type constructor Plus t1 t2 into a monad by first making it into a
functor, and then giving the unit and multiplication. For this, we implement the
decision procedure mentioned in Sect. Essentially, we recursively collapse
adjacent layers wherever possible:

instance (Triple t1, Triple t2)=> Triple (Plus tl1 t2) where
eta x = Var x
mu (Var t) =t
mu (T1 t) = T1 (mu (fmap 1liftl (fmap mu t))) where
liftl :: Plus t1 t2 x> t1 (Plus t1 t2 x)

liftl (T1 t) = ¢t
liftl t =etat
mu (T2 t) = ... -- analogous to mu (T1 t)

Finally, we need the two injections into the coproduct; we only show one:

inl :: Triple t1=> tl1 a-> Plus t1 t2 a
inl t = T1 (fmap Var t)

We can now implement exceptions, state and so on as monads, and compose
their computations in the coproduct. This is different from using the built-in I0
monad, since the type of an expression will be contain precisely those monads
the computational features of which are used in this expression.

Technically, monads as implemented by Haskell (in particular the monad
10) define a monad by its Kleisli-category [12, Sect. VI.5], hence our own type
class Triple above, rather than the standard Monad. One can easily adapt our
construction to cover this case. Note that the code above requires extensions to
the Haskell 98 standard, such as multi-parameter type classes.
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7 Conclusion

The basic hypothesis of this paper has been that when we combine different
formal systems, be they algebraic theories, models of computations, or programs,
their interaction can be described in terms of their layers. We have given an
abstract characterisation of layers by monads, and shown how the combination
of different monads can be modelled by the coproduct.

We have complimented the general construction of the colimit of monads
with alternative, specialised constructions. In particular, we have constructed
the coproduct monad based on alternating layers, quotiented layers and non-
alternating layers, and employed these constructions for modular term rewriting,
modular denotational semantics, and modular functional programming.

Obviously, this work is just the beginning. What needs to be done is to
extend our construction to cover e.g. non-collapsing monads, to augment the
applications (in particular with regards to Haskell) and to investigate in how far
other applications can be covered by our methodology.
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A Correctness Proofs

As blanket assumptions, we assume that the base category is locally finitely
presentable (1fp) [2], which in particular means it has all colimits, and that the
monads in question are finitary.

If we claim that a construction defines the coproduct monad, how can we to
prove this? The answer is that just as one can understand an algebraic theory
through its models, one can understand a monad through its algebras:

Definition 10 (Algebras for a monad). An algebra (X, k) for a monad T =
(T,n, ) on a category C is given by an object X in C, and a morphism h :
TX — X which commutes with the unit and multiplication of the monad, i.e.
nx = h-nrx and h-ux = h-Th.

The category of algebras for T and morphisms between them is called T— Alg.

We think of a T-algebra (X, h) as being a model with carrier X. The map
h ensures that if one builds terms over a such a model, then these terms can
be reinterpreted within the model. This is exactly what one is doing in the
term algebra case where one assigns to every function symbol f of arity n an
interpretation [f] : X™ — X. Since monads construct free algebras, we can prove
a functor to be equal to a monad if we can prove that the functor constructs free
algebras. In particular, we can prove a functor to be the coproduct monad if we
can prove it constructs free T + R-algebras which are defined as follows:

Definition 11 (T+R-algebras). The category T+R-Alg has as objects triples
(A, hy, h,.) where (A, hy) is a T-algebra and (A, h,.) is an R-algebra. A morphism
from (A, hy,h,) to (A, R}, h.) consists of a map f : A — A’ which commutes
with the T and R-algebra structures on A and A’.

There is an obvious forgetful functor U : T+R-Alg — C, which takes a
T 4 R-algebra to its underlying object, and we have the following:

Proposition 2 ([7, Propn. 26.4]). If the forgetful functor U : T+R-Alg — C
functor has a left adjoint F' : C — T+R-Alg, i.e. if for every object in C there
is a free T + R-algebra, then the monad resulting from this adjunction is the
coproduct of T and R.

Thus to show that a functor S is the coproduct T 4+ R, we can show that for
every object X, SX is a T+ R-algebra and, moreover, it is the free T+ R-algebra.
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A.1 Correctness of the Alternating Layer Construction
Lemma 4. We have the following isomorphisms:
Ar =1+ ToAg, Ar =1+ RoAr (5)
A=TAR, A RAp (6)
Proof. Isomorphism (&) is shown as follows:

AT = colim = colim

n<w AT,n n<w 1 +T0AR7n_1
HLdoln g gp,y D1t Tocwkm 4 =1+ ToARQQ

Here, we use interchange of colimits (in the second line) and the fact that Tj
is finitary (which means it preserves colimits of chains).

Since TAgr = Ar + Ty Ag, isomorphism (B) is proven by showing that Ap +
ToAg is the pushout of diagram (B]). The morphism Ar — Agr + TpAg is given
by the left inclusion; the morphism m : Ap — Agr + Ty Ag is given by eg + 1,
since by (B) Ar = 1+ ToAg. The diagram commutes since er is the inclusion
1 — Ar =14+ TyAg. Given any other X and morphisms g: A — X, f: Agr —
X, we have a unique morphism !y, : Ap + ToARr given by !z, = [f, g2], where
g2 is g on Ty Ap. O

We will now prove that A is the coproduct T + R, using Proposition [Z, by
showing that A is the free T'+ R-algebra.

Lemma 5 (A is a T + R-algebra). For any X € C, AX is a T+ R-algebra.
Proof. We have to show that there are morphism h#! : TAX — AX and h2 :

RAX — AX which satisfy the equations from Def. [0 By (@), we may define
hit as

TAX = TTARX P2AX 1a.x =  Ax
and similarly, set A = up. That h{* and h?} commute with the unit and multi-
plication of T" and R respectively is easy. ]

Lemma 6 (A is the free T + R-algebra). The functor A : C — T+R-Alg,
mapping X to (AX,h{, k), is a left adjoint to U : T+R-Alg — C.

Proof. We prove that e4 x : X — AX is universal to U. That is, given any other
T + R-algebra (Y, hs, hy) and map f : X — Y in C, there is a unique T + R
algebra morphism f* : (AX, hi*, k) — (Y, hy, hy,) such that U(f*)-eax = f.
To define a map f* : AX — Y, it suffices to define maps fr : Ar X — Y
and fr : AgX — Y such that fr-er = fr-ep. With ApX the colimit of Ap p,
this means fr is given by a cone fr, : Ay, — Y for n < w. Setting fro = f
and, with AT’nJ’»lX =X+ T()AR’n, we set fT,n+1 = [f, ht,O'TOfR,n] where ht,O
is the restriction of h to TpY . That fr and fr are cones is proven by induction
while they both clearly equal to f when restricted along er and eg. Thus f* is
well defined. That f* is an algebra morphism is a routine inductive argument
using the fact that h; and h, commute with pp and pg. Finally the equation
f*-ea x = f has already been commented upon while uniqueness of f* follows
by the uniqueness property of mediating morphisms out of the pushout. (|
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A.2 Correctness Proofs for the Quotiented Layers

First note we can define a map v : QX — (T + R)X by sending TX to its
inclusion in (T4 R)X and similarly for RX. Now to define v, : Q"X — (T+R)X
by v, = pp, p-v™ where pup, p is the n-fold iteration of multiplication in the
coproduct and v™ is the n-fold iteration of v. This clearly forms a cone and
hence gives a map v* : Q*X — (T + R)X.

We claim that the quotient of Q* by the kernel of v* is the coproduct T +R.
We have already mapped Q* into T + R via v*. Now we embedd T+ R in Q* via
A which we have already seen to be T + R. This embedding effectively decides
the kernel of v*.

First we define maps sr, : Ar,, = Q" and sp, : Arn = Q" by setting
57,0 =SRo0 =1 and s 41 by

ini-q", ing-To(srn)] ., n n n
Arpn+1 =1+ToAr, [ ]*Q +ToQ™ + RoQ"= Q"

That these maps form cones is easily verified and hence we get a map s :
A = @Q*. By unwinding these definitions, we obtain v*-s = 1.

Lemma 7. The quotient of Q* by the kernel of v* defines the coproduct monad.
FEach equivalence class of this quotient has a canonical representative.

Proof. The existence of s means that v* is a split epimorphism and hence the
quotient of Q* by the kernel of v* is the codomain of v* and hence is T 4+ R. If
t € Q*, then we define its representative to be s(v*(t)). Thus ¢t is related to w in
the kernel of v* iff v*(¢) = v*(u) which implies that s(v*(t)) = s(v*(u)), ie they
have the same representative. O

A.3 Proof of Lemma [3]

By Prop. Bl it is sufficient to show that SX is the free Frg + R-algebra.

Showing that SX is an R-algebra is simple, with the structure map given by
ir- The structure map [1,«a] : ESX — SX making SX into an Fzg-algebra is
given by a = Rini-ng-

The unit of the adjunction is given by ng = Rins-ng. To show it is universality
from U, assume there is a R + F-algebra Y withd: ¥ — Y and 5: RY — Y,
and a morphism f : X — Y. Then we define !y : R(E 4+ X) — Y, defined as
't = B-R[), f]. A simple diagram chase shows that !;-nx = f.

a
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Abstract. We are interested in investigating the confluence properties
of cooperating constraint solvers. To this end, we model solvers as reduc-
tions that transform constraint networks, we define the notion of insen-
sitivity to a superset relation, and show that, if each solver of a given set
of solvers is insensitive to the same terminating superset relation, then
any combination of these solvers is confluent. By means of this modular
approach, we study the relationship between confluence and maintain-
ing certain levels of local consistency and we demonstrate the confluence
of a solver for a global finite-domain constraint that consists of several
reductions.

1 Introduction

We are interested in investigating the confluence properties of cooperating con-
straint solvers. If a system of constraint solvers is confluent, then the result of
constraint propagation does not depend on how the solvers are scheduled. If it
is either known to diverge or if its neither known to be confluent nor to diverge,
then the question arises which scheduling strategy will perform best. This is in-
convenient in application development as it potentially adds another dimension
to the design space.

To establish confluence properties, we model solvers as reductions that trans-
form constraint networks, we define the notion of insensitivity to a superset re-
lation, and show that, if each solver of a given set of solvers is insensitive to
the same terminating superset relation, then any combination of these solvers is
confluent.

As a first application of our approach, we study the relationship between
confluence and maintaining certain levels of local consistency. In particular, we
investigate domain and interval consistency as defined by van Hentenryck et al.
[6] in the context of finite-domain constraint solving. It turns out that any com-
bination of solvers where each solver maintains either level of local consistency
is confluent.

Second, we apply our approach to a solver for a global finite-domain con-
straint that has been designed to model and solve track parallelization problems.
This kind of problem occurs in school timetabling and consists in parallelizing
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the execution of task sets [4]. The solver consists of several reductions and we
demonstrate its confluence and the confluence of any subset of its reductions
with a number of proofs linear in the number of reductions.

This paper is organized as follows. Section [2 introduces some terminology.
Section Blintroduces the concept of insensitivity and relates it to the concept of
strong commutation. Section [ presents our method for proving confluence. In
Section [}, we provide a reduction system that captures the process of solving
finite-domain constraints. Section [flstudies the relationship between local consis-
tency and confluence. In Section[7], we present our solver for track parallelization
and investigate its confluence properties. In Section 8] we present related work
and compare to it. Section @l summarizes and closes with perspectives for future
work. Proofs that have been left out for reasons of space are given in [f].

2 Preliminaries

A reduction system is a pair (A, —) where A is a set and —C A x A. —= denotes
the reflexive closure of —. —T denotes the transitive closure of —. —* denotes
the reflexive transitive closure of —. x is called reducible iff y. x — y. x is called
in normal form (irreducible) iff it is not reducible. y is called a normal form of
z iff x —* y and y is in normal form. We say that y is a direct successor of x iff
x — y. We say that y is a successor of x iff v —T y. x,y € A are called joinable
iff 3z, x —* z «* y. We write x | y to denote that x and y are joinable. — is
called terminating iff there is no chain ag — a; — ... that descends infinitely.
It is called confluent iff y «<* © —™* z implies y | z. It is called locally confluent
iff y «— o — z implies y | 2. It is called convergent iff it is terminating and
confluent. Let (4, —1) and (A4, —2) be reduction systems. We say that —; and
—o commute iff y <5 x —5 z implies Ju. y —5 v <7 z. We say that —; and
—o commute strongly iff y «—1 © —o z implies Ju. y —5 u 7 z.

3 Insensitivity

Intuitively, —1 is insensitive to —», if the inference capabilities of —; are pre-
served under application of —.

Definition 1. Let (A, —1) and (A, —2) be reduction systems. We say that —1
1s insensitive to —o iff the following requirements are satisfied.

1. If y«—1x —9 2z, y# 2z, and z —2 y, then z —1 y.

S
I
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2. If y «—1 x —9 2,y # 2,y Fo 2z, and z /2 y, then u € A exisls s.t.
Y —o2 U< 2.

DNEINZ

Corollary 1. If —1 and —4 are insensitive to —3, then —1 U —4 is insensitive
to —3.

Corollary 2. Let (A,—) be a reduction system. If — is insensitive to itself,
then it is locally confluent.

The following propositions show that the concepts of insensitivity and strong
commutation are related but not equivalent.

Proposition 1. Let (A, —1) and (A, —2) be reduction systems. If —1 is insen-
sitive to —4, then —1 and —o commute strongly.

Proof. We have to show that y <=1 © —2 2z implies Ju. y —5 v 7] z. Ilf y = 2,
we are done. Otherwise, there are three cases. If y —4 2z, we are done. If z —4 y,
then z —; y because — is insensitive to —o. If neither y —9 z nor z —s ¥,
then u € A exists s.t. y —o u <1 z because —1 is insensitive to —». O

Proposition 2. Let (A, —3) be a reduction system and let —1C—4 be a tran-
sitive reduction s.t. —1 and —o commute strongly. If y «—1 x —o 2z, y # z,
Yy Aoz, and z oy, then u € A exists s.t. y —o u <1 2.

Proof. By strong commutation, we know that u € A exists s.t. y =5 u <7 z.
Suppose u = z. Then y —5 2. Because y # z, y —2 z. This contradicts the
premise and thus z — wu. Because — is transitive, z —; u. Suppose u = y.
Then z —; y and thus z —5 y because —1C—5. This contradicts the premise
and thus y —9 u. O

4 Confluence through Insensitivity

Theorem 1. Let (A, —2) be a terminating reduction system. If —1C—q is in-
sensitive to —o, then —1 is locally confluent.

Proof. For each pair (y,z) € A X Ast. Jx. y «—1 & —9 2z, . y <2 = — 2,
Yy #£ 2,y /9 2z, and z /9 y, choose a pair (§,2) € A X A s.t.y —92 § <1 2z and
z —g Z «—1 y. This is possible because —1 is insensitive to —o.

Let (x2,y2) < (x1,y1) iff 1 —2 xa. < is well-founded because —+ is ter-
minating. By well-founded recursion on <, we define s(y, z) for all (y, z) that
satisfy dx. y <1 ¢ —9 z and Jz. y <  —1 2:

_ (yaz)7 ify:z7y_)2za0rz_>2y
sy, 2) = { (y,2), s(9, 2) otherwise
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In the second case, s(3, 2) is well-defined because (g, 2) exists, § <1 z —2 2, and
9 <=2 y —1 Z. Since s is defined by well-founded recursion on <, s(y, z) is finite
for all (y, z) that s is defined for.

Let y1 «—1 © —1 21. $(y1, 21) is well-defined because —; C—9 and thus y; <
x —9 21 and Yy <2 x —1 21. Let n > 0 s.t. s(y1,21) = (Y1,21),- -+, (Yn, 2n). We
observe that, for all 1 < k < n, yr —2 Y41 <1 2k and zx —92 2Zk11 <1 Yk, and
that v, = zn, Yn —2 2n, OF Yn <2 z,. The following figure shows a situation
where n > 5.

T 1yl 23/2 2y3 j_yn—l 2yn
1 1 1
2 =
1 1 N 1
12 222 22’3 2Zn—1 2Zn
It remains to show that y; |1 21. If n is odd, then y1 —7 v, and 21 —7 2,. If n
is even, then y; —7 2, and z1 —7 yn. If y,, = 2, we are done. If y,, —4 2, then

Yn —1 Zp because Y, <3 Yn—1 —1 2, and —q is insensitive to —q. If 2z, —o Yy,
then z, —1 y, because z, <2 z,_1 —1 Y, and —1 is insensitive to —o. O

The following result is obtained by applying Newman’s Lemma. Newman’s
Lemma states that a terminating reduction is confluent iff it is locally confluent.

Corollary 3. Let (A, —2) be a terminating reduction system. If —1C—o is in-
sensitive to —o, then —1 is confluent.

5 A Model of Finite-Domain Constraint Solving

To apply our method to finite-domain (FD) constraint solvers, it is necessary to
provide a reduction system that captures the process of solving FD constraints.
We use a reduction system where reduction steps transform finite constraint
networks by pruning values from domains. Neither the addition nor the removal
of variables and constraints is supported.

On the conceptual level, a finite constraint network (FCN) is a finite (hyper-
)graph with variables as nodes and constraints as (hyper-)arcs. Given a FCN, the
corresponding finite constraint satisfaction problem (FCSP) consists in finding
a variable valuation that satisfies all the constraints. We will not distinguish
between a FCN and its FCSP.

Let P be a FCSP with variables X and constraints C. We assume that
there is a unary constraint for each variable that specifies its set of admissible
values. P will be represented by a triple (X,d,C') where ¢ is a total function
on X (the domain function of P) that associates each variable with its set of
admissible values (its domain). We say that P is ground iff all its variables have
singleton domains. We say that P is failed iff at least one of its variables has
an empty domain. We use scope(P) and store(P) to denote the variables and
constraints of P, respectively. If ¢ is a constraint, scope(c) denotes the set of
variables constrained by c.
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Frequently, we will refer to domain functions that have not been declared
explicitly. However, in such a case, there will a FCSP the domain function belongs
to according to the following naming scheme: If P, P;; R, R;, I', and X denote
FCSPs, then 6, 0;, p, pi, v, and o are their respective domain functions.

We will consider FCSPs with integer domains only. If a and b are integers,
we write [a, b] to denote the set of integers ¢ with a < i < b.

Definition 2. Let PO = (XQ,(S(),CQ) and Pl = <X1,51701) be FCSPs.
1. Py —yp P; ZﬁXl = Xo, C = Co, 01 7£ 50, and 51(1’) - (50(.’5) fO?” allz € X.

2. Py € gs(Py) (Pr is a ground successor of Py) iff Py —pp P1 and Py is
ground.

3. Py € sol(Py) (P1 solves Py) iff P1 € gs(Py) and 61 simultaneously satisfies
all ce C.

4. Py =Py (Py and Py are equivalent) iff sol(Py) = sol(Py).
Corollary 4. —pp is strict and convergent.

Corollary 5. Let Py = (X, 80,C) —rp Pi.

1. Lower (Upper) bounds of domains grow (shrink) monotonically, i.e.
min dp(x) < mindy(z) < maxdy (z) < maxdy(z) for all z € X.

2. Sets of ground successors shrink monotonically, i.e. gs(Py) 2 gs(Py).

3. Solution sets shrink monotonically, i.e. sol(Py) 2 sol(Py).

Definition 3. —,.C—gp is called correct iff, for all Py —, Py, Py = Py.

Definition 4. —c=J{—,C—Fp: —, is correct}

—wp allows for arbitrary domain reductions while —cC—pp only allows for
domain reductions that preserve solutions.

Corollary 6. —¢ is terminating and correct.

Lemma 1. Let Py = (X,00,C) —pp P andY = {y1,...,yn} C X s.t. 01(z) =
do(z) forallz e X —Y.

1. ]f PO —FD P2 —FD Pl, then

(51(y1) X ... X 61(yn) C (52(:[/1) X ... X 52(yn) C 50(y1) X ... X 50(yn)
2. ]f PO —FD PQ, P1 7®FD PQ, P2 7L>FD P1, and P1 75 Pg, then

(52(y1) X ... X 52(yn) g 51(y1) X ... X 51(yn)

Lemma 2. If Py —¢ P1 and Py =5 P> —5p Pi1, then sol(Py) = sol(P;) =
sol(Py).



38 Michael Marte

6 Insensitivity through Local Consistency

Suppose a constraint solver is known to maintain a certain level of local consis-
tency. Then we have a performance guarantee: Whatever input state the solver
is applied to, the output state will satisfy an invariant specific to the level of
local consistency considered. The question arises whether this specific guarantee
entails insensitivity to some suitable superset relation.

In particular, we consider domain and interval consistency [6] as both notions
are important in FD constraint solving. Indeed, as we show in the following, if
a solver maintains domain or interval consistency, then it is insensitive to —pp.
In consequence, any combination of solvers where each solver maintains either
level of local consistency is confluent.

6.1 Domain Consistency

Suppose P = (X,4,C) is a FCSP and ¢(z1,...,2z,) € C. According to van
Hentenryck et al. [6], ¢ is domain-consistent, if, for each variable z; and for each
value v; € d(x;), there exist values vy, ..., v;—1,Vi41,...,Up 0 6(x1),...,0(xi—1),
(zit1)s .-, 0(xn) st c(v1,...,v,) holds.

Suppose ¢ is a constraint. For each = € scope(c), we define the transition
—DC(e,e) (cf. Definition[d). This transition eliminates exactly those values from
the domain of x that do not have support according to the definition of ¢. To be
more precise, if Py —pc(e,z) P1, then d1(x) C do(z), each value in §1(x) occurs
in a solution to the relaxation Py|;cy = (X, do, {c}) of Py, and no predecessor of
Py wrt. —gp satisfies these conditions. We proceed by showing that —pc(c.q) is
correct and insensitive to —pp. In consequence, —pc()= UzESCOpe(c) —DC(e,x)
is correct and insensitive to —rp. Quite obviously, —pc(.) maintains domain
consistency for c.

Corollary 7. If Py —rp P1 and c € store(Py), then Policy —rp Pil{c}-

Definition 5. We say that Py —pcee) P1 iff Po —rp P1, ¢ € store(F),
x € scope(c), and &1 = &y except for

61(z) = {a € bo(z) : X € sol(Py|{c}). o = a} .
Proposition 3. Let ¢ be a constraint and x € scope(c). —pg(e,z) @5 correct.
Lemma 3. If PO —DC(c,x) Pl, then Pol{c} —DC(e,x) P1|{C}.

Proposition 4. If Py —pc(c,e) 1 and Py —rp P2 —rp P1, then P —pc(eq)
Py.

Proof. Let R; = P;|{.y. By Definition Bl

01(z) ={a € dp(x) : X € sol(Ry). xo = a}
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By LemmaBl Ry —pc(e,») R1 and, by Corollary[d, Ry —rp Ry —rp Ri. Hence,
by Lemma B} sol(Ry) = sol(Rz). Furthermore, by Lemma [ §;(x) C d2(x) C
do(x). As a simple consequence from these facts,

01(z) ={a € d2(x) : X € sol(Rz). xo = a} .

and thus, by Definition Bl P> —pc(c,z) Pr- O

PI'OpOSitiOl’l 5. [f PO —DC(c,7) Pl; PO —FD Pg, P1 7L)FD PQ, P2 7L>FD Pl, and
Py # Py, then a FCOSP Ps exists s.t. Py —pp P3 and Py —pc(c,z) Ps-

Proof. Let R; = Pjl;cy. By Definition Bl
01(z) = {a € dp(x) : X € sol(Ry). xo = a}

Let X = scope(Fy), C = store(Fy), and Ps = (X, d3, C) with d3 = d2 except for
03(z) = {a € da(x) : X € sol(Rz). w0 = a} .

We note that, by Corollary [, Ry —rp Rz and thus, by Corollary Bl sol(Ry) C
sol(Ry).

P, —pp P3: By Lemmal[l], d3(z) € 01(x), or equivalently, a € dp(x) exists
st. a € d3(z) and a ¢ 61(z). By a ¢ 61(z), xo # a for all X' € sol(Ryp). Since
sol(Rz) C sol(Ry), a ¢ d3(x) and thus d3(x) C da(x).

P, —pp Ps: P3 # P; because otherwise P, —pp P;. For all y € X — {z},
61(y) = do(y) 2 d2(y) = 03(y) because Pi <pc(ee) Po —rp P2 —DC(e,n) Ps-
Suppose d5(xz) € d1(z), or equivalently, a € do(x) exists s.t. a € d3(z) and
a ¢ 01(x). By a ¢ 61(x), xzo # a for all X' € sol(Ry). Since sol(Rz) C sol(Ry),
a ¢ 03(x). O

Corollary 8. Let ¢ be a constraint and x € scope(c). —DC(c,a) 1S insensitive to
—FD-

6.2 Interval Consistency

Suppose P = (X, 4,C) is a FCSP and ¢(z1,...,2,) € C. Let B(z) = {mind(x),
maxd(z)}, if §(x) # 0, and @ otherwise. Let p(z) = [mind(z), maxd(z)], if
5(z) # 0, and () otherwise. We say that c is interval-consistent, if, for each variable
x; and for each value v; of B(xz;), there exist values vy,...,0;—1,Vit1,...,0n
in p(x1),...,p(xi—1), p(Tit1),- .., p(xn) st. c(vr,...,v,) holds. This definition
coincides with the original definition by van Hentenryck et al. [6] except for that
it also applies to constraints with a variable that has an empty domain.
Suppose ¢ is a constraint. For each = € scope(c), we define the transition
—1C(e,z) (cf. Definitions B and [7). This transition tightens the bounds of the
domain of x according to the definition of c. To be more precise, if Py —1¢(c,0) P15
then 01(x) C do(z), both mind;(x) and maxd;(x) occur in solutions to the
relaxation ir(FPo|{y, ) of Py that does not touch the domain of x but relaxes
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all other domains according to [6], and no predecessor of P; wrt. —pp satisfies
these conditions. We proceed by showing that —1¢(c ) is correct and insensitive
to —Fp. In consequence, —1¢ ()= UweSCOpe(c) —IC(e,x) 18 correct and insensitive
to —pp. Quite obviously, —1¢(.) maintains interval consistency for c.

Definition 6. Suppose P = (X,6,C) is a FOSP with x € X. Then ir(P,x) =
(X, p,C) with

o) = 400 ify=mzord(y) =0
[mind(y), maxd(y)] otherwise.
Corollary 9. Suppose Py = (X, 69,C) —pp Pi.
1. Ifx € X, then ir(Py,x) —5p ir(Pr, x).
2. Ifxe X and c € C, then ir(Pyliey, ) —5p ir(Pilge, ).

Definition 7. We say that Py —1c(c,z) Pr iff Po —rp P1, ¢ € store(Py), x €
scope(c), and 01 = g except for

51(2) = 4 if S =90
T {a€dp(x): 1 <a<u} otherwise

where S = sol(ir(Pol{ey, 7)), | = min{zo : ¥ € S}, and u = max{ro : X' € S}.
Proposition 6. Let ¢ be a constraint and x € scope(c). —1C(c,z) 18 correct.
Lemma 4. If Py —IC(c,x) Py, then ir(P0|{c}7x) —IC(c,x) ir(Pl‘{c}7x)'

Proposition 7. If Py —1¢(c,e) P and Py —rp P2 —rp P1, then Py —1c(c)
P;.

Proof. Let R; = ir(P|{cy,x), Si = sol(R;), l; = min{xo: X € S;}, and u; =
max {zo : X € S;}. By Definition [7,

51 (x) = 0, if So =10
n {a € d0p(x) : lp <a<wup} otherwise.

By Lemma ] Ry —1¢(c,») R1 and, by Corollary [, Ry —5p, Rz —Fp R1. Hence,
by Lemma 2l Sy = S5 and thus Iy = Iy and ug = usy. Furthermore, by Lemma, [T}
91(z) C d2(x) C dp(x). As a simple consequence from these facts,

51 (z) = 0, if So =10
n {a € d2(x) : ls < a<wus} otherwise.

and thus, by Definition [l P> —1¢(c,z) P1- O
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Proposition 8. If Py —1c(cz) P1; Po —Fp P2, P 27D P2, P2 /o¥p P1, and
Pl 75 PQ, then a FCSP P3 exists s.t. Pl —FD P3 and Pg _’IC(c,z) P3.

Proof. Let R; = ir(Pi|{y, ), Si = sol(R;), l; = min{xo: X € S;}, and u; =
max {zo : X' € S;}. By Definition [7,

51(z) = 0, if So =0
n {a € dp(z) : lp <a<wup} otherwise.

Let X = scope(FPy), C = store(Fy), and P35 = (X, 3, C) with d5 = d2 except for

53() = 0, if So =10
B {a € 63(x) : la <a <wug} otherwise.

If Sy # 0, then Iy < Iy and us < ug: We note that, by Corollary[d, Ry —5p R2
and thus, by Corollary Bl S C So.

Py —pp P3: By Lemmal[ll 62(z) € 61(z), or equivalently, a € do(x) exists s.t.
a € d2(x) and a ¢ &1(x). If So = 0, then () = §3(z) C Ja(x) > a. Otherwise, by
a ¢ o1(x), a <lpora>ugand thus a < Iy or a > us. Hence a ¢ d3(x) and thus
53(I) - 62(17)

P, —pp Ps: P3 # P; because otherwise Po —pp Py. For all y € X — {z},
01(y) = do(y) 2 62(y) = d3(y) because Pi <ic(c,e) Po —FD P2 —1c(c,a) P53
Suppose d5(x) € d1(z), or equivalently, a € do(x) exists s.t. a € d3(x) and
a ¢ 61(z). If Sy = 0, then d3(x) = 0 contradicts a € d3(z). Otherwise, by
a ¢ 01(x), a <lgora>ugand thus a < ly or a > uy. Hence a ¢ 03(x). O

Corollary 10. Let ¢ be a constraint and x € scope(c). —1IC(c,z) 18 Insensitive Lo
—FD-

7 Application to a Finite-Domain Constraint Solver

A track parallelization problem (TPP) [4] consists in parallelizing the execution
of task sets. A TPP is specified by a set of tracks where each track is a set of
tasks. Solving a TPP requires to find a schedule for each track s.t. the schedules
cover the same set of time slots. TPPs occur in school timetabling, especially
in problem settings where options and official regulations imply the need to
parallelize the education of pupils from several classes of the same grade [4].

We proceed as follows. In Section [[.I] we define TPP constraints in terms
of syntax and semantics. In Section [(.2] we describe a TPP solver consisting of
several reductions. In Section [[.3], we show that the solver and any subset of its
reductions are confluent.

7.1 Syntax and Semantics of TPP Constraints

A TPP constraint is written as tpp(7) where [7| > 1 and, for all T € 7, T
is a non-empty set of pairs of FD variables. Each pair (S,P) of FD variables is
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intended to model a task in terms of its start time S and its processing time
P. Fixed start or processing times may be modeled by means of variables with
singleton domains. We assume that processing times are greater than 0.

If P is a FCSP with tpp(7) € store(P), T € T, and t = (S,P) € T, we write
d(t) instead of §(S) x o(P).
Definition 8. Let P be a FCSP with tpp(7T) € store(P). Let T € T and t =
(8,P)eT.

1. Value covers:

ve(t, d) = ﬂ [s, s+p—1], ve(T,6) = U ve(t, 6), ve(7,0) = U ve(T, §)

(s,p)€ES(L) teT TeT

2. Value supplies:

vs(t,0) = | J [s,s+p—1], vs(T,0) = | J vs(t.0), vs(T,6) = () vs(T,4)

(s,p)€d(t) teT TeT

The following figure illustrates the concept of parallel execution. We consider
the ground problem (X,~, {tpp({Tv,T1,T2})}). Tracks Ty and T} are executed
in parallel because their schedules cover the same value set. In contrast, the
schedule of T3 covers values that the other schedules do not cover; it is not
executed in parallel to the other tracks.

ve(To, ) 1 [ 1  ——
ve(Ty, ) I ] | ]  ——
ve(To,y) I .

Definition 9. Let P be a ground FCSP with tpp(7) € store(P). § satisfies
tpp(7) iff
Hve(T,0): T €T} =1,

i.e. iff the track schedules cover the same value set.
Lemma 5. Suppose Py —pp Py and tpp(7) € store(Py). Let T € T andt € T.

1. Value supplies shrink monotonically, i.e.
VS(t, (50) 2 VS(t, (51), VS(T‘7 (;()) 2 VS(T, (51), and VS(T, (5(]) 2 VS(T, 51)

2. Value covers grow monotonically, i.e.
ve(t, 6o) C ve(t, 01), ve(T, 8) € ve(T, 1), and ve(T, 6g) C ve(T,61).

Proof. All properties follow immediately from Corollary [5 O

Lemma 6. Suppose I' is a ground FCSP with tpp(7) € store(I"). Let T € T
andt € T.

1. In general, vs(t,~) = ve(t,v) and vs(T,~y) = ve(T, 7).
2. Furthermore, if v satisfies tpp(7T), then ve(T, ) = vs(7T,v) = ve(T, 7).
Proof. See [4]. 0



A Modular Approach to Proving Confluence 43

7.2 Solving TPP Constraints

We propose three reductions for solving TPP constraints. ([5] has another one.)
—pys identifies and prunes all start and processing times that entail the covering
of values that are not element of the value supply of the track set. —ypr reveals
inconsistencies by comparing bounds on the processing times of tracks. —nc
reveals inconsistencies by identifying situations where values that have to be
covered cannot be covered.

Definition 10. We say that Py —pvs Py iff Py —¥p P1 and tpp(7) € store(F),
TeT,t=(S,P) €T, and a € vs(t,0p) exist s.t. a ¢ vs(T,0d0) and d1 = d
except for

51 (t) ={(s,p) €d0(t):a ¢ [s,s+p—1]}.

The following figure illustrates the effects of applying —pyg. We consider the
problem Py = (X, o, {tpp({To,T1})}) and its normal form P, = Py |pys.

vs(Ty, 6p) C———  —— | —
vs(T1, do) | ] | |
vs(Tp, 1) — — —
vs(T1,61) — — —

Definition 11. We say that Py —pr Pi iff Po —vp Pi, Pi is failed, and
tpp(7) € store(Fy), To,T1 € T, and l,u > 0 exist s.t., for all I' € gs(Py), l is a
lower bound on |ve(To, )|, w is an upper bound on |ve(Ty,7)|, and v <.

For example, consider the problem (X, 0, {tpp({To, T1 })}) with To = {too, to1}
and T1 = {t107t11} where t()() = ({0,5},{2})7 t()l = ({2,6}7{172,3}), t]() =
({2,3},{4,5}), and t1; = ({0,6},{2,3}) (For simplicity, we replaced the vari-
ables by their domains.) We note that vs(Ty,0) = vs(71,6) = [0,8] and that
Ty cannot cover more than five values. Since Ty and T are supplied the same
values, —pyg does not apply. If the tasks of T; are allowed to overlap, T7 has a
schedule covering five values and —pr does not apply either. However, if a dis-
junctive scheduld! is required for 77, any schedule of T3 covers at least six values.
In consequence, the tracks cannot be executed in parallel. —p1 will reveal this
inconsistency if the demand for disjunctiveness is considered when computing
the minimum number of values any schedule of T covers.

Definition 12. Let P = (X,0,C) be a FCSP with tpp(T) € C. If T = {t1,.. . tn}
€ T, then veg(T,T,0) denotes the bipartite graph (U, V, E) with

U= U {uf 0<j< maX‘S(Pi)};
1<i<n
3(P;)#0

— V= vc(T, (5), and

! In a disjunctive schedule, tasks do not overlap.
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- E= {( )uGU/\aGV/\EIsGé()s—Fj:a},

We call this structure value-cover graph.

Definition 13. We say that Py —nc Pi iff Py —rp P, Py is failed, and
tpp(7) € store(FPy) and T € T exist s.t. veg(T,T,60) = (U, V,E) does not
have a matchingd M with |M| = |V|.

For example, consider the problem (X, d, {tpp({T0v,71})}) with ve(Tp,d) =
[1,4], vs(Ty, d) = ve(Tp, ), and Ty = {t1,ta,t3} where t1 = ({1,2},{1}), ta =
({3},{2}), and t3 = ({3,4},{1}). (For simplicity, we replaced the variables by
their domains.) We note that vs(T1,0) = [1,4]. Hence —pys does not apply.
—1pr does not apply either if starting times are not considered. Now consider
the value-cover graph veg {TO, T},T1,0)

Q@

The dotted edges constitute a matching of cardinality 3 and it is easy to verify
that it has maximum cardinality. Hence only three values out of [1,4] can be
covered simultaneously. —n¢ detects this inconsistency and signals a failure.

Proposition 9. —pys, —1pT, and —Nc are correct.

Proof. See [4]. O

7.3 Confluence Properties of the TPP Solver

We show that —pys, —1pT, and —x¢ are insensitive to —gp (cf. Corollaries [[1]
[[2] and [[3)). Thus, by Corollary [[] each combination of —pys, —1pT, and —nc
is insensitive to —pp and, by Corollary B] each combination of —pyg, —1pT,
and —nc is confluent.

Proposition 10. If Py —pys P, and Py —yp Py —pp Pi, then Py —pys Py.

Proof. Let tpp(7) € store(Fy), T € T,t = (S,P) € T, and a € vs(t,0¢) s.t
a ¢ vs(T,dp) and &; = dg except for

51@) = {(S,p) € 5O(t) ca ¢ [Sa5+p_ 1]}
By Lemmal[ll 1(t) C d2(t) C do(t). As a consequence,

01(t) = {(s,p) € 6a(t) s a ¢ [s,s +p—1]}.

2 Given a bipartite graph (U, V, E), a matching is a subset of edges M C F s.t., for
all vertices v € U UV, at most one edge of M is incident on v.
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Let A = 65(t) — 01(t). We observe that
0+ ACo(t)—0o1(t) ={(s,p) €do(t) :a € [s,s+p—1]}.
It follows that

a e U [s,s+p—1] C U [s,s+p—1] = vs(t,d2).
(s,p)eA (s,p)€da(t)

Furthermore, by Lemma Bl a ¢ vs(7,d5). We conclude that Py —pys P;. O

Proposition 11. If Py —pvs P, Py —=rp P2, P1 /¥p P2, P» /vp P1, and
Py # Py, then a FCSP Pj ezists s.t. Py —pp P3 and Py —pygs Ps.

Proof. Let X = scope(Fy) and C' = store(Fp). Let tpp(7) € C, T € T, t =
(8,P) € T, and a € vs(t, do) s.t. a & vs(7T,dp) and 6; = dy except for

0 (t) ={(s,p) €do(t):a ¢ [s,s+p—1]}.

Let P3 = (X, 03, C) with d3 = d except for

I5(t) ={(s,p) € 62(t) :a ¢ [s,s +p—1]}.

First, we show that P, —pys Ps. By Lemma [ d2(¢t) € 61(¢), or equivalently,
(s,p) € do(t) exists s.t. (s,p) € do(t) and (s,p) ¢ d1(t). We conclude that a €
[s,s +p — 1] and thus (s,p) ¢ I5(t). Hence d3(t) C d2(t) and thus Py, —pp Ps.
Furthermore, a € vs(t,02) and, by Lemma Bl a ¢ vs(7,4d2). It follows that
Py —pys Ps.

It remains to show that P; —gp P3. P3 # P; because otherwise P, —gp P;.
For all x € X — {8,P}, 61(x) = dp(x) 2 da(z) = d3(x) because Py «—pys Po —rD
P, —pys Ps. Suppose 05(t) € 61(t), or equivalently, (s,p) € do(t) exists s.t.
(s,p) € 03(t) and (s,p) ¢ 01(t). We conclude that a € [s,s + p — 1] and thus

(Svp) ¢53(t) O

Corollary 11. —pyg s insensitive to —pp.

Proposition 12. If Py —pr P, and Py —¢p P> —pp P, then Py —1p1 P;.

Proof. Let tpp(T) € store(FPy), Tp,T1 € T, and l,u > 0 s.t., for all I' € gs(Fp), !
is a lower bound on |ve(Tp, )|, v is an upper bound on |ve(Th, )|, and v < I. By
Corollary [, gs(Ps) C gs(Pp). Let I' € gs(P»). Because I' € gs(Fy), we know that
[ is a lower bound on |ve(Tp, )|, v is an upper bound on |ve(Th, )|, and u < I.
Furthermore, P is failed because Py —p1 P;. We conclude that Py —pr P;.
O

Proposition 13. If Py —pT P1, Py —r¥p P2, P1 /#rp P2, P> /»rp P1, and
Py #£ Py, then a FCSP Pj exists s.t. Py —pp P3 and Py, —p71 Ps.
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Proof. Let X = scope(Fy) and C' = store(P). Let tpp(7) € C, Ty, Ty € 7, and
l,u >0 s.t., for all I' € gs(Py), I is a lower bound on |ve(Tp, )|, w is an upper
bound on |ve(Th, )|, and u < I. Let Ps = (X, d3,C) with d3(x) = d1(x) N d2(x)
for all x € X. Pj5 is failed because P, is failed.

Suppose Py /pp Ps. Then either §; = d3 or € X exists s.t. d3(z Q 01(x
The latter case contradicts the construction of Ps. If §; = d3, then §; (z ) C da(x )
for all x € X and thus either P, = P, or P, —p P;.

Suppose Pg #4wp Ps. Then either do = 3 and thus P, = P; or z € X
exists s.t. d3(z) € d2(z). The former case contradicts Py /pp P2, the latter case
contradicts the construction of Ps.

Furthermore, by Corollary Bl gs(P2) C gs(Fp). Let I' € gs(P»). Because
I' € gs(FPy), we know that [ is a lower bound on |ve(Ty, y)|, w is an upper bound
on |ve(Th,v)|, and w < 1.

We conclude that Py —ip1 Ps. O

Corollary 12. —pr is insensitive to —pgp.

PI‘OpOSitiOl’l 14. If Po —NC P1 and P() —FD P2 —FD Pl, then P2 —NC Pl.
Proof. Let tpp(7) € store(FPy) and T € T s.t. Go = (Uy, Vo, Eo) = veg(T, T, dp)
does not have a matching My with |My| = |Vp|. Suppose Ga = (Us, Vo, E3) =
veg(T, T, 02) has a matching My with |Ma|=|Va|. Let My= {( a)EMs : aeVo}
We will show that My is a matching in Gy and that |My| = |VO|

1. My is a matching because My C Ms.

2. My C Ey: Let (u a) € My. We know that uf € Uy, a € Vp, and that
s € 02(8;) exists s.t. s +j = a. Let s € 05(S;) s.t. s+ j = a. u] € Uy and
s € 09(8;) because Py —gp Ps.

3. |My| = |Vo| because, for all a € Vs, a is matched by My and, by Lemma [B]
Vo = ve(T,00) Cve(T,dz) = Va.

Furthermore, P is failed because Py —n¢ Pi. We conclude that P, —nc Pr. O

Proposition 15. If Py —~xc P, Py —rp P2, P /rp P2, Po» /pp P1, and
Py # Py, then a FCSP Pj ezists s.t. P, —pp P3 and Py —nc Ps.

Proof. Similar to the proof of Proposition by exploiting the fact that
(Uz, Va, Ey) = veg(T, T, 62) with tpp(7) € store(Py) and T' € T does not have
a matching My with |Ms| = |V3| as shown in the proof of Proposition [4 O

Corollary 13. —nc is insensitive to —gp.

Corollary 14. If R C {—pvys, —1pT, —nc} and —,= |J R, then —, is termi-
nating, insensitive to —¢, locally confluent, and confluent.
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8 Related Work

The Commutative Union Lemma [2] (CUL) is a well-known tool to prove con-
fluence. It states that the union of two reductions is confluent if both reductions
are confluent and commute. In the following, we compare our method to the
method suggested by the CUL. We are interested in how to proceed in different
situations: when proving the confluence of a reduction from scratch and when
proving the confluence of a reduction that has been obtained by extending or
reducing a confluent reduction.

Let (A,U;<;<, —:) be a reduction system. To show that (J,.,.,, —: is
confluent, the CUL suggests to show that each —;, 1 < i < n, is confluent and
that, for each 1 < i <n, —; and J; ., —& commute. Our approach requires
n proofs of insensitivity to J,.,.,, —, one for each —;, 1 <14 < n. In general,
each proof of insensitivity has to consider n cases, one for each —;, 1 < i < n,
except for it is possible to characterize | J, ., —i or some superset relation in
a way that facilitates to deal with all cases in one sweep. In our application to
FD constraint solving, we proved insensitivity to —gp. This way it was possible
to prove the confluence of the TPP solver with a number of proofs linear in the
number of reductions.

Let —p11€ A x A. Suppose (J;;-,, —i is known to be confluent. To show
that U, <;<, 41 —i is confluent, the CUL obliges to show that —,, 1 is confluent
and that —,1; and |J;-;,.,, —i commute. In the worst case, our approach
obliges to show that, for all 1 < i < n + 1, —; is insensitive to U1§i§n+1 —.
This amounts to proving confluence from scratch. However, if we can characterize
a superset relation that contains all reductions we might wish to investigate,
it is possible to reuse all prior proofs of insensitivity: Suppose we know that
Ui <i<,, —i s insensitive to the superset relation, then it is sufficient to show that
—n+1 1S insensitive to the superset relation. In our application to FD constraint
solving, we used —pp as superset relation. If we wished to extend the TPP
solver, it was sufficient to show that the extension is insensitive to —pp.

Suppose U1gign_>i is known to be confluent. Let 1 < k£ < n. Is Ulgign,z‘;ﬁk_’i
confluent? If the CUL has been applied, then, for each k < [ < n, it is necessary
to prove that —; and U1§i<l,i;ﬁk commute. If our approach has been used, no
proof obligations arise, independent of whether insensitivity has been proved to
Ui <<, —i Or to some superset relation.

‘Suppose U, <;<,, —i is known to be confluent. Let I C [1,...,n]. Is U;e; —i
confluent? The answers to this question are similar to those to the previous
question. In particular, if our approach has been used to prove the confluence of
Ui <i<n —i,> no proof obligations arise.

Another well-known but less general approach to proving confluence is based
on so-called critical pairs. Basically, a critical pair is a pair of states obtained
from the parallel application of two interfering rewrite rules to a common and
minimal ancestor state. Typically, a set of rewrite rules is locally confluent iff all
its critical pairs are joinable. Critical pairs are vital for establishing confluence in
different domains, e.g. in term-rewriting systems [2] and in rule-based constraint
solving [I]. We did not consider the critical-pair approach for two reasons. First,
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it has not yet been transfered to our setting. Second, there is not very much
motivation to do so because the resulting method would not be modular.

9 Conclusion

We developed a sufficient condition for local confluence and demonstrated that
it is very well suited to study the behaviour of cooperating constraint solvers.
First, we showed that any combination of solvers where each solver maintains
either domain or interval consistency is confluent. Second, we studied a solver
for track parallelization and showed that any combination of its reductions is
confluent.

We call our approach modular because removing reductions does not affect
confluence and because proving confluence after adding a reduction requires only
a single proof that, if a superset relation is used, does not require to reconsider
any other reduction. Our approach is suitable for the study of constraint solvers
because superset relations are available that comprise all conceivable solvers.

Our future research interests include the application of our method to tech-
niques that are important in scheduling like edge-finding and energetic reasoning

[B].
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Abstract. Symbolic model checking is a very successful formal verifica-
tion technique, classically based on Binary Decision Diagrams (BDDs).
Recently, propositional satisfiability (SAT) techniques have been pro-
posed as a computational basis for symbolic model checking, and proved
to be an effective alternative to BDD-based techniques. In this paper we
show how BDD-based and SAT-based techniques have been effectively
integrated within the NuSMV symbolic model checker.

1 Introduction

Model checking [1120] is a formal technique for the verification of finite state
systems. The system being analyzed is represented as a Finite State Machine
(FSM), while the requirements to be satisfied are expressed in temporal logics,
e.g. Computation Tree Logic (CTL), or Linear Temporal Logic (LTL). Model
checking algorithms are based on the exhaustive analysis of the state space of
the FSM. They are able to prove that the system satisfies the requirement, or,
more importantly, are able to produce a counterexample, i.e. a behaviour of the
FSM that violates the requirements. Model Checking is an extremely effective
debugging technique, and is being applied in several application domains, rang-
ing from the analysis of telecommunication protocols to reactive controllers to
hardware designs.

Originally, model checking was implemented by means of “explicit-state”
techniques, where single states of the FSM are analyzed and stored. One of the
most notable examples of explicit-state model checking is SPIN [17], that is very
effective in the analysis of asynchronous systems. In general, for many application
domains, the large amount of computational resources needed to analyze real-size
designs (the so-called state-explosion problem) may be a significant limitation.
The introduction of Symbolic Model Checking [18] made it possible to explore
state spaces of extremely large size. In symbolic model checking, instead of ma-
nipulating individual states, the algorithms manipulate sets of states. These are
compactly represented and efficiently constructed by means of Binary Decision

A. Armando (Ed.): FroCoS 2002, LNAT 2309, pp. 49-56] 2002.
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Diagrams [6] (BDDs), that are canonical forms for propositional formulae. Since
the seminal work of McMillan [18], several mechanisms for a partitioned repre-
sentation of finite state machines and different exploration styles [722/13] have
allowed to increase the applicability of BDD-based model checking. Recently,
a new form of symbolic model checking, commonly known as Bounded Model
Checking [], has been introduced. Bounded Model Checking is based on the
encoding of a model checking problem into a propositional satisfiability (SAT)
problem, and on the application of efficient SAT solvers. This approach, in the
following called SAT-based model checking, relies on the enormous progress in
the field of propositional satisfiability [19]. The approach is currently enjoying a
substantial success in several industrial fields (see, e.g., [12], but also [5]), and
opens up new research directions.

BDD-based and SAT-based model checking are often able to solve different
classes of problems, and can therefore be seen as complementary techniques. The
effective integration of BDD-based and SAT-based model checking techniques
is very important to widen the spectrum of applicability of symbolic model
checkers. Goal of this paper is to describe how the BDD-based and SAT-based
approaches to symbolic model checking have been successfully integrated within
the NuSMV model checker. In Section [2] we outline the NUSMV project. In
Section Bl and @ we describe the functionalities and the architecture of NuU-
SMV2. In Section [ we discuss some results and outline directions for future
development.

2 The NuSMYV Symbolic Model Checker

NUSMYV is a symbolic model checker originated from the reengineering, reim-
plementation and extension of SMV [18], the original BDD-based model checker
developed by McMillan et al. at CMU (SMV from now on). The NUSMV project
aims at the development of a state-of-the-art symbolic model checker, designed
to be applicable in technology transfer projects: it is a well structured, open,
flexible and documented platform for model checking, and is robust and close to
industrial systems standards [§].

The first version of NUSMV, called NUSMV1 in the following, basically im-
plements BDD-based symbolic model checking. The second version of NUSMV
(NUSMV?2 in the following), inherits all the functionalities and the implementa-
tion style of the previous version. However, NUSM V2 significantly extends the
functionalities of NUSMV1, and its internal structure departs from the one of
NUSMV1. The main novelty in NUSMV2 is the integration of model check-
ing techniques based on propositional satisfiability. Remarkably, the integration
covers the whole input language of NUSMV. NUSMV2 is currently the only pub-
licly available system that allows for both BDD-based and SAT-based model
checking. In order to integrate SAT-based and BDD-based model checking, a
major architectural redesign was carried out in NUSMV2, in order to make as
many functionalities as possible independent of the actual model checking engine
used. An example of this are the services provided by the modules implementing
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the preprocessing and reduction of the model to be analyzed. This allowed for
the effective integration of the new SAT-based engine, and opens up toward the
implementation of other model checking procedures.

NUSMV?2 is the result of a cooperative project. IRST and the University of
Trento carried out the activities related to model checking, while the University
of Genova provided a package implementing reduced boolean circuits [I] and
the state of the art SIM SAT solver [16]. The SIM solver is particularly effec-
tive in tackling problems arising from bounded model checking [12]. NUSMV2
is publicly available, under the GNU Lesser General Public License (LGPL),
at http://nusmv.irst.itc.it/|

3 System Functionalities

NUSMYV is able to process files written in an extension of the SMV language. In
this language, it is possible to describe finite state machines by means of decla-
ration and instantiation mechanisms for modules and processes, corresponding
to synchronous and asynchronous composition, and to express a set of require-
ments in CTL and LTL. NUSMV can work batch or interactively, with a textual
interaction shell.

An SMYV file is processed in several phases. The first phases require the
analysis of the input file, in order to construct an internal representation of the
system to be analyzed. NUSM V2 neatly separates the input language in differ-
ent layers, of increasing simplicity, that are incrementally eliminated. The first
step, called flattening, performs the instantiation of module types, thus creat-
ing modules and processes, and produces a synchronous, flat model, where each
variable is given an absolute name. The second step, called boolean encoding,
maps a flat model into a boolean model, thus eliminating scalar variables. This
second step takes into account the whole SMV language, including the encoding
of bounded integers, and the set-theoretic and arithmetic functions and predi-
cates. It is possible to print out the different levels of the input file, thus using
NUSMV?2 as a flattener. The same reduction steps are applied to the require-
ments. In addition, by means of the cone of influence reduction [2], it is possible
to restrict the analysis of each property to the relevant parts of the model. This
reduction can be extremely effective in tackling the state explosion problem.

The preprocessing is carried out independently from the model checking en-
gine to be used for verification. After this, the user can choose whether to apply
BDD-based or SAT-based model checking. In the case of BDD-based model
checking, a BDD-based representation of the the Finite State Machine is con-
structed. In this step, different partitioning methods and strategies [21] can be
used. Then, different forms of analysis can be applied: reachability analysis, fair
CTL model checking, LTL model checking via reduction to CTL model checking,
computation of quantitative characteristics of the model.

In the case of SAT-based model checking, NUSMV2 constructs an internal
representation of the model based on Reduced Boolean Circuit (RBC), a repre-
sentation mechanism for propositional formulae. Then, it is possible to perform
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SAT-based bounded model checking of LTL formulae. Given a bound on the
length of the counterexample, a LTL model checking problem is encoded into
a SAT problem. If a propositional model is found, it corresponds to a coun-
terexample of the original model checking problem. With respect to the tableau
construction in [4], enhancements have been carried out that can significantly
improve the performances of the SAT checker. The system enters a loop, inter-
leaving problem generation and solution attempt via a call to the SAT solver,
and iterates until a solution is found or the specified bound is reached. Dual
techniques for invariant checking [3] can be applied to invariant properties.

The properties are handled and shown to the user by a property manager,
that is independent of the model checking engine used for the verification. This
means that it is possible for the user to decide what solution method to adopt for
each property. Furthermore, the counterexample traces being generated by both
model checking modules are presented and stored into a unique format. Similarly,
the user can simulate the behaviour of the specified system, by generating traces
either interactively or randomly. Simulation can be carried out both via BDD-
based or SAT-based techniques.

4 System Architecture

In the development of NUSMV, particular care is directed to the architectural
design, in order to obtain an open architecture that can be integrated within
different design environments, and customized depending on the application do-
main. Therefore, the architecture of NUSMV2 has been deeply revised and ex-
tended with respect to NUSMV1, in order to allow for a clean and effective
integration of SAT-based techniques and to overcome some limitations of NU-
SMV1. A high level view of the internal structure of NUSMV2 is reported in
Figure[Il The architecture is composed of the following main modules.

Flattening: The Flattening module implements the parsing of the model,
some consistency checks to guarantee the well foundedness of the definitions,
and eliminates processes and modules, producing a flat, scalar model, and a set
of flat properties.

Encoding: The Encoding is responsible for mapping the flat, scalar model
into a boolean model. This requires the introduction of the suitable boolean
variables, depending on the range of the scalar variables being manipulated. For
instance, for a bounded integer variable x, ranging from 0 to 255, 8 boolean vari-
ables x1, ..., xg are defined. Furthermore, an encoding that associates each of the
proposition x = v into a corresponding assignment to x1,...,xs is constructed.
Then, for each atomic proposition in the program, the corresponding boolean ex-
pression is constructed. For instance, the atomic proposition (z+y) < z would be
associated with a boolean expression in the boolean variables associated with x,
y and z. This operation is carried out by means of Algebraic Decision Diagrams,
particular forms of Decision Diagrams with non-boolean leaves.

Cone of Influence. This module implements the routines to restrict the
analysis to a reduced FSM, containing only the relevant variables for each prop-
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Fig. 1. The internal structure of NUSMV2.

erty. This reduction is amenable both for BDD-based and SAT-based model
checking.

BDD-Based Model Construction: The BDD-based model construction
module implements the Finite State Machine corresponding to the input file in
terms of BDDs. An explicit data structure for FSM’s is provided, that allows to
encapsulate the actual construction/partitioning method applied. It is therefore
possible to have different FSM’s associated to different verification problems.

BDD-Based Verification: The BDD-based verification routines imple-
ment reachability analysis, LTL and CTL model checking, and quantitative
analysis, in terms of the FSM data structures provided by BDD-based model
construction. CTL model checking is implemented directly, while LTL model
checking is reduced to a CTL model checking problems by means of a tableau
construction, as described in [9]. The analysis of quantitative properties, such
as the computation of the least distance between the occurrence of two given
events, is carried by dedicated algorithms. All the operations only rely on im-
age and preimage computations, and are independent of the actual partitioning
mechanism.

BDD Package: The functionalities for the manipulation and storage of
BDDs is provided by the BDD module. This module is based on the state-of-
the-art Colorado University Decision Diagram (CUDD) package developed by
Fabio Somenzi [24]. An additional layer encapsulates the CUDD functionalities
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in order to provide a uniform interface that hides low-level issues related to
garbage collection of BDDs.

Bounded Model Checker: The Bounded Model Checker module provides
the SAT-based model checking functionalities. It interacts with the RBC package
to generate a RBC-based model representation. At the lowest level, an associ-
ation between state variables at different time instants and the corresponding
RBC variables is defined. The construction is optimized by means of memoizing
techniques, in order to avoid the recomputation of frequently used RBCs. The
variable association schema is implemented in such a way that full blown parallel
substitution can be replaced by a shifting operation. Once the internal repre-
sentation of the model is complete, the Bounded Model Checker can generate
the SAT problems corresponding to a given formula, with a construction that
extends the one in [4]. In particular, the construction takes into account all the
components of the model (e.g., fairness constraints, invariants). Several encod-
ings of the property are possible, depending if we are checking for a violation
occurring exactly at step k or at a step < k, and with different loop-back struc-
tures for the counterexample. The problem is generated as an RBC, that is then
converted in CNF format and provided in input to the SIM solver. If a model
is found, then it is returned to the Bounded Model Checker, whose final step it
to activate the trace reconstruction of the counterexample. The produced model
checking problems can also be printed out in the standard DIMACS format, thus
allowing for the stand-alone use of other SAT solvers.

Reduced Boolean Circuit (RBC): The RBC package implements a sim-
plified version of the RBC data structure and the associated primitives for storing
and manipulating propositional formulas, see [1]. The RBC package comes with
a depth-first traversal routine, which allows to search the RBC, applying a given
function (passed as a parameter) to each node being visited either in-order, pre-
order, or post-order. This function is at the basis of the CNF converter. The
CNF converter generates an equi-satisfiable formula obtained from the RBC by
applying a structure-preserving transformation. The CNF converter also marks
the variables occurring in the RBC. The ability to distinguish between the “in-
dependent” variables (i.e., the ones occurring in the formula before the CNF
conversion) and the “dependent” variables (i.e., the ones introduced during the
CNF conversion) can be extremely useful in driving the solver [T4UT5I23/[12).

SIM SAT Solver: SIM is an efficient SAT solver based on the Davis-
Logemann-Loveland procedure. Two are the distinguishing features of SIM.
First, it can limit the branching to a subset of the variables, assuming that the
others can be assigned by unit propagation. Second, it allows for relevance learn-
ing, and branching heuristics based on boolean constraint propagation which
analyze the whole set of (relevant) variables. As [23]12] show, these features can
produce dramatic speed-ups in the overall performances of the SAT checker, and
thus of the whole system. SIM also features many other branching heuristics,
and size learning (see [16]).

Simulation/Trace Manipulation: The simulation package allows for the
interactive and random simulation of the behaviour of the model being processed.



Integrating BDD-Based and SAT-Based Symbolic Model Checking 55

It is compatible both with the BDD-based and the SAT-based representation,
and encapsulates a uniform trace handling mechanism through which the stored
traces can be inspected and rerun.

5 Conclusions

NUSMYV is a robust, well structured and flexible platform for symbolic model
checking, designed to be applicable in technology transfer projects. In this paper,
we have shown how BDD-based and SAT-based model checking are integrated
in the new version of NUSMV, that significantly extends the previous version.
In particular, we have discussed the functionalities and the architecture of NuU-
SMV2, that integrates SAT-based state of the art verification techniques, is
able to working as a problem flattener in DIMACS format, and tackles the state
explosion with cone of influence reduction.

NUSMV2 is currently being used as the verification kernel of a CAD tool de-
veloped in a technology transfer project, where an imperative style programming
language is used to describe embedded controllers. The integration of decomposi-
tion techniques (e.g., abstraction and compositional verification) is under devel-
opment. In the future, we plan to investigate a tighter integration between BDD-
based and SAT-based technologies. The new internal architecture also opens up
the possibility to integrate different boolean encodings [10] and different (e.g.,
non boolean) verification engines.
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Abstract. Composite Symbolic Library is a symbolic manipulator for
model checking systems with heterogeneous data types. Our current im-
plementation uses two basic symbolic representations: BDDs for boolean
and enumerated variables, and polyhedra for (unbounded) integers. These
basic representations are imported to the Composite Symbolic Library
using a common interface and are combined using a disjunctive compos-
ite representation. In this paper, we present several heuristics for efficient
manipulation of this composite representation. Our heuristics make use
of the following observations: 1) efficient operations on BDDs can be
used to mask expensive operations on polyhedra, 2) our disjunctive rep-
resentation can be exploited by computing pre and post-conditions and
subset checks incrementally, and 3) size of a composite representation
can be minimized by iteratively merging matching constraints and re-
moving redundant ones. We present experimental results that illustrate
efficiency of our algorithms.

1 Introduction

The introduction of compact and efficient symbolic representations has enabled
automated verification of large hardware and software systems by overcoming
the state-space explosion problem [9JI7J10]. Symbolic representations are effi-
cient alternatives to explicit state exploration, since they provide a compact
representation of the state space. Properties of a system can be verified by ma-
nipulating the symbolic representations that represent its transition relation and
states.

Binary Decision Diagrams (BDDs) [4] (for representing boolean constraints)
and polyhedral representation [15] (for linear arithmetic constraints) are two
examples for such symbolic representations. BDDs have been successfully used
in verification of finite-state systems which could not be verified explicitly due
to size of the state space [QI7IT0]. Linear arithmetic constraint representations
have been used in verification of real-time systems, and infinite-state systems
[BI7T6] which are not possible to verify using explicit representations.

One problem with these symbolic representations is that they are specialized
for certain domains; i.e., BDDs are specialized for encoding boolean variables
and polyhedral representation is specialized for representing states of integer and
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real variables as linear arithmetic constraints. As a result, BDDs are restricted
to finite domains and polyhedral representation becomes inefficient when it is
used for a large set of boolean variables. However, it is very likely that a large
software specification would use more than one data type. Motivated with this
observation, we have designed and implemented the Composite Symbolic Library
[19] that combines several symbolic representations. Our current implementation
uses BDDs for boolean and enumerated variables and polyhedra for (unbounded)
integers. However, Composite Symbolic Library can be easily extended with new
symbolic representations since we have adopted an object-oriented approach in
its design.

In this paper, we present several heuristics for efficient manipulation of this
composite representation. Our heuristics make use of the following observations:
1) efficient operations on BDDs can be used to mask expensive operations on
polyhedra, 2) our disjunctive representation can be exploited by computing pre
and post-conditions and subset checks incrementally, and 3) size of a compos-
ite representation can be minimized by iteratively merging matching constraints
and removing redundant ones. We have implemented the above ideas and exper-
imented with a large set of examples. Experimental results indicate effectiveness
of our heuristics.

Techniques that are similar to our heuristics have been used in the litera-
ture. In [I4], local subsumption test is used during the fixpoint computations
to remove the redundant constrained facts. This is similar to our approach for
preventing the increase in the size of the disjunctive composite representation
during fixpoint computation by removing redundant disjuncts. However, we use
full subsumption test. Local subsumption test can also be used as a heuristic
to test the convergence of fixpoint computations [14]. However, there can be
cases where fixpoint computation that uses the local subsumption test does not
converge whereas the fixpoint computation that uses the full subsumption test
converges.

Hytech, a tool for verification of hybrid systems, simplifies formulas using
rewrite rules [3]. The approach used in [3] is for simplification of linear arithmetic
formulas on real variables. Our work is different in two respects: 1) We use
linear arithmetic formulas on integer variables. 2) Our heuristics are not for
simplification of linear arithmetic formulas, this is handled by the constraint
manipulator we use [2]. Rather, our heuristics are for simplification of composite
formulas which contain a mixture of boolean and integer variables. In Hytech
tool boolean or enumerated variables (for example control states) are eliminated
by partitioning the state space [3].

In [18], a linear partitioning algorithm for convex polyhedra is used to effi-
ciently test if a single convex polyhedron is subsumed by a union of convex poly-
hedra. This approach is analogous to our subset check heuristic where the union
of convex polyhedra corresponds to our disjunctive composite representation
and the single convex polyhedron corresponds to a single disjunct of composite
representation.
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The rest of the paper is organized as follows. In Section 2 and Section 3, we
explain Composite Symbolic Library and our model checker that uses the com-
posite symbolic representation, respectively. In Section 4, we present heuristics
that masks expensive polyhedral operations with BDD operations. We introduce
an efficient subset check algorithm for composite symbolic representation in Sec-
tion 5. In Section 6, we propose several algorithms with different aggressiveness
levels for minimization of composite symbolic representation. We explain how
we can improve a fixpoint algorithm in Section 7. In Section 8, we present the
experimental results of the heuristics that we propose in Sections 3-7. Finally,
in Section 9, we give our conclusions.

2 Composite Symbolic Library

Composite Symbolic Library is a symbolic manipulator for model checking sys-
tems with heterogeneous data types. In Composite Symbolic Library different
symbolic representations are combined using the composite model checking ap-
proach [6]. Our current implementation of the Composite Symbolic Library uses
two symbolic representations: BDDs for boolean logic formulas and polyhedral
representation for Presburger arithmetic formulas. We call these representations
basic symbolic representations.

Each variable type in the system to be verified is assigned to the most ef-
ficient basic symbolic representation for that variable type. Boolean and enu-
merated variables are mapped to BDD representation, and integers are mapped
to arithmetic constraint representation. We encode the sets of system states
and the transition relation of the system in Disjunctive Normal Form (DNF),
as a disjunction of conjunctions of basic symbolic representations (e.g., a dis-
junct consists of conjunction of a boolean formula stored as a BDD representing
the states of boolean and enumerated variables, and a Presburger arithmetic
constraint representing the states of integer variables). We call this DNF repre-
sentation a composite symbolic representation since it combines different basic
symbolic representations.

We used an object-oriented design for the Composite Symbolic Library. An
abstract class called Symbolic serves as an interface to all symbolic representa-
tions in the Composite Symbolic Library including the composite representation.
A class called BoolSym serves as a wrapper for the BDD library CUDD [1] and
derived from abstract class Symbolic. Similarly, IntSym class is also derived
from abstract class Symbolic and serves as a wrapper for the Omega Library
[2]. A class called CompSym is the class for composite representations. It is derived
from Symbolic and uses IntSym and BoolSym (through the Symbolic interface)
to manipulate composite representations.

The object-oriented design for the Composite Symbolic Library has several
advantages: 1) The manipulation of the composite representations is indepen-
dent of the manipulation of the basic symbolic representations and number of
basic symbolic representations. CompSym accesses basic symbolic representations
using only the Symbolic interface and it uses the number of basic symbolic
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representations as a parameter. 2) It is easy to replace the Omega Library and
CUDD Library with other symbolic manipulators as long as one writes a wrapper
around the new symbolic manipulator which conforms to the Symbolic inter-
face. 3) Verification is polymorphic. Since the verification procedures use the
Symbolic interface they work both for composite symbolic representations and
basic symbolic representations. I.e., based on the input specification our current
implementation can be used as a BDD-based model checker, a polyhedra-based
model checker or a composite model checker.

To analyze a system using Composite Symbolic Library, one has to specify
its initial condition, transition relation, and state space using a set of composite
formulas. A composite formula is obtained by combining boolean and integer
formulas with logical connectives. A boolean formula consists of boolean vari-
ables or constants joined with logical connectives. An integer formula consists of
integer variables or constants joined with arithmetic operators + and —, arith-
metic predicates <, >, =, <, >, logical connectives, and quantifiers 3 and V. Since
symbolic representations in the Composite Symbolic Library currently support
only Presburger arithmetic formulas, we restrict arithmetic operators to + and
—. However, we allow multiplication with a constant and quantification.

In CompSym, a composite formula, P, is represented in DNF as

n t
P=\ Ary

i=1j=1
where p;; denotes the formula of basic symbolic representation type j in the
ith disjunct, and n and ¢ denote the number of disjuncts and the number of
basic symbolic representation types, respectively. We call each disjunct /\E-leij
a composite atom. Each composite atom is implemented as an instance of a
class called compAtom. The compAtom class has a field called representation.
representation field is an array of class Symbolic and the size of the array
is the number of basic symbolic representations. Semantically, each compAtom
object represents a conjunction of formulas each of which is either a boolean
or an integer formula (which are represented as BoolSym and IntSym objects,
respectively). A composite formula stored in a CompSym object is implemented
as a list of compAtom objects, which corresponds to the disjunction in the DNF
above.

The CompSym class includes methods (such as intersection, union, comple-
ment, satisfiability check, equivalence check, etc.) which manipulate composite
representations in the above form. These methods in turn call the related method
of basic symbolic methods (which are implemented in IntSym and BoolSym
classes). Note that all these operations can be effectively computed both for
boolean logic formulas and Presburger arithmetic formulas.

3 Symbolic Verifier

Given a set of states S and a transition relation R, pre-condition PRE(S, R)
are all the states that can reach a state in S with a single transition in R
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(i.e., the set of predecessors of all the states in S). Post-condition POST(S, R) is
defined similarly. Given a set S and a transition relation R both represented using
composite symbolic representation as S = \/1-%, /\3‘:1 s;j and R =\ /\2‘:1 Tij
the pre-condition can be computed as

nr ns t

PRE(S, R) = \/ \/ /\ PRE(sk;, i)

i=1k=1j=1

The above property holds because the existential variable elimination in the
PRE(S, R) computation distributes over the disjunctions, and due to the parti-
tioning of the variables based on the basic symbolic types, the existential variable
elimination also distributes over the conjunction above.

Our symbolic model checker computes fixpoints for CTL temporal operators
using the function PRE(S, R) and fixpoint computations [8]. In the experiments
reported in this paper we use the basis {EX, EG, EU} for CTL formulas [I1].

4 Masking Integer Operations

Composite Symbolic Library currently supports two basic symbolic represen-
tations: BDDs to represent boolean and enumerated variables and polyhedral
representation of linear arithmetic constraints to represent integer variables.
Existential variable elimination for linear integer arithmetic constraints is NP-
complete and it is used in satisfiability check and pre and post condition com-
putations. However, since BDD representation is canonical, satisfiability check
for BDDs can be performed in constant time by comparing the root node to the
unique BDD that corresponds to false. This discrepancy in the performances of
BDDs and polyhedral representation in checking satisfiability can be exploited
to speed up pre and post condition computation on the composite symbolic
representation.

A composite atom s = b A i, where b and i denote the BDD part and polyhe-
dral part, respectively, is satisfiable iff both b and i are satisfiable. Since satisfi-
ability check for polyhedral representation is expensive, by checking the satisfia-
bility of the BDD part first we can avoid checking satisfiability for the polyhedral
part whenever the BDD part is not satisfiable. If we find out that the BDD part
is not satisfiable we can conclude that the composite atom is not satisfiable.

Given two composite formulas S = \/;Li1 bsj Nisj and R = \/} 2 by A iy,
where S represents a set and R represents the transition relation, by; and b,
correspond to boolean formulas, and is; and i, correspond to integer formulas,
pre-condition of S with respect to R can be written as

ns MR

PRE(S, R) = \/ \/ PRE(bsj, byi) A PRE(Lgj, irk)
j=1k=1

Instead of computing PRE(bj,brr) and PRE(isj,irk) and then taking the in-
tersection of the two, we can first compute PRE(bgj, b,;) and then check it for
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satisfiability. Since PRE(bs;, byt,) is a boolean formula and represented by BDDs,
checking satisfiability of PRE(bs;, by) is cheaper than checking satisfiability of
PRE(is;, 7% ), which is represented by polyhedra. We should compute PRE(%s;, irk)
that involves manipulation of polyhedral representation only if PRE(bs;, byx) is
satisfiable. If it is not satisfiable then we will not compute PRE(ij, irx) since
we can deduce that PRE(Dsj,byi) A PRE(is;,%,,) evaluates to false. As a result
expensive integer manipulation is masked by cheaper boolean manipulation.

5 Subset Check

A composite formula A = \/!"_, a; is subset of a composite formula B = \/;"_, by,
iff Vi s.t. 1 <14 <mn,a; CB. So the most straightforward way of checking subset
relation between composite formulas A and B is to iterate through the composite
atoms in A and check subset relation between each composite atom a; in A and
B. If there exists a composite atom a; in A such that a; is not subset of B we
can conclude that A is not subset of B. On the other hand, if there exists no
such composite atom in A then we can conclude that A is subset of B.

Figure [Mi(a) shows the algorithm for checking subset relation between two
composite formulas A and B. For each composite atom a; in A, first the algorithm
checks if a; is subset of any composite atom in B (lines 4-8). A composite atom
a= /\EZ1 a; is subset of composite atom b = /\EZ1 b; iff Vist. 1<i<t, a; Cb,,
where ¢ is the number of basic types. If there exists no composite atom b in B
such that a is subset of b then this does not mean that a is not subset of B. Next,
the algorithm computes a N =B and assigns the result to composite formula C.
If C is satisfiable then it means a is not subset of B and the algorithm exits
by returning false (lines 9-12). Otherwise the algorithm continues until either it
finds out that there exists a composite atom a that is not subset of B or it has
checked all the composite atoms in A in which case it returns true (line 13).

Time complexity of the algorithm in Figure[(a) is

t j t j
O(nA xXmnp X Zj:l lesSubset +na X (Z?jl Zj:l Té’omplement—’_

npg np tj t J
t X Zj:LlStj <t TInteTsection +np X Zj:l TIsEmpty))'

where n4, np, t, and Tép are number of composite atoms in A, number of com-
posite atoms in B, number of basic symbolic representations and time complex-
ity of operation Op for ith basic symbolic representation, respectively. Expensive
part of the algorithm is computing the complement of composite formula B (line
10) since time complexity of complement operation on a composite formula B
is exponential in the number of composite atoms in B. For the subset check
algorithm, computing complement of B means that all the composite atoms in
B are taken into consideration to decide if a composite atom a is subset of B.
However, deciding if a composite atom a is subset of a composite formula B does
not always require to consider all the composite atoms in B. For instance, let
composite atom a and composite formula B be,

a=(@xAyA(z>0Vz<—4)), B=(xAz>0)V(@eAz<-1)V(-zAz<0)
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IsSubset(A, B): boolean

IsSubset(A, B): boolean 1 A, B, U, t: composite formula
1 found: boolean 2 for each composite atom a in A do
2 A, B, C: composite formula 3 U+<—a
3 for each composite atom a in A do 4 for each composite atom b in B do
4 found «— false 5 for each composite atom u in U do
5 for each composite atom b in B do 6 t—bNu
6 if a C b then 7 if ¢t # () then
7 found «— true 8 t«—un-t
8 break; 9 remove u from U
9 if = found then 10 if t # () then
10 C«—an-B 11 U—Uut
11 if C # () then 12 if size(U) = 0 then
12 return false; 13 break;
13 return true; 14 if size(U) # 0 then
15 return false;
16 return true;
(a) (b)

Fig. 1. Subset check algorithms performing negation at (a) composite formula level
and at (b) composite atom level

where x and y are boolean variables and z is an integer variable. Since each
composite atom in a composite formula corresponds to a disjunct of the com-
posite formula, B has three composite atoms by, by, and b3 that correspond to
(xANz>0), (zAz<—1),and (—x A z < 0), respectively. In order to decide if a
is subset of B we do not need to consider all the composite atoms in B. For this
example, it is sufficient to compare a against b; and bs (note that a is subset of
b1 V by) only to conclude that a is subset of B. However, the algorithm given in
Figure [{[(a) will process b1, b2, and b3 by computing complement of B.

In the light of this observation we propose a more efficient solution to subset
check problem for composite formulas. Given two composite formulas A and B,
for each composite atom a in A, our solution iteratively computes uncovered
subset of a, U, that is not covered by the composite atoms in B that have been
examined so far. U is initialized to a and for each k s.t. 1 < k < npg, U is
updated as U N —by. After U is updated using by it is checked for emptiness.
If it becomes empty then the algorithm skips checking the remaining composite
atoms in B and concludes that a is subset of B. Otherwise, it continues with byy1.
After checking all composite atoms in B if U is not empty then the algorithm
concludes that a is not subset of B. The algorithm is given in Figure M(b).
Note that in this algorithm there is no complement operation on the composite
formula level. Instead complement is computed for composite atoms in B as
needed. Time complexity of subset check algorithm in Figure dI(b) is O(n4 x
(t—1)"5 x Z§=1(T§atisfmbility + T} ersection)- Even though this algorithm has
also an exponential worst case time complexity, in the average case we expect it
to perform better than the algorithm in Figure [Ii(a).
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6 Simplification Algorithm

The number of composite atoms in a composite formula which results from
the intersection operation is linear in the product of the number of composite
atoms of the input composite formulas. The number of composite atoms in a
composite formula which results from the negation operation is exponential in
the number of composite atoms of the input composite formula. Most of the time
these resulting composite formulas are not minimal in terms of the number of
composite atoms they have. For instance, composite formula A that represents
the formula (zAy=2+1)V(tAy=2+1)V((xVt)Ay > z), where x and t are
boolean variables and y and z are integer variables, has three composite atoms
that correspond to the three disjuncts (xAy = z+1), (tAy = z+1), and ((zVE)A
y > z). However, A can be equivalently composed of a single composite atom that
represents the formula ((z V) Ay > z). Since time complexity of manipulating
composite formulas is dependent on the number of composite atoms we need
to reduce the number of composite atoms in a composite formula as much as
possible to make the verification feasible in terms of both time and memory. We
present a simplification algorithm that can be tuned for 4 different degrees of
aggressiveness. First we would like to present the most aggressive version of the
algorithm and then explain how aggressiveness can be traded for efficiency in a
reasonable way.

A composite formula having two composite atoms, a and b, can be simplified
and represented by a single composite atom c if one of the following holds: 1) a
is subset of b. In this case ¢ = b. 2) a is superset of b. In this case ¢ = a. 3) There
exists a basic type j s.t. for all basic types i s.t. i # j, a; = b;. In this case for
all is.t. i # j, ¢; = a; and ¢ = a; V b;.

Figure 2] shows the simplification algorithm. The algorithm takes each pair
of composite atoms a and b in a composite formula and checks if union of the
formula represented by a and b can be represented by a single composite atom r
based on the above rules. The algorithm stops when there exists no two compos-
ite atoms in the composite formula that can be replaced by a single composite
atom. The steps that make the algorithm aggressive are at lines 22 and 23. At
line 22 the composite atom r that can replace a and b is inserted to the head of
the list of composite atoms and a is set to the head of the list at line 23. This
ensures that composite atom r can be compared against all other composite
atoms in the list.

We can loosen the post condition of the simplification algorithm and make
the algorithm less aggressive and more efficient in three ways. The first way
exploits the fact that equivalence check on BDDs is cheaper than equivalence
check on polyhedral representation. At line 14 of the Simplification algorithm in
Figure 2 a; and by, where t is a basic type, are checked for equivalence. Instead
of checking equivalence of a; and b; for each basic type ¢, we can check it for only
boolean type. This makes the Simplification algorithm less expensive and less
aggressive meaning that given two composite atoms a and b, the Simplification
algorithm will be able to combine a and b into a single composite atom r if a
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Simplify(composite formula A)

1 a, b, r: composite atom

2 success: boolean

3 list 4: list of composite atoms

4 let list 4 be the list of composite atoms in A

5 a < head(lista)

6 while a # NULL do

7 b «— next(a)

8 while b # NULL do

9 if a C b then remove a from list 4; break
10 else if b C a then temp < b ; b «— next(b) ; remove temp from list s
11 else

12 success «— false

13 for each basic type t do

14 if a4 # by then

15 if —success then index « t ; success < true
16 else success < false ; break
17 if success then

18 remove a and b from list 4

19 for each basic type t do

20 if index = t then ry < a¢ V by
21 else 1y < ay

22 insert r to head of list 4

23 a < head(lista) ; break

24 else b «— next(b)

25 a — next(a)

Fig. 2. An algorithm for simplifying a given composite formula

(b) is subset of b (a) or apoolean is equal t0 bpooican- If @booican iS NOL equal to
bpoolean the algorithm will conclude that a and b cannot be combined.

The second way is to avoid subset check. At lines 9 and 10 Simplification
algorithm in Figure 2] checks if a is subset of b or vice versa, respectively. By
eliminating subset check between a and b the algorithm will combine two com-
posite formula a and b only if apooiean is equal to bpoorean -

The third way is to consider only a subset of composite atom pairs in a given
composite formula. At line 22 of the Simplify algorithm in Figure Bl composite
atom r, which is combination of composite atoms a and b, is inserted at the head
of list , and a is set to the head of lists at line 23. These two steps ensure that
composite formula A is minimal by forcing analysis of every pair of composite
atoms in A. However, if r is inserted at the end of list 4 without making a point
to head of list 4 r is not compared with other composite atoms and the resulting
composite formula A is no longer minimal (i.e., there may be pairs of composite
atoms in A which can be merged).

By using the three ways of aggressiveness reduction we obtain 4 different
versions of Simplification algorithm which we represent by S1, S2, S3, and S4
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ComputeEF(composite formula P, composite formula R): composite formula
1 Snew — P

2 do

3 Sotd + Snew

4 Snew — PRE(So1d, R) U So1a

5 Snew — Simpli fy(Snew)

6 while —isSubset(Snew, Soid)

7

return Syew

Fig. 3. An algorithm for computing the least fixed point for EF

in increasing aggressiveness order. Let n denote the number of composite atoms
in the input composite formula:

— S1: Number of executions of the inner while loop is O(n?) and checks equiv-
alence relation only on boolean type and eliminates subset check.

— §2: Number of executions of the inner while loop is O(n?) and checks equiv-
alence relation only on boolean type and eliminates subset check.

— §3: Number of executions of the inner while loop is O(n?) and checks equiv-
alence relation only on boolean type. However, it performs subset check.

— S4: Number of executions of the inner while loop is O(n?), checks equivalence
relation on all types and performs subset check.

7 Combining Pre-condition, Subset Check,
and Union Computations

All CTL operators can be defined in terms of a least or a greatest fixpoint.
EF is defined as a least fixpoint as EF p = px . p vV EX z. Figure [ shows
the algorithm for computing the least fixpoint for FF. Given two composite
formulas P = \/[.X, p; and R = \/?21 rj, where P represents a set of states and
R represents the transition relation, the algorithm computes the set of states
that satisfy EF(P) iteratively. Sy, represents the largest subset of the fixed
point computed so far. At line 4 of ComputeEF algorithm Sy,c,, = \/}/2, sk, where
one of the following holds for sj:

1. sy = PRE(p;,r;), where 1 < i <np and 1 < j <ng, and sx € Sod,
2. 8, = PRE(pi,rj), where 1 <i<np and 1 <j <ng, and s C Sy4,

3. s € S,q and there exists no 4,5, where 1 < i < np and 1 < j < ng, s.t
Sk = PRE(p;,7j).

Note that composite atoms that satisfy (1) can be used to decide if Spew
is subset of S,;4 earlier during the computation of pre-condition and eliminate
subset check at line 6 of the algorithm. This may serve as an improvement over
the algorithm in Figure [B] since we can eliminate processing composite atoms in
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PreUnion(S,R, isSubset): composite formula

1 Sres, S, R: composite formula EfficientEF(S, R): composite formula
2 isSubset:boolean 1 S, R: composite formula
3 isSubset «— true 2 isSubset: boolean
4 Sres — S 3 Snew — S
5 for each composite atom s in S do 4 do
6 for each composite atom r in R do 5 Sotd — Snew
7 Sk = PRE(s, 1) 6 Snew — PreUnion(Soi4, R, isSubset)
8 if s Z S then 7 Snew — Simplify(Snew)
9 isSubset — false 8 while (—isSubset)
10 Sres — Sres U Sk 9 return Sy eqw
110 return Sics
(a) (b)

Fig. 4. (a)A pre-condition algorithm with subset check and union (b) A more efficient
algorithm for computing the least fixed point for EF

Snew that satisfy (3) during the subset check at line 6 of the algorithm. An addi-
tional improvement can be achieved by taking union of s; with S,.s only if s, is
not subset of S and prevent the unnecessary increase in the number of composite
atoms in Sy..s. Figure[d(a) and [d(b) show the algorithms preUnion, which com-
putes pre-condition along with subset check and union, and EfficientEF, which
computes least fixed point for E'F using preUnion algorithm, respectively.

8 Experiments

We have experimented the heuristics explained in the previous sections using
a set of specifications. Some of the specifications are well known concurrency
problems such as Bakery (BAKERY*) and Ticket (TICKET*) algorithms for mu-
tual exclusion problem, Sleeping Barber (BARBER™*), Readers Writers (RW*), and
Bounded Buffer Producer Consumer (PC*) problems [4]. We also included spec-
ifications of a cache coherence protocol (COHERENCE™*) [13], insertion sort (IN-
SERTIONSORT) algorithm [14], an office light control system (LIGHTCONTROL) [8]
and a safety injection system for a nuclear reactor (s1s*) [12]. The “*”character
indicates that the specification has several versions each with different temporal
property or with different number of concurrent components. For Readers Writ-
ers and Sleeping Barber problems we have also used the parameterized versions
meaning that the specification models the system with arbitrary number of pro-
cesses. We obtained the experimental results on a SUN ULTRA 10 workstation
with 768 Mbytes of memory, running SunOs 5.7.

Experimental results for the verifier with different versions of the simplifica-
tion algorithm and without simplification is given in Table[Il The label S2-53-54
indicates that at each simplification point the simplification algorithm with S2,
53, and S4 are called in this order. So a multi-level simplification is achieved
starting with the least aggressive version and continuing by increasing the degree



68 Tuba Yavuz-Kahveci and Tevfik Bultan

Table 1. Verification Time (T, in seconds) and Memory (M, in Mbytes) Results for
Different Versions of Simplification vs No Simplification. (T means the program ran
out of memory, > x means execution did not terminate in x seconds, and (L) indicates
that the specification has been verified for a liveness property)

Problem S2-S3-S4 S1 S2 S3 S4 None

Instance T[ M T[ M T[ M T[ M T[ M T[ M
BAKERY2-1 0.21| 7.8 0.08| 7.7{ 0.09| 7.8 0.10f 7.7 0.2 7.7 0.1] 80
(L)BAKERY2-2 0.26| 0.9/ 0.34| 8.8/ 0.53| 8.8/ 0.31] 8.5/ 0.35| 7.8 T T
BAKERY3-1 8.26(19.6| 3.61| 21.2| 3.44| 21.5| 3.48| 20.3| 8.85| 19.5| 5.71] 30
(L)BAKERY3-2 51.32(34.7|255.45| 324| 370| 323(109.7| 77.5| 81.23| 34.9 T T
TICKET2-1 1.07/10.2| 0.56] 10.4| 0.59| 10.3| 0.60| 10.4| 0.87| 10.2| 1.81(17.4
(L)TICKET2-2 3.13[13.8 1.3| 13.8| 1.31| 13.8| 1.30| 13.5] 2.19| 13.4 T T
TICKET3-1 14.71| 28| 15.39 58|15.49 58(13.56| 43.3| 21.42| 35.2 T T
(L)TICKET3-2 29.73| 29| 61.28| 173|75.48| 173| 28.2 62(119.95 60 T T
BARBER2-1 4.62(17.7 4.8 21.5| 4.52 21| 3.59| 17.6| 4.52| 17.6| 59.3| 197
BARBER2-2 0.27] 8.8| 0.21 9| 0.25 9| 0.23 9| 0.27| 8.8] 0.28| 9.3
BARBER2-3 1.58(12.8 1.2| 13.7| 1.49| 13.8| 1.51| 13.8 1.55| 12.8] 2.93| 20
BARBER3-1 10.93(26.6| 13.68| 35.2|13.22| 34.5| 9.14| 26.4| 10.59| 26.4 T T
BARBER3-2 0.35| 9.5/ 0.35| 9.8 0.32| 9.7| 0.33] 9.8 0.30| 9.5| 0.5] 10
BARBERS3-3 4.12(18.1 2.79] 20.5| 4.39 21| 4.31 21 3.93 18(66.89| 205
BARBER4-1 21.98|38.5| 26.86| 53.7|29.92| 52.7|18.85| 38.1| 21.05| 38.1 T T
BARBER4-2 0.43|10.1| 0.43| 10.5| 0.46| 10.5| 0.43| 10.5| 0.39| 10.1| 0.83]13.3
BARBER4-3 8.76|25.9| 5.31| 30.7|10.09| 32.2| 9.93 32| 8.61| 25.8 T T
BARBERP-1 6.69| 24| 5.17| 21.1| 5.64 24| 6.53 24 7.8 24| 173| 228
BARBERP-2 0.21| 9.3| 0.13| 9.3| 0.16] 9.3| 0.19] 9.3| 0.20| 9.3| 0.38/10.3
BARBERP-3 1.19(13.4| 0.72| 12.4| 0.78| 13.4| 0.89| 13.4 1.14| 13.4| 3.77|19.5
COHERENCE-1 0.34(11.3| 0.24| 11.2| 0.25| 11.2| 0.29| 11.2f 0.30| 11.3| 0.23|11.5
(L)COHERENCE-2 2.74|14.8| 0.78| 13.7| 0.74| 13.6| 0.82| 13.1| 4.03| 15.6| 2.1/24.8
(L)COHERENCE-3 11.97(29.8| 2.09| 22.8| 2.11| 22.2| 2.42| 21.1| 18.8| 32.8|21.97| 161
(L)COHERENCE-4 13.14|27.7| 1.98| 19.3] 1.93| 19.3| 2.03| 19.3| 27.09| 36.9 T T
COHERENCE-REF-1 0.27] 11 0.27 11| 0.19 11| 0.22 11 0.25 11| 0.16|11.1
(L)COHERENCE-REF-2|| 0.97(11.4| >83| >60| >83| >60| >83| >60| >83| >60 T T
(L)COHERENCE-REF-3|| 5.52(20.8| >139|>181|>139|>181|>139|>181| >139|>181 T T
(L)COHERENCE-REF-4((23.25(27.7| >109|>118|>109(>118|>109(>118| >109|>118 T T
INSERTIONSORT 0.2| 85| 0.12( 8.5/ 0.11| 8.5/ 0.11| 8.4| 0.23] 8.4| 0.21| 8.7
PCH 0.07| 7.7 0.05| 7.7| 0.06| 7.7| 0.06| 7.7 0.05| 7.7| 0.05| 8.1
pcl0 0.09| 8.5/ 0.09| 8.5| 0.08| 8.5| 0.10| 8.5/ 0.09| 8.5| 0.09] 9.5
pc30 0.25(11.8| 0.24| 11.8| 0.25| 11.8| 0.25| 11.8| 0.23| 11.8| 0.23(28.3
RW16 0.02] 8.1 0.02| 8.1| 0.02| 8.1 0.02f 8.1 0.02| 8.1 ) T
RW32 0.03|10.8| 0.03| 10.8| 0.03| 10.8| 0.03| 10.8| 0.03| 10.8 T T
RW64 0.05|20.6/ 0.05| 20.6| 0.05| 20.6| 0.05| 20.6| 0.05| 20.6 T T
RWP 0.01 9| 0.01 9| 0.01 9| 0.01 9| 0.01 9| 0.01 9
s1s-1 0.01| 7.5/ 0.01| 7.5| 0.01| 7.5| 0.01| 7.5 0.01] 7.5| 0.01] 7.7
SIS-2 0.07|19.4] 0.02| 19.4| 0.02| 19.4| 0.03| 19.4| 0.06| 19.4| 0.02|23.8
LIGHTCONTROL 0.12| 7.9] 0.08 8| 0.10 8| 0.09 8| 0.09] 7.9| 0.09| 8.4

of aggressiveness. Results show that multi-level simplification performs better
than single level simplification. It also indicates that the speedup obtained by
simplifying the composite representation is significant. When there is no sim-
plification for most of the examples the verifier could not even complete due to
memory blow up.

The results in Table BZlshow that combining subset check and union with pre-
condition computation speedups the verification. There are two reasons for the
speedup: 1) Since disjuncts that are computed as the result of the pre-condition
computation are not included in the resulting composite formula if they are
subset of the result from the previous iteration, the resulting composite formula
has a smaller size. 2) Only the disjuncts, which are results of the pre-condition
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Table 2. Verification Time (T, in seconds) and Memory (M, in Mbytes) Results for
Inefficient vs Efficient Subset Check, Pre-Condition Computation Without Union vs
With Union, and Without Integer Masking vs With Integer Masking. (L) indicates that
the specification has been verified for a liveness property. + and - denote inclusion and
exclusion of the heuristic, respectively.

Problem —Subset | +Subset |[—PreUnion|+PreUnion| —Mask +Mask

Instance T[ M T[ M T[ M T[ M T[ M T[ M
BAKERY2-1 0.26/10.9| 0.21| 7.8| 0.32| 7.8 0.21| 7.8| 0.24| 8.7| 0.21| 7.8
(L)BAKERY2-2 0.34] 9.4| 0.26| 7.9] 0.3] 7.9| 0.26] 7.9| 0.41 8| 0.26| 7.9
BAKERY3-1 20.99| 268| 8.26(19.6|20.37| 16.1| 8.26| 19.6| 8.34|28.8| 8.26|19.6
(L)BAKERY3-2 54| 69(51.32(34.7(50.04| 34.7(49.47| 34.7|57.34|36.6(51.32|34.7
TICKET2-1 1.16(18.3| 1.07|10.2| 1.22| 9.6 1.07| 10.2| 1.14|13.2| 1.07|10.2
(L) TICKET2-2 3.31(23.2] 3.13|13.8| 3.26| 12.3| 3.13| 13.8| 3.35|19.7| 3.13|13.8
TICKET3-1 18.87| 159|14.71| 28(29.14| 20.1|14.71 28(14.76|37.4|14.71| 28
(L)TICKET3-2 36.47| 204|29.73| 29|66.53| 34.2|29.73 29(32.67|49.9|29.73| 29
BARBER2-1 8.03| 122| 4.62(17.7| 6.32| 15.7| 4.62| 17.7| 4.65|21.4| 4.62|17.7
BARBER2-2 0.2]10.1| 0.27| 8.8| 0.37| 8.3| 0.27| 8.8| 0.24 9| 0.2| 838
BARBER2-3 1.69|34.4| 1.58|12.8 2| 11.1| 1.58| 12.8| 1.63|14.5| 1.58(12.8
BARBER3-1 21.75| 299|10.93|26.6|11.53| 18.8/10.93| 26.6{11.07|31.1|10.93|26.6
BARBER3-2 0.21|11.2| 0.35| 9.5| 0.46| 8.6 0.35| 9.5| 0.36| 9.7| 0.35| 9.5
BARBER3-3 6.03| 105| 4.12(18.1| 4.15| 13.7| 4.12| 18.1| 4.12|20.5| 4.12|18.1
BARBER4-1 43.77| 554|21.98|38.5(20.62| 22.8|21.98| 38.5|22.21|44.4|21.98|38.5
BARBER4-2 0.27(12.3] 0.43[10.1| 0.59| 8.9/ 0.43| 10.1| 0.44|10.4| 0.43|10.1
BARBER4-3 16.94| 264| 8.76(25.9| 8.38| 16.7| 8.76| 25.9| 8.87|29.1| 8.76|25.9
BARBERP-1 3(23.1| 2.83|12.9| 4.49| 12.9| 2.83| 12.9| 2.9|14.9| 2.83|12.9
BARBERP-2 0.3/10.4| 0.29| 9.2| 0.6| 9.7| 0.29| 9.2| 0.32| 9.5| 0.29| 9.2
BARBERP-3 3.04|37.4| 2.62(14.5| 4.13| 13.8| 2.62| 14.5| 2.72|17.6| 2.62|14.5
COHERENCE-1 0.37|13.4] 0.34[11.3| 0.86 10| 0.34| 11.3| 0.38| 13| 0.34|11.3
(L)COHERENCE-2 4.92|53.9| 2.74(14.8| 4.88| 15.4| 2.74| 14.8| 3.43(29.3| 2.74|14.8
(L)COHERENCE-3 21.61( 169(11.97(29.8|26.45| 35.4|11.97| 29.8/13.93|91.1{11.97|29.8
(L)COHERENCE-4 15.65(96.2(13.14(24.6(13.38| 22.1|13.14| 24.6|25.64|49.7(13.14|24.6
COHERENCE-REF-1 0.28(11.9] 0.27| 11| 0.56| 10.1| 0.27 11| 0.33|12.7| 0.27] 11
(L)COHERENCE-REF-2|| 1.17(21.2| 0.97(11.4| 1.93| 11.2| 0.97| 11.4| 1.26|14.3| 0.97|11.4
(L)COHERENCE-REF-3|| 6.47|67.5| 5.5/20.8| 5.62| 15.4| 5.52| 20.8| 6.79|42.4| 5.52|20.8
(L)COHERENCE-REF-4|27.45| 125(23.25(27.7|26.52| 29.5|23.25| 27.7|49.38|49.4|23.25|27.7
INSERTIONSORT 0.2| 9.1 0.2| 8.5| 0.26] 8.6| 0.2| 8.5| 0.3(10.8] 0.2] 8.5
PCH 0.07| 7.6| 0.07| 7.7 0.12 7.7 0.07| 7.7 0.07| 7.8| 0.07| 7.7
pcl0 0.09| 8.4| 0.09| 8.5 0.22| 8.5 0.09| 8.5| 0.09| 8.6/ 0.09| 8.5
pc30 0.25(11.6| 0.25|11.8| 0.62| 11.7| 0.25| 11.8| 0.26|11.8| 0.25[11.8
RW16 0.02| 8.1| 0.02| 8.1| 0.03| 8.1| 0.02| &.1| 0.02| 8.1| 0.02| 8.1
RW32 0.03/10.8| 0.03(10.8| 0.05| 10.8| 0.03| 10.8| 0.04|10.8| 0.03|10.8
RWG64 0.04|20.6| 0.05(20.6| 0.1| 20.6| 0.05| 20.6| 0.08|20.6| 0.05|20.6
RWP 0.01 9| 0.01 9| 0.01 9| 0.01 9| 0.01 9| 0.01 9
s1s-1 0.01| 7.5/ 0.01| 7.5/ 0.01| 7.5/ 0.01| 7.5| 0.01| 7.5/ 0.01| 7.5
SIS-2 0.07/19.4| 0.07(19.4| 0.08| 19.4| 0.07| 19.4| 0.38|27.2| 0.07|19.4
LIGHTCONTROL 0.13| 8.8 0.12| 7.9 0.17| 7.6/ 0.12| 7.9| 0.12| 8.5/ 0.12| 7.9

computation in the current iteration, are checked for subset relation against
the resulting composite formula from the previous step. Average speedup for
combining pre-condition computation with union and subset check heuristic is
%24.

Verification times of the specifications with and without masking the integer
pre-condition computation, if possible, by boolean satisfiability check are given
in Table 21 Results show that masking integer pre-condition computation speeds
up the verification and the speedup becomes higher for the specifications where
the temporal property to be checked is a liveness property. The reason may
be that liveness properties involve two fixpoint computations: one for EG and
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one for EFl. Additionally, a fixpoint iteration for EG involves a pre-condition
computation followed by an intersection operation whereas a fixpoint iteration
for EF involves a pre-condition computation followed by a union operation. Since
intersection causes a quadratic increase (whereas union causes a linear increase)
in the composite formula size, EG fixpoint iterates are likely to grow faster.
Average speedup for masking heuristic is %13.

Verification times of the specifications for inefficient and efficient subset check
algorithms are given in Table[2. In most of the experiments the efficient subset
check algorithm shown in Figure [[[b) performs better than the subset check
algorithm shown in Figure [[{a) that computes negation operation on composite
formula level. As a result it supports the idea behind the efficient subset check
algorithm: Process composite atoms as needed and perform negation on com-
posite atom level instead of composite formula level which has an exponential
time complexity. Average speedup for efficient subset check heuristic is %11.

9 Conclusion

We presented several heuristics for efficient manipulation of composite symbolic
representation that combines several constraint representations that are spe-
cialized to different domains. We have implemented these heuristics and used
them in Composite Symbolic Library which is a symbolic manipulator for model
checking systems with heterogeneous data.

Our experiments indicate that verification times are reduced significantly
by using our simplification heuristic for composite formulas. When simplifica-
tion was not used approximately %50 of the examples could not even complete
since they ran out memory. Heuristics for combining the pre-condition compu-
tation with subset check and union, avoiding the negation at composite formula
level and performing it at composite atom level, and masking expensive integer
manipulation with boolean manipulation also improve the verification times sig-
nificantly. Composite Symbolic Library is available at:

http://www.cs.ucsb.edu/ bultan/composite/
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Abstract. We present a fully-automatic method for checking safety
properties of parameterized synchronous systems based on a backward
reachability procedure working over real arithmetics. We consider here
concurrent systems consisting of many identical (finite-state) processes
and one monitor where processes may react non-deterministically to the
messages sent by the monitor. This type of non-determinism allows us
to model abstractions of situations in which processes are re-allocated
according to individual properties. We represent concisely collections of
global states counting the number of processes in a given state during
a run of the global system, i.e., we reason modulo symmetries. We use
a special class of linear arithmetic constraints to represent collections of
global system states. We define a decision procedure for checking safety
properties for parameterized systems using efficient constraints opera-
tions defined over real arithmetics. The procedure can be implemented
using existing constraint-based symbolic model checkers or tools for pro-
gram analysis defined over real-arithmetics.

1 Introduction

The verification of concurrent systems with an arbitrary number of processes is
an important and challenging research goal. Concurrent systems composed by
many similar finite-state processes arise in several contexts like hardware de-
signs, communication protocols, and cache coherence policies. When applied to
the verification of instances with a large number of processes, traditional finite-
state verification techniques suffer from the state-explosion problem. Alternative
techniques are necessary in order to reason on (possibly infinite) families of pro-
cesses. Network invariants [3031], bisimulation relations [5], network grammars
[12], abstract interpretation [32], search procedures [23120], well-structured sys-
tems [1J22] are examples of techniques used to attack different instances of the
problem.

Though in general the verification problem for parameterized concurrent sys-
tems is undecidable [3], decision procedures have been discovered for the verifica-
tion of subclasses where systems consist of many identical, finite-state processes.
Specifically, German and Sisla [23] have defined a procedure to verify temporal
properties for families of CCS-like processes and one monitor with point-to-point
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© Springer-Verlag Berlin Heidelberg 2002



Constraint-Based Model Checking for Parameterized Synchronous Systems 73

communication. In [20], Emerson and Namjoshi have extended the model with
a global operation of synchronization achieved through broadcast messages. In
this setting, all processes react deterministically to the broadcast and move to
a special state. In [21], Esparza, Finkel and Mayr have shown that verification
of a special class of safety properties is decidable for the systems of [20]. This
result is obtained for the model checking problem called control state reachabil-
ity that consists of deciding whether a state from a given upward-closed set of
(unsafe) states is reachable from one initial states. The algorithm that decides
the problem is based on backward reachability [1].

In this paper we present a fully automatic method based on constraint-based
symbolic model checking (see e.g. [TYTOI9/T6]) for the verification of safety prop-
erties of a class of parameterized synchronous systems that extends the models
proposed in [23]20021]. Specifically, we consider here concurrent systems with
many identical (finite-state) processes and one monitor where processes may re-
act non-deterministically to the ‘broadcast’ messages sent by the monitor. This
type of non-determinism allows us to model ‘abstractions’ of situations in which
processes are re-allocated according to individual properties. Safety checking for
this class of parameterized systems can be reduced to control state reachability
problems for a special class of infinite-state systems with data variables of in-
teger type. The reduction works as follows. We use a set of counters (one for
each process state) to keep track of the number of processes in a given state
during a run of the original concurrent system. This way, we represent sets of
global states modulo symmetries. The resulting integer systems, we named re-
allocation machines, are an extension of Vector Addition Systems and Broadcast
Protocols (the models underlying the systems of [23120/21]) where we add reset
and non-deterministic transfer operations in the style of P/T nets with marking-
dependent arcs [11].

In our previous work [16/14], we have proposed to use technology and re-
sults from constraint programming in order to devise model checking procedure
for integer systems. The methodology suggested in [T6T4] consists of the fol-
lowing steps. We use linear constraints to represent collection of infinite set of
states. We lift the backward reachability algorithm of [1] (we know it guarantees
termination for the systems of [23]20]) to the constraint-level using operations
like variable elimination, satisfiability, and entailment. Finally, we apply the fol-
lowing relazation to the constraint operations. Everytime we need to solve an
integer constraint problem we relax the condition that the solutions must be
integral and we solve the corresponding problem over the reals. The advantage
is that solving constraint over the reals is computationally much easier than
over the integers (in the worst case, polynomial vs exponential [34]). It is im-
portant to note that we apply this ‘abstraction’ during the analysis and not at
the semantic-level of our machines (i.e. we do not change the semantic domain
of our systems; instead we make the operations that handle constraints more
efficient). The relaxation integer-reals is a well-established technique used in in-
teger programming and program analysis (see e.g [634]13]2526]). Though in
general the relaxation gives us approximated results, we have shown in [14] that
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the symbolic backward reachability over reals is still a decision procedure for the
control state reachability problem of the broadcast protocols of [20].

The main technical contribution of this paper is the extension of the re-
sult in [14]: we show that symbolic backward reachability over reals is a de-
cision procedure for the control reachability problem of the new class of re-
allocation machines. Our results show that existing symbolic model checkers
(e.g. [16)2526128]) and tools for program analysis working on real arithmetics
(e.g. [13]) can be applied with the guarantee of termination and accuracy in the
results to check safety properties of synchronous parameterized systems that can
be represented via re-allocation machines. In practical experiments, we are cur-
rently using two of such tools, namely, DMC [16] (based on a constraint solver
over reals) and HyTech [28] (based on the efficient polyhedra library of Halb-
wachs [25]), to verify safety properties of examples taken from the literature
(e.g. abstractions of cache-coherence protocols and control systems).

2 One Monitor, Many Processes

Following [23l120], we consider a concurrent system composed by many identical
finite-state processes and by one monitor. In this paper we limit ourselves to
specify the communication layer of a system. Without loss of generality, we as-
sume that processes can communicate only with the monitor. This assumption
will simplify the technical aspects of our presentation. A parameterized system S
consists of the following components. The set X'p denotes the messages that pro-
cesses send to the monitor. The indexed set X; = X'p x {i} denotes the messages
o; sent by process i. All processes have the same set of states Qp. The set Xy
denotes the messages that the monitor sends to the processes. The monitor is rep-
resented as a deterministic finite-state machine M = (Qar, Xar U (Xp x N), dar),
where dpr : Qur X (X U(Xp x N)) — Qpr (the monitor receives messages from
any process). Process i is represented as a non-deterministic finite state machine
Pi = (Qp, Xy U X5, 8;), where 0; : Qpx (X UX;)xQp. To enforce the condition
that all processes behave in the same way, we require that J;(q, 0.,) = ,(q, o)
and that §;(q,0;) = 0;(g,0;) for any message o, € X, 0 € Xp, ¢ € Qp and
any process i, j. For simplicity, we limit the non-determinitism of a process to
the reactions to a monitor message o, € X as follows: upon reception of o,,,
the target state ¢’ for process ¢ may be picked up non-deterministically from a
set II(o,,) that does not depend on the current state g. More precisely, given
om € X, let us fix the set II(o,,) C Qp. If ¢ € II(0,,) then §;(q,0m) = {q};
otherwise, if ¢ & I1(c,,), then either 8;(q, o) = {q} or 6;(q,0m) = II(0y,). We
also allow deterministic reactions. In this case §;(q, o,,) is a singleton for all ¢
(with no further restrictions). By hypothesis, we cannot distinguish one process
from another. However, we can use non-deterministic reactions to model abstrac-
tions of situations in which processes are re-allocated according to individual
properties (e.g. priorities). We will clarify this point in Example[l We describe
a system with n processes as a global, finite-state machine Mg = (Q¢a, Xa,0c),
where Qg = Qu X Q™, Yo = Xy U (X x {1,...,n}), and ¢ : Qc X X x Qq.
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The global transition relation is defined as follows. If a process sends a mes-
sage to the monitor, i.e., o; € Xy, (¢i,0i,4,) € &, and (q,04,q¢') € p, then
(@ q15- - qn)s0i(d' 15 - - -5 ay)) € dg and ¢ = g for every j # i. If the
monitor sends a message to all processes, i.e., o € Xy, {(q,0n,¢") € Iy and
(gi,om,q;) € §; for i : 1,...,n, then ((¢,q1,...qn),0,{d,q},...,4d,)) € 0. An
element of Q¢ is called a global state (denoted as G, G, ... etc). A run of Mg is
a sequence of global states G1,Ga,..., Gy, ... where (G;,0,G;1+1) € dg for some
o € Yg. We write G; —* G5 to denote that there exists a run starting from G,
and reaching Gs.

Example 1. In Fig. [l we show an abstraction of a multiprocess system with a
load balancing monitor. Here Q = {req,use, high,low}, Xp = {req,release},
Qv = {idle,busy}, and Xy = {swap_in, swap_out}. In the initial configuration
of the system the processes are in state req, whereas the monitor is in state
idle. When the monitor broadcasts the message swap_out (and moves to busy)
all processes in the CPU are suspended. Two different priorities are assigned
to the suspended processes. This is simulated through the non-deterministic
reaction to swap-out with target states IT(swap_out) = {high,low}. When the
CPU is released by the monitor (through the broadcast release), it is assigned to
processes with high priority. Processes with low-priority go back to the request
state. This behaviour is simulated through the deterministic reaction to the
broadcast swap_in.

Our definition of parameterized systems extends the model of German and Sisla
[23] and the Broadcast Protocols of Emerson and Namjoshi [20] with a global
non-deterministic synchronization operation. In this paper we are interested in
automatic verification methods for safety properties, i.e., to check that during
a run of the system it is not possible to reach inconsistent states. In Example
[[l when the monitor is busy no process can be in state use. Thus, all global
state where use and busy occur simultaneously must be considered as unsafe
states. Actually, given a parameterized system we would like to check this type of
safety properties independently from the parameter n=number of processes. This
problem can be reduced to the following parameterized reachability problem.

Definition 1 (Parameterized Reachability). Given a parameterized system
S with n processes, let 1(n) and U(n) be the set of initial and unsafe global
states of the corresponding global machine Mq. The parameterized reachability
problem is defined as: In > 1 s.t. G; —* Go for Gy € I(n), G € U(n)?

If the reachability problem is satisfied for a given m, then the safety property
(whose complement is represented as U(m)) is violated for an instance of the
system with m processes.

From Parameterized Systems to Re-allocation Machines. We show next
that a parameterized system S can be described in terms of extensions of Vector
Addition Systems similar to P/T nets with transfer and reset arcs [I1]. We will
call these integer systems re-allocation machines. Intuitively, the idea is to use
tuples of positive integers to count the number of processes in each state ¢ € Q¢
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swap-out, swap_in swap_in

reqi,release;
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swap-in

swap-out

Process P; Monitor

Fig. 1. Load balancing monitor.

at any time during a run of the global machine M associated to S. This way, we
exploit the symmetries in the global states and reduce the state-space we need to
visit. In Example [[] for n = 3 we use the tuple (¢req, Cuse, Chigh, Clows Cidles Chusy)
with ¢req = 2, cuse = 1, ¢igie = 1 and all other components = 0, to represent all
global states where one process is in state use. In the following we will use ¢ to
denote a vector of constants (c1, ..., cx) and x to denote the vector of variables
(x1,...,2K). x > ¢ denotes the constraint z; > ¢ A ... Axg > ci (similarly
for =, < etc). Given a K x K-matrix A with elements {a; ;}; 1,5k, A-x>c¢
denotes the constraint a; 121+. ..+ a1 pTn > CIA. .. AGp1Z1+. .. FCp 0Ty > Cp.

Definition 2 (Re-allocation machine). A re-allocation machine R is a tuple
(K,Co,7), where K > 1 is a natural number, Co C P(NX) is the initial con-
figuration, 7 € N¥ x N is a transition relation defined via a set of guarded
commands! G(x,x’) — T(x,x') with the following features. A guard is defined
as

G(x,x') = D;-xX'>Dy-x A x>d,

where Dy, Dy are K x K diagonal matrices with 0 and 1 coefficients®, and d is
a vector of positive integers. A transformation is defined as

T(x,x') = A-xX=B-x+c,

where A and B are K X K-matrices with unite vectors as columns, and ¢ is a
vector of K integers. We also assume that for each guard of the form x> x; in
D, - x' > Dy there exists an assignment of the form x, + ... = z; + ... in the
corresponding row of the transition equation A-x' = B-x+c.

A run of R is a (possibly infinite) sequence of states c1,...,c;,... where, at step
i, Gr(ciy€ip1) ATr(c;,cip1) evaluates to true for some rule r. The predecessor
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operator pre : P(NX) ~» P(N¥) associated to R is defined as
pre(S)={c|cT1, ¢ €S}

We use pre|,. to indicate the restriction of pre to a given transition rule r in R.
Re-allocation machines are extensions of Vector Addition Systems and Broad-
cast Protocols. In Vector Addition Systems G(x) = x> cand T'(x,x’) = x' =
I -x + d, whereas in Broadcast Protocols G(x) = x > c and T(x,x') = x' =
A-x+d, and A is a matrix with unit vectors as colunmns. The re-allocation
machine Rgs associated to a parameterized system S with n processes is defined

as follows. Let M¢ be the global machine (Q¢, X¢, d¢) with Qc = {q1, .-, 9k}

Rs-states are tuples (ci,...,cx) where ¢; € N keeps track of how many pro-
cesses are in state ¢; during a run of M. An Rg-transition is defined over the
tuple of variables (x1,...,2k) (z; is the counter for ¢;) ranging over positive

integers. We define them by cases depending on the type of messages. (Notes:
since all processes are indentical, we consider an arbitrary process ¢ with transi-
tion relation d;. Furthermore, we will omit all equalities of the form 2’ = x.)

A process sends a message to the monitor, i.e., (¢p,0i, i) € 0; and {(gr, 0, ¢s) €
o for some gy, q1 € Qp, ¢r,q¢s € Qum and o; € X;. In this case, we simply
keep track of the local synchronization between the process and the monitor by
decrementing and incrementing the counters for the corresponding starting and
target states:

Gx,x') = z,>1 A x> 1,
Txx) =x,=2, -1 Nyj=+1 AN a, =z, -1 A 2y =25+ 1.

The monitor sends a broadcast, i.e., (¢r,0m, qs) € dp for some g, ¢s € Qpr and

om € Xyr. It is important to note that in the semantics of S we have assumed
that all processes react simultaneously to the monitor message. We have two
subcases.
(1) If the reaction of process i to o, is deterministic, then we simply re-allocate
the counters of all processes as follows. Let O (0, qp) = { ¢; | (¢, 0m. @) € 9 },
and Z(op) = {¢; | O(om,q) =0 }. (Note: if (gj, 0m, qp) € J;, then all processes
in ¢; must move to g,, namely 2, = 0,7, = x; +... etc.)

G(x,x) = z, > 1,
Tx,x) =a,=x,—1 ANa,=z;+1 N O
where © = /\qper Ty = Xy, cO(om,0p)#0 Th /\qp e=(om) Tp = 0.

(2) If the reaction is non-deterministic, the set of states I1(0,,) € Qp in which all
processes move when they receive o, is fixed a priori (by definition of S). Before
we give the R rule, we define the set 2(o,) = {qp & I (om) | 0i(gp,om) =
II(oy)}. The corresponding R-transition is as follows. (Note: if 6;(g;,om) =
{ap, @, - - .} then all processes in ¢; will move to one of g, qi, . . ., i.e., ¥ +a)]+. .. =

G(X,x’) =z.>21A /\q]’EH(Um) 33; > xj,

Tx,x) =a,=x,—1 ANa,=z;+1 AN O

where © = Xy cr1(0y) T = 2y e02(0,) 5 N /\qjerz(am) x; =0.
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’ ’

(1) Treq > 17 Tidle 2> 1 ? Treq — Treq — 17 Tyse = Tuse + 1.
’ ’

(2) Luse Z 17 Tidle Z 1 — Lyse = Luse — 17 m'r‘eq = Treq + 1.

(3) Tidle 2 17 x;u'gh 2 Thigh, x;ow Z Llow —
"Egdle = Tidle — 17 zéusy = Tbusy + 17
J;;”'gh + w;ow = Zhigh + Ziow + Luse, x;se =0.
(4) Lousy Z 1 —
x;usy = Tousy — 1, x;dle = Tidle + 1, m;m'gh =0, xiow =0,
m'/use = Tuse + Thigh, I'Ireq = Treq + Tiow.

Fig.2. Re-allocation machine for the Example M (1)=req;, (2)=release;,
(3)=swap_out, (4)=swap_in.

The constraint in T'(x,x’) in point (a) and (b) perform the necessary re-
allocations of tokens. A sum in the left hand side of = denotes a non-deterministic
re-allocation. The guards x;, > x,, in (b) ensure that at least all processes with
state g, € II(oar) will not change state.

Remark 1. The basic model we defined in Section ] can be enriched easily with
internal actions ({q,, 04, qs) € 6; modeled as x,, > 1Az, = x,— 1Az, = x5+1) and
inter-process communication (as in the case of process-monitor communication).

Ezample 2. The re-allocation machine associated to the example [Ilis defined in
Fig. B (where z is the number of processes in state s). The guards x;w-gh > Thigh
and ] ,, > Tjow in the swap_out rule ensure that only the processes in z,. are

redistributed between ;45 and e, (i.e. there is no migration of processes from
state low to high or vice versa from state high to state low).

2.1 From Parameterized Reachability in & to Reachability in Rs.

Given a global state G of a parameterized system S, let us define the mapping
# : Qe — N¥ such that #G is the tuple (c1,...,cK) where ¢;=number of
processes of G in state g;. The following property relates the runs in S with the
runs of the corresponding re-allocation machine Rs.

Proposition 1. Forevery run G1Gs ...in S, #G1#G> ... isarunin Rgs. Vicev-
ersa, for every run cics ... in Rg, there exists arun G1Gs ... in S with #G; = ¢;
for¢>1.

As a consequence, if there exist two global states G, G’ such that G —* G’ in S,
then #G —* #G' in Rs. Viceversa, given two Rgs-state ¢, ¢/, if ¢ — ¢’ in Rs
then there exist two global states G, G’ such that #G = ¢ and #G’ = ¢’ and
G —* G’ in S. Tt is important to note that Rs gives us a description of a pa-
rameterized system S independently from the parameter n=number of processes
(states in R are tuples of length K=number of states in §). Thus, Prop. [ al-
lows us to reduce the parameterized reachability problem for S to a reachability
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problem for Rs. We proceed as follows. We first express the parameterized initial
and unsafe global states S,(n) and Sy(n) via the mapping #. We obtain two set
of tuples Cy(n) and Cf(n) that depend on n. Now, we define Cy = |J,,~, Co(n)
and Cy = J,,»; Cr(n), and try to solve the reachability problem: exist ¢ € Cp,
¢ €Cyst.c—*c?7inRs.

Ezample 3. For a fixed n, the initial state S,(n) of the system of Example [l is
the global states with n processes in state req and one (the monitor) in state
idle. Thus, Cy(n) is the set of tuples with ¢,eq = 1, cigre = 1 and ¢, = 0 for
all other states q. The system should satisfy the following invariant: when the
monitor is in state busy there no processes can be in state use. In other words,
S¢(n) (the set of unsafe states) is the set of global states G with at least one
process in busy and one in use, i.e., Cy(n) is the set of tuples with cyse > 1,
Chusy = 1, and arbitrary values for the remaining counters. Cy is the set of tuples
with ¢req > 1, ciate = 1 and ¢4 = 0 for all other states ¢, whereas C¥ is the set
of tuples with cyse > 1, cpusy > 1 and ¢4 > 0 for any other state q.

The counters z1, ...,z assume potentially unbounded values during a run of
Rs. Thus, the set of (backward or forward) reachable states of Rs is potentially
infinite, even if the initial (unsafe) set of states is finite, i.e., Rs is an infinite-
state machine. We show next that the reachability problem for re-allocation
machines can always be decided when Cy is an upward-closed set of tuples over
NE. Following [I)22], we call this instance of the reachability problem control
state reachability. Note that S C NX is upward-closed if for all c € S if ¢’ > ¢
then ¢’ € S (where > is the pointwise ordering of tuples of natural numbers). As
for C¢ in Example B] set of unsafe states can often be represented as upward-
closed sets. This result is obtained using the general methodology to prove well-
structuredness of systems given in [IJ22] and applied to subclass of re-allocation
machines like Vector Addition Systems and broadcast protocols, e.g., in [8]22/21]

Theorem 1. The control state reachability problem is decidable for re-allocation
machines.

3 Data Structures for Symbolic Model Checking

The decidabilty result for the control reachability problem allows us to consider
re-allocation machines as a sort of finite-state systems. An abstract algorithm
for backwards reachability has been given in [Il22]. Given a upward-closed set
Cy of states, the algorithm repeatedly applies the predecessor operator until a
fixpoint is reached, corresponding to the set of all predecessors of C. If this set
contains some of the initial configurations, then C is reachable. Upward-closed
sets equipped with the subset relation form a well-quasi ordering. This property
ensures the theoretical termination of the algorithm. In order to turn the abstract
algorithm into a practical method, it is necessary to find efficient and compact
representation of upward-closed sets. In previous works integer constraint sys-
tems (for Petri Nets [I5] and Broadcast Protocols [I5]) and graph-based data
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structures (for Petri Nets [17]) have been proposed as symbolic representation for
upward-closed sets. Integer constraint systems (e.g. linear arithmetic constraints
interpreted over the integers) provide a natural representation of the seman-
tics of parameterized systems, whereas graph-based structures like the Sharing
Trees used in [17] provide for a compact representation of collections of minimal
points. In this paper, as an alternative to the previous methods we apply the
following relazation of the constraint operations: we solve linear problems over
the domain of reals instead that over the domain of integers. This way, we can
exploit efficient (polynomial-time) operations to handle symbolic representation
of upward-closed sets (in contrast to the exponential-time operations required
by integer constraints [15]). The algorithm of [I] turns out to be robust under
the new interpretation of constraints. Furthermore, similarly to the approach in
[I7], the subclass of linear constraints we introduce below provides a compact
representation of collections of upward-closed sets.

Towards Compact Data Structures. The class AD of constraints we are
interested is that of additive constraints [15], i.e., linear arithmetic constraints
of the following form:

pou=pAo |z, +...+ T, >0

where x1,...,z) are variables (ranging over positive integers or reals) and ¢
is a positive integer. We give next the properties of additive constraints when
interpreted over integers and then consider the case in which they are inter-
preted over the reals. In the rest of the paper we will use the lower-case letters
p,1, ... to denote constraints and the upper-case letters ¥, @, ... to denote sets
(disjunctions) of constraints.

The denotation of a constraint ¢ is defined as [p] = {t | t € N* satisfies ¢}.
The definition is extended to sets in the natural way. Furthermore, we say that
a constraint ¢ = @1 A ... A @i (p; atomic) is minimal if there are no ¢; such
that [o,;] C [e\¢,] (eg. z+y >4 Az >2Ay > 2is not minimal). In the
rest of the paper we will mainly consider minimal constraints. A constraint
entails a constraint ¢, written ¢ C 1, if and only if [¢] C [¢]. Full entailment
bewteen two sets of AD-constraints @ and ¥ is defined as follows: @ C ¥ if
and only if [#] C [®]. We give sufficient conditions for the full test via the
pairwise entailment test defined as follows: @ x ¥ if and only if for all ¢ € ¥
there exists ¢ € @ such that ¢ C 9. It is important to note that, while @ x ¥
implies @ C ¥, the reverse implication does not hold. As a counterexample,
take & = {& > 1,y > 1} and ¥ = {z +y > 1}. Then, & C ¥ holds but
neither t > 1 Cx+y > 1nory > 1C z+y > 1 holds. An AD-constraint
is equivalent to a disjunction of constraints built up from atomic constraints
without additions, i.e., having form =1 > ¢ A ... Az, > ¢n, ¢; € N. We will
call this class WA. Formally, let dec : AD ~ P(WA) be the following map:
dec(z1+ ...tz >c)={mm>aAN... Nz, >cp|aa+...+cn=c ¢; EN},
dec(p1 ANp2) = { 1 Av2 | 11 € dec(p1), 72 € dec(p2) }. Given an AD-constraint
@, dec(yp) is a set of W.A-constraints such that [¢] = [dec(y)]. The cardinality of
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dec(p) may be exponential in the size of ¢ (constants and number of conjuncts).
As an example, note that dec(xqy + 22 > 1A ... Axy + zpy1 > 1) for an odd
natural number n, is a set of W.A-constraints of size 2". The constraints of this
set correspond to the paths of a complete binary tree with two outcoming edges
per node labeled, respectively, z; > 1 and x;47 > 1, for ¢ : 1,3,5...,n. The
constraint obtained conjoining the labels on one path is not comparable (w.r.t.
C) with the constraints associated to the other paths. Note that disjunctions
of W.A-constraints are in one-to-one relation (modulo logical equivalences) with
the minimal points of upward-closed sets. This property makes AD-constraints
good candidates to concisely represent finite unions of upward-closed sets.

Ezample 4. The additive constraint Zp,sy > 1 A Tyse > 1 represents the set C'y
of Example Bl With constraints, we compact further the representation of S
global state: an additive constraints like zpign + Tiow > 2 represents the set of
Rs-states consisting of tuples where either cpign = 2 and cjow = 0, Chigh = 1
and cjow = 1 or cpigh = 0 and cjo = 2. In turn, each of these states represents
sets of S global states (2 processes are in state high, or in state low, etc).

Towards Efficient Operations. Following techniques from integer linear pro-
gramming, we reduce the complexity of the manipulation of AD-constraints as
follows. Everytime we need to solve a system of inequalities A-x < b we relax the
condition that x is a vector of positive integers and look instead for a real solu-
tion of the corresponding linear problem. This way, we obtain an approximation
of the original set of integer solutions that, however, can be computed in polyno-
mial time [34]. Formally, the relaxation is defined as follows. Given a constraint
o, we define [p]r as the set of real solutions {c € R, | ¢ satisfies ¢ }. The
entailment relation over R is defined then as ¢ Cg ¢ if and only if [¢']r C [¢]r.
Full entailment over R is defined as ¢ Cg ¥ if and only if [¥]g C [@]r; pair-
wise entailment as @ xp ¥ if and only if for all ¢ € ¥ there exist ¢ € @ s.t.
¢ Cr 9. Following [TOJT628], we can define a symbolic predecessor operator
using constraint-operations to handle set of states via linear constraints. When
applying the above relaxation to the symbolic predecessor operator (restricted
to one transition) we obtain:

sympreg(V,c; M: -x' >e)= V,of x.Gxx) ATE,x) AN M- -x' > e,

where x and x’ range over positive real numbers, and Jr indicates that elimina-
tion of the variables in x’ must be performed over R, . It is interesting to note
that, whenever we consider sets of AD-constraints, an application of sym_preg
does not lose precision w.r.t. sym_pre. In fact, the following property holds.

Proposition 2. The class AD of additive constraints is closed under application
of sym _prey. Furthermore, pre([®]) = [sym_preg(®)]. (note: [@] denotes the
set integer solutions of @).

On the basis of the newly defined operators we obtain the implementation of the
algorithm of [I] shown in Fig. Bl
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Proc Symb-Reach-over-R(®,, Py : set of additive constraints)
b=y, U=
while @ # () do
choose p € &; & :=0\ {p};
if satr(¢ A @,) then return reachable
else if Ay € ¥. ¢ Cr ¢ then ¥ := ¥ U {p}; & :=PUsym_preg(p);
end_while;
return unreachable;
end.

Fig. 3. Symbolic reachability.

To prove that the algorithm of [I] is robust when lifting the interpretation
of AD-constraint from N to R, we have to show that Symb-Reach-over-R ter-
minates on input formed by additive constraints. This is a consequence of the
following proposition.

Proposition 3. (AD,Cg) is a well-quasi-ordering.

Let us now study the complexity of the algorithm. Specifically, (1) we study
the complexity of sym preg; (2) we define a class of initial conditions that
allows us to obtain an exact implementation of the algorithm [1]; (3) we study
the complexity of the fixpoint test. Prop. 2l shows that, in our setting, variable
elimination can be equivalently computed over the reals and over the integers.
Thus, in both cases the size of intermediate results will remain polynomial in the
size of the set of constraints compute at the previous steps. Let us consider now
the ‘reachability’ test satr(p APo). As mentioned in the previous sections, in our
model the initial set of states is not necessarily an upward-closed sets of states.
In order to ensure that the algorithm sym_prep gives only accurate answers
for the control reachability problem we must find a class of constraints that (a)
is powerful enough to express interesting initial sets of states for parameterized
systems; (b) when conjoined with AD-constraints the resulting constraint is
satisfiable over N iff it is satisfiable over R, . For the sake of this paper, we
consider the class of ZC-onstraints (initial condition) defined as follows.

pu=pAp|xi=c |,

where ¢; is a positive integer, and v is an AD-constraint. It is easy to check that
an ZC-constraint ¢ is satisfiable in N if and only it is satisfiable in Ry . Further-
more, we can use ZC-constraints to express parameterized initial configuration
as in the example of Section [2 Let us consider now the termination test. The
main advantage of the procedure sym_prey is that the entailment test can be
performed in polynomial time, whereas the termination test over the integers
would have exponential cost (checking 11 C )y for additive constraints is co-NP
hard [I5]). In fact, note that ¢ Cgr (¢1 Ats) holds if and only if ¢ A —1); and
¢ A1)y are not satisfiable. Thus, the entailment test can be reduced to a (poly-
nomial) number of linear problems. Following from the previous observations,
we have the following proposition.
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Theorem 2. Symb-Reach-over-R(&,, §) solves the control reachability prob-
lem for a given re-allocation machine R wrt. the set @, of ZC-constraints (initial
conditions), and the set @, of AD-constraints (unsafe states). Furthermore, each
step of the procedure is polynomial in the size of the set of constraints computed
in the previous steps.

A last remark on the termination test. As in the integer case, pairwise entailment
& <r ¥ (used in the procedure Symb-Reach-over-R) gives only sufficient condi-
tions for the corresponding full test ¢ Cgr ¥ (take the same example used for C
and ). Thus, if polynomial, @ Cg ¥ would give better sufficient conditions to
test @ C ¥ than @ g ¥. (Note that, ® C ¥ does not imply ¢ Cg ¥, as it can
be seen by taking @ = {x > 1,y > 1} and ¥ = {z +y > 1}). Unfortunately, the
following proposition shows that the full test over R, is exponential.

Proposition 4. Checking & Cg ¥ is co-NP hard in the size of the sets of AD-
constraints ¢ and V.

4 Experimental Results

The verification algorithm based on real arithmetics of Fig. [ is basically the
backward reachability procedure implemented in existing symbolic model check-
ers like e.g. [TAI25]26)28], and methods for program analysis like e.g.[13]. We have
applied DMC [T6], based on the real constraint solver, and HyTech [2§8], based
on Halbwachs’ polyhedra library [25], on several examples of parameterized sys-
tems and integer-valued systems that belong to the classes of systems we have
defined in this paper (see Section 2l and Def. 2)). For instance, we automatically
check safety properties for parameterized versions of the Load Balancing Monitor
of Example [I], the Write-once and the Synapse N+1 cache coherence protocols
[27], and the Central Server System of [2]. The method works well for examples
where the intermediate results contain many additive constraints (e.g., when
the transformations are more complicated than simple increments/decrements
of variables). For ‘pathologic’ examples like Petri Nets it is necessary to go one
step further and represent ‘constraints’ using techniques like the one discussed
in [I7J18]. We have also applied the same method (i.e. real-based tools) for a
different class of integer systems that extend Broadcast Protocols with more
powerful guards (but with the same transformations as Broadcast Protocols) for
which the decidability of the control state reachability problem does not hold
any more. These experiments are treated in detail in [14].

5 Related Works

The decision procedure for families of asynchronous processes of [23] is based
on that for forward reachability of Vector Addition Systems (with state). The
verification technique proposed by Emerson and Namjoshi in [20] is an extension
of the covering graph construction of [29]. For broadcast protocols (a subclass
of re-allocation machines), this construction is not guaranteed to terminate [21].
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In [15], Delzanno, Esparza and Podelski propose to use additive constraints as
a symbolic representation of upward-closed sets. However, they interpret the
constraints over integers and prove that operations like entailment may be expo-
nential in this case. In [14], we have studied a different extensions of broadcast
protocols in which guards are allowed to contain tests for zero. Though when
considering zero-tests verification becomes undecidable in general, we managed
to verify cache-coherence protocols by using constraint-model checking as push-
button technology. In ], Petri Nets have been used as abstract model for maulti-
threaded C programs. Forward exploration has been used to verufy safety prop-
erties for abstraction of programs of an existing C library. In [I8], extensions of
Petri Nets that provide deterministic broadcast and asynchronous rendez-vous
have been proposed as abstract models for multithreaded Java programs. Ver-
ification is tackled by using a symbolic representation of upward closed sets of
markings called Covering Sharing Trees [I7/18]. Apart from the differences in the
abstract models of parameterized system, in this paper we focus our attention
on the representation of integer system via real arithmetics. The experiment in
[T7/18] show however that specialized data structures can outperforms general
purpose tools like HyTech on particular classes of verification problems (e.g.
covering for Petri Nets).

Relaxation methods (abstractions with polyhedra) for integer or hybrid sys-
tems have been studied in [6/13[16l25[26]28]. Several other approaches exist to
attack the verification problem of parameterized concurrent systems. In [32],
Lesens and Saidi compute abstract networks using counters to keep track of
the number of processes in a given state. Differently from our approach, they
consider only linear transformations (as in Broadcast Protocols); they do not
give decision procedures for subclasses of the resulting systems. Among other
semi-automatic methods we mention [5l[TI2l30l33], while automated generation
of invariants has been studied, e.g., in [12)31].

6 Conclusions

We have proposed a methodology to verify safety properties for parameterized
system with many identical processes based on the following points. We first re-
duce the state-space of the original system by representing global states modulo
symmetries. The system we obtain can be represented via infinite-state machines
whose states are tuples of (potentially unbounded) integers; each tuple represents
a collection of global states. We reduce further the state-space by representing
collection of tuples via linear arithmetic constraints whose ‘natural’ (i.e. in-
duced by the semantics of re-allocation machines) interpretation is the domain
of positive integers. At this point, we obtain efficient verification procedures by
executing the analysis over the reals, i.e., by means of the relaxation integer-
reals applied to the constraint operations. Relaxation of integer problems into
linear problems is typical of integer programming and program analysis [13/34].
For the class of systems we consider in this paper, we obtain the following nice
property: the procedure working over the reals is a decision procedure for the
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problem originally formulated over the integers, i.e., the relaxation preserves the
termination and the accuracy of the method. We are currently working on ap-
plication of this methodology (even for more general classes where termination
is no more guaranteed [14]) for the verification of practical examples of param-
eterized systems like communication and cache coherence protocols. It would
be important to a make further step in the direction of efficient and compact
manipulation of constraints, e.g., to handle examples like Petri Nets where, due
to the dimension of the disjunctions generated during the analysis, even efficient
constraint libraries like [25] (used by HyTech) may get into troubles. Recent
works like [T7/T8] indicate possible BDD-like structures for the representation of
subclasses of linear constraints.
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Abstract. A rewrite rule based framework for combining decision pro-
cedures for universally quantified theories is proposed. It builds on the
key ideas of Shostak’s combination approach. A distinctive feature of the
proposed framework is that its soundness and completeness can be easily
established. Furthermore, the framework has the desired property of be-
ing efficient (by avoiding duplication of equality reasoning in all decision
procedures) as well as generating canonical forms as in Shostak’s combi-
nation framework. It thus enables tight integration of decision procedures
with equational and inductive reasoning based on rewriting.

1 Introduction

A framework for combining decision procedures for universally quantified the-
ories that satisfy certain constraints is proposed. The framework is influenced
by Shostak’s approach presented in [2526] for such theories for which canon-
ical forms of terms can be computed and equations can be solved. The pro-
posed approach is based on the concepts of ground rewriting and completion,
and generalizes our earlier formulation of a completion based view of Shostak’s
congruence closure algorithm as discussed in [§]. The focus here is on univer-
sally quantified theories with equality as the only predicate. However, as briefly
discussed near the end of the paper, the proposed framework is also useful for
considering universally quantified theories with predicate symbols (such as <, C)
whose semantics are related to the equality predicate.

The proposed approach offers key advantages: the framework is simple, easy
to understand, prove correct as well as implement. It is based on building a can-
onizer function for generating canonical forms for arbitrary (mixed) terms as well
as a solver function for solving arbitrary (mixed) equations in the combination
of theories from the corresponding functions for the component theories. Most
importantly, it nicely integrates rewriting based reasoning with decision proce-
dures in a tight fashion [12/13/9l10]. As a result, it becomes possible to effectively
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use decision procedures for equational and inductive reasoning as demonstrated
in our rewrite-rule based theorem prover Rewrite Rule Laboratory (RRL) [16].
This theorem prover has been successfully used in many applications, particu-
larly mechanical verification of number-theoretic properties of arbitrary width
and generic arithmetic circuits; for details, the reader can see [15]. More recently
[14l]7], we have been interested in extending the power of decision procedures by
integrating induction schemes suggested by recursively defined functions with
the objective of automatically deciding the validity of a large class of universally
quantified formulas about such functions whose proofs need inductive reasoning.
Our main objective has been to develop methods and heuristics so that “obvi-
ous” properties about commonly used data structures arising while reasoning
about computations can be proved automatically. For a rewrite-based approach
for building decision procedure, see also [1].

In the rest of the introduction, we discuss the significance of the proposed
approach in the context of the recent surge of interest in the use of decision
procedures as well as their combinations. Particularly, there have been several
attempts to fix Shostak’s original proposal for combining decision procedures as
outlined in [26], as well as develop an amalgamation of Shostak’s approach and
Nelson and Oppen’s combination framework [I9120] with the hope of exploiting
advantages of both the approaches. This work is of interest not only from a
theoretical stand point but also because after nearly 20 years, there has once
again been a revival of interest in the use of decision procedures for verification
(hardware and software), type inference, extended static analysis of computation
descriptions, generating proofs for proof-carrying code, etc.

It is well-known that Shostak’s original paper contained numerous errors
some of which are quite subtle. Implementations of the algorithms proposed in
Shostak’s two papers [2526] were buggy (see comments in [524] about SRI’s im-
plementation of Shostak’s approach, as well as comments in [4JI8] about imple-
mentations at Stanford). Consequently, a paper by Cyrluk, Lincoln and Shankar
[5] claimed to have fixed these bugs and even give a completeness proof. In Ph.D.
dissertations by Levitt [I8] and Bjorner [4] from Stanford, these bugs were sup-
posedly fixed albeit in a different way. Other papers from Dill’s group [2/3]
claimed to give simple proofs of modified Shostak’s combination procedure. A
recent paper from SRI entitled Deconstructing Shostak [24] briefly reviewed prob-
lems with all the previous approaches including those in [5] in its introductiorl.
This paper finally claims to fix Shostak’s approach and even gives a soundness,
termination and completeness proof. It is unclear to us whether even this most
recent paper from SRI [24] has been able to fix the bugs since the presentation
of the algorithm is quite involved and most of the proofs are sketchy and hard

! Most of the errors appear to have to do with computing canonical forms of mixed
terms using canonizers and solutions of equations. We think this is partly because
Shostak’s approach [2526] allows replacing the left side of an equation by its right
side even when the left side is properly embedded in the right side; see [§] for exam-
ples. Attempted fixes do not work because either the canonical form computation
does not terminate or two congruent terms do not have the same canonical form.
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to follow B It is difficult to feel confident about these modifications/extensions
because they introduce more subtle data structures and functions to fix the bugs.

We are however of the opinion that the key ideas in Shostak’s original paper
are basically correct. The approach developed in this paper builds on these key
ideas, and develops a method which we submit, is the closest in spirit to Shostak’s
original combination algorithm (even though the proposed algorithm avoids some
of the complicated data structures needed for book-keeping). Proofs have been
omitted from this version because of space limitations; a longer version with
proofs will be available as a technical report.

2 Preliminaries and Definitions

We assume a family of languages characterizing different domains and data struc-
tures, and their associated universally quantified theories. Except for Section 7,
for theories under consideration, the only predicate in each £; is =. It is as-
sumed that each language has its own set of variable symbols which is disjoint
from each other. The only shared symbols among languages are the equality
symbol =, which is assumed to have the standard interpretation, and constant
symbols (introduced for reasons discussed below.) We will reserve Ly for the lan-
guage of uninterpreted function symbols and equality; let 75 be the associated
universally quantified theory. Let £; be the language of an i-th theory, and 7;
be the associated universally quantified theory for ¢ > 0. Any function symbol
in £;, ¢ # 0, is called an i-interpreted symbol (or simply an interpreted symbol).
Subterms within a given term ¢ are identified by their respective positions,
which are sequences of nonnegative integers. Given a position p, let ¢[p] be the
subterm of ¢ at position p. Similarly, let ¢(p) be the function symbol at position
p in t. They are defined in the standard way as follows: if p = €, the empty
position, then t[e] = ¢t itself. If ¢ is a variable, then t(e) is ¢ itself; otherwise, if
t = f(t1, -, tx), then t(e) is f, the outermost function symbol of ¢. If p = ip/,
where 7 is a nonzero number and p’ is a sequence, then ¢[p] = t[ip/] and t(p) =
t(ip') are defined only if t = f(t1,---,tx) and i < k; in that case, t[ip’] = &;[p/],
and t(ip’) = ¢;(p’), where t; is the i-th argument of the outermost symbol f of .
Let s[t] indicate that ¢ appears as a subterm in s, where s is a term; we will
abuse the notation and let s stand for a literal as well. Similarly, let S[¢] indicate
that ¢ appears in a finite set S of terms (or literals). Similarly, s[t/c] stands for
replacing ¢ appearing in s by ¢. Given a term s, a position p in s, let s[p] < ¢
stand for the term obtained by replacing the subterm at position p in s by t.

2.1 Pure Terms, Mixed Terms and Types

The type of a term ¢ is 4, where ¢(e) € L;; then s is called an i-term. (If s is a
constant shared among many languages, then there is some deliberate ambiguity

2 On a simple example, {x+1 = f(x —1) — 1}, we were told in private communication
by Harald Ruess (April 21, 2001), one of the coauthors, that their method will not be
able to deduce f(—1+4z) = f(—3+ f(—14z)) from it even though the unsatisfiability
of {fr+1=f(z—-1)—-1,f(-142z) # f(—=3+ f(—=1+z))} can be detected!!!
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about its type. An appropriate index is chosen in that case to serve as the type
of a shared constant to assign the proper type to equations.) If s1, s5 are i-terms
in an equation s; = sg, the type of s; = s5 is also i. For ¢ > 0, a pure i-term
consists only of variables, constants, and interpreted function symbols in £;.

A nonvariable mized i-term, in contrast, includes symbols from at least two
different languages; often we will be considering mixed terms which include both
uninterpreted symbols and interpreted symbols. A nonvariable term whose out-
ermost symbol is uninterpreted, will be called uninterpreted even though it is
mixed and may include some interpreted symbolsﬁ A term in which all function
symbols are uninterpreted is called purely uninterpreted (also a pure 0-term).

Given a mixed term, it can be purified by introducing new symbols to stand
for its alien subterms. A nonvariable subterm s’ = s[p] at position p in a mixed
i-term s is i-alien if the type of s’ is different from the type of s. Further, an
i-alien subterm s’ of s at position p is a maximal i-alien subterm if for all all
p’ < p, the type of s[p'] is i.

Given an i-term t, let s1,---, s, be all the (maximal) i-alien subterms of ¢
at positions p1, - - -, pm, respectively. The term t[s1/uy, - -, S;m/um] = (((¢[p1] —
u1)[p2] — u2) -+ [Pm] < um) is a pure i-term if each uy, is a new symbol belong-

ing to L£; as well as £;, where the type of s; is j. For each £;, we introduce an
operator m; such that ;(t) gives the pure i-term obtained by replacing in ¢, all
maximal i-alien subterms in ¢ by introducing new symbols uy, - - -, uy,. If ¢ is pure,
then m;(t) = t. m;(t) purifies only i-terms, and is the identity function on non-i
terms. Since 7TZ-_1 ={u; — s1,**,Um — Sm} is a substitution, we further abuse
the notation and write the reverse substitution m; as {s1 — u1,- -, $m — Um };
. Similarly, given a finite set T' of mixed i-terms, m;(T) = {m;(t) | t € T} stand
for the pure i-terms obtained by consistently replacing maximal i-alien subterms
in terms in 7' by new symbols (meaning that common maximal i-alien subterms
in terms in T are replaced by the same new symbol).

Given a term t, its impurity depth is defined as follows: For every constant
or variable position p = p1ps - - - px, k > 0 in ¢, the impurity depth of a position
p in t is the number of changes in the types of function symbols along the path
from the root of ¢ to the leaf node t(p): (t(€),t(p1),t(p1p2), -, t(P1p2 - D))
The impurity depth of a term is then the maximum over the impurity depths of
each leaf position p in t. Many proofs are done by performing induction on the
impurity depths of terms appearing in an equation.

3 Properties of Theories Being Combined

The following assumptions are made about each consistent universal theory
7;,1 > 0, over interpreted symbols. The universal theory of equality over un-
interpreted symbols 7j is handled differently as discussed in Section 4.

3 If the outermost symbol of a nonvariable term is uninterpreted, then it can be given
any interpretation, irrespective of interpreted symbols in the term.
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1. There exists a function o, called canonizer following Shostak [26], which
when given any term (atom, formula) in £;, returns its canonical form. o;
satisfies the following properties:
(a) 7; Et = 0(t) (soundness),
(b) for any s1,s0 € L;, T; = s1 = s2 iff 0;(s1) = 0i(s2) (completeness), and
(c) oi(oi(t)) = 0i(?).
No other properties of ¢; need to be assumed.
2. There exists a function solve;, again following Shostak, such that for any
equation s; = so in 7, solve;({s1 = s2}) returndd
(a) no solution, represented by 0, if and only if s; = sg is unsatisfiable
with 7;, i.e., 7; U {s1 = sa} is inconsistent,

(b) €, the identity substitution, to imply that any substitution for constant
symbols is a solution for s; = s3, which is the case if and only if 7;
81 = 8o, and

(c) the most general solution written as rewrite rules § = {zp — 5 | 1 < k <
n} such that 7; |= (s1 = s2) & (21 = t1A---Ax,, = t,,), where (i) zx # x5
for k # j, (ii) @) does not appear in any t;, and (ii) o;(tx) = tg, i.e., ti
is in canonical form with respect to the canonizer o; of 7;. Symbols z}’s
appear in si, So; ti’s could, however, include new symbols not in s1, ss.

Remark: Many papers and theses in the literature attribute the above con-
ditions on equational theories to Shostak [26]. A careful study of that paper
reveals that Shostak advocated a related but different set of conditions. Firstly,
Shostak’s o-theory has both uninterpreted and interpreted symbols (p. 2). Sec-
ondly, Shostak required that for purely interpreted terms t,u, the canonizer
produces identical canonical forms for ¢ and v if and only ¢t = w is valid in the
theory, which is the same as the condition above; further, the canonizer must
act as an identity on uninterpreted terms. It is unclear what behavior Shostak
required of the canonizer on mixed terms, i.e., terms containing both uninter-
preted and interpreted symbols (e.g. f(z) — f(z),f(y +z — x) — f(y)). Thirdly,
o-theory is required to be algebraically solvable to mean that only for a pure
interpreted equation, there is a function which returns either true, or false or
a conjunction of equations, such that if the interpreted equation has no vari-
ables, then the answer is true or false; otherwise, the conjunction of equations
must be in the solved form in the above sense, and must be equivalent to the
input equation. Once again, nothing is said about how the solver should be-
have on equations which have both interpreted and uninterpreted symbols. On

4 It is not necessary for solve; to assume that the two sides of an equation given
as input are in canonical form. Also, it is not necessary for solve; to produce an
output in which the substitutions are in canonical form. solve; can also take a finite
set of equations as input, in which case, it produces a simultaneous solution for all
the equations in the input. In certain cases, solve; may return a finite set of most
general solutions (as in the case of associative-commutative theories), instead of a
single most general solution. Such theories are not convex in the sense of [22]. The
proposed framework generalizes to nonconvex theories as well, but for simplifying
the presentation, we will assume at most a single solution for each equation.
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p. 5, Shostak, however, did remark that the solver can be extended in a natural
way to deal with equations with uninterpreted symbols by treating maximally
uninterpreted subterms of an equation as distinct variables.

We will not mix uninterpreted and interpreted symbols in any theory, since
in our view, the universally quantified theory of equations with uninterpreted
symbols plays a different role than other universally quantified theories. As will
be discussed later, the solvey function for 7y is the identity function (Shostak
remarked that also on p. 5); so unlike the above requirement on the solve function
for other theories, it does not produce a solution of the form x = t;, where x is
a constant symbol.

The following universal theories are considered below. (i) Presburger arith-
metic involving interpreted symbols 0,1, ---,+, —; its index is p; (ii) the theory
of finite lists as an example of recursive data structure proposed in [2621]; its
index is [; (iii) the theory of equality over uninterpreted symbols; its index is 0.
Shostak discussed some other theories as well, for which the proposed combina-
tion framework works. Other candidate theories we have considered elsewhere
include the universal theories of free constructors and equality as well as over
the data structure of bit vectors.

The canonical form of a term in the universal theory of Presburger arithmetic
is a simplified sum of linear terms in ascending order, starting with a nonzero
constant followed by variables with nonzero coefficients in lexicographic order;
the canonizer is denoted by o). solve, on an equation in Presburger arithmetic
returns a solution in terms of one of the variables in the equation.

The canonical form for a term in the theory of finite lists with interpreted
symbols cons, car, cdr can be obtained by applying the following rewrite rules:

1. cons(car(x), cdr(x)) — x,
2. car(cons(z,y)) — x,
3. cdr(cons(x,y)) — .

A solver for the theory based on eliminating car, cdr and introducing new vari-
ables is discussed in [26].

3.1 Extended Canonizer

Because of the conditions imposed on ¢; and solve;, the solution, §;, of a finite
set of equations in 7; can be used as a canonical rewrite system. Symbols in
a pure i-term t for which there is a solution, can be eliminated from t. The
canonical form of ¢ after substituting for ¢; is thus ¢;(d;(¢)). For instance, given
a pure term ¢, say x + 1 + y — 2 + = in Presburger arithmetic and a solution
{z — 2%y — 3}, the canonical form of t is —1 + 2z + y; the extended canonical
form (after applying the solution as well) is —7 4+ 5 * y.

3.2 A Decision Procedure for a Universally Quantified Theory

For a theory 7;,7 > 0, with o; and solve;, a universally quantified formula « can
be checked for validity as follows. Negate «, Skolemize it (by introducing new
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constant symbols for variables), obtain a disjunctive normal form, and check
whether each disjunct in the disjunctive normal form, which is a conjunction of
equations and disequations (negated equations), is unsatisfiable as follows.

For each equality literal [ = r,

1. solve [ = r using the solver solve;.
(a) If the solver returns true, then discard it;
(b) if the solver returns false, then the conjunction itself is unsatisfiable;

2. otherwise, take the solution and apply it on the equations not yet processed
as well as on all the disequations.

Once all the equations are processed, then for any disequation u # v, check
whether solve; returns true on w = v. If so, then the original conjunction is
unsatisfiable. If the solver does not return true, then the original conjunction is
satisfiable. In every step, after a solution is found, each of the disequations can
be checked for unsatisfiability, instead of performing the check at the end.

If the conjunction is satisfiable, the algorithm can be modified to get a solu-
tion by incrementally composing the solution of each equation.

4 Universal Theory of Equality
over Uninterpreted Symbols

There exist many algorithms for deciding the universally quantified theory of
equality over uninterpreted symbols. A popular and common way is to decide
the unsatisfiability of a conjunction of ground equations and disequations by
computing the congruence closure of ground equations. Given a finite set of
ground equations {s; = t1,---,sp = ti}, where each s;,t; is ground, its con-
gruence closure is the equivalence closure preserved by every function symbol
appearing in the equations. To decide whether another ground equation u = v
follows from {s; = t1,---,8, = tx}, it is checked whether u and v are in the
same congruence class in the congruence closure.

There are many different algorithms for computing congruence closure (cc)
proposed in the literature [252006]. In [8], we proposed a reformulation of Shostak’s
algorithm as completion in a rewrite-based framework; in practice also, the algo-
rithm has been shown to be highly competitive in comparison to other algorithms
[27]. In the proposed combination framework, any of the congruence closure algo-
rithms can be used for combining it with a decision procedure of another theory.
However, we use our algorithm for the discussion below, because in our opinion,
it is closest in spirit to Shostak’s combination framework for decision procedures.
Below, we briefly review the main ideas of the algorithm discussed in [§].

Given a finite set of ground equations {s3 =t1, -+, $x = tx},

1. introduce new symbols for all nonconstant subterms in s;, ¢;’s. For each sub-
term, introduce a unique symbol; this relationship is expressed as a rewrite
rule from the subterm to the symbol. The above equations then become
equations on constant symbols standing for nodes in the dag representation
of s5,t;’s.
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2. Choose a total ordering on new symbols and constants, depending upon the
nature of canonical forms desired, with nonconstant symbols always greater
than constant symbols in the ordering. The selected ordering is used to orient
equations into terminating rewrite rules. Thus, a rule is either of the form
flei,--,¢5) = d or ¢;j — d, where ¢q,-- -, ¢j,d are constant symbols, and f
is an uninterpreted nonconstant symbol.

3. Use the rewrite rules on constant symbols for interreduction as well as for
normalizing nonconstant left sides, which may result in two left sides becom-
ing equal, leading to new equalities among constant symbols (completion).

This process eventually terminates, generating canonical forms with respect to
the congruence relation. Rewrite rules can be expressed in the original signature,
if needed, by replacing new constant symbols by subterms they stand for.

4.1 Canonizer and Solver

For 74, o¢ is the identity function since there are no relations on function sym-
bols, and thus, every term is in canonical form. solvey on an equation is the iden-
tity function (unless the equation is of the form s = s, in which it returns true).
In this sense, 7y does not appear to satisfy the requirement on theories discussed
in Section 3. 7y should be viewed as consisting of infinitely many constant sym-
bols where there is a distinct symbol for each term, and a quantifier-free formula
is a formula on these constant symbolsE An equation thus relates two constant
symbols, and solveg(c; = ¢;) produces the solution by orienting the equation
into a rewrite rule when ¢;,c; do not have the same canonical form. Rewrite
rules over constant symbols expressing the congruence closure above specify the
solution &y for the equations. The extended canonizer oo (do(t)) = do(t) gives the
canonical form of ¢ with respect to the congruence relation.

5 Combination Framework

Given two theories 7;, 7;, each admitting o;, 0;, solve;, solve;, it is shown below
how ¢ and solve can be constructed for the combined theory in which formu-
las have symbols from both £;, £;. If both 7; and 7; involve only interpreted
symbols, o and solve are easier to construct as shown below. In case 7; is the
universal theory of equality over uninterpreted symbols (i.e., ¢ = 0), then some
caution is required, as solve has to be constructed in a special way using the
congruence closure algorithm discussed in Section 4.

5.1 Combining Canonizers

There are many ways to define o, much like computing a normal form of a term
with respect to a terminating rewrite system; two obvious ones are bottom-
up (innermost-out) and top-down (outermost-in). Below, we give a bottom-up

® That is the view taken in [8] of Shostak’s congruence closure algorithm.
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method. The following definition works irrespective of whether one of i, j is 0O;
as stated above, og is assumed to be the identity function.

Definition 1. Without any loss of generality, let t be a term of type i.

o(t) = oi(t), if t is a pure i-term,
m, (oi(g( - tiy, gy, ) otherwise,

where g is an i-symbol, t;, ’s are pure i-terms serving as arguments of g, s;, ’s are
mazimal i-alien terms (of type j) at positions pi,’s in t, and m;(o(s;,)) = uj,, a
new symbol introduced to stand for s;, .

The termination of the above algorithm is obvious, as the number of steps is
bounded by the impurity-depth of ¢.

Theorem 1. (a) o(o(t)) = o(t).
(b) Ifo(s) =0o(t), then TUT; =s=t.
(c) If;UT; =s=t, then o(s) = o(t).

5.2 Combining Solvers

Combining solvers for 7; and 7j,4,j # 0, is somewhat different from combining
a solver for 7y with 7;,9 # 0. Because of space limitations, we discuss them
together with the hope of not causing confusion.

Consider an equation of s =t of type 1. We consider two cases:

(i) @ > 0: Apply solve; on s' = t/, where s’ = m;(s),t’ = m;(t) obtained by
replacing maximal i-alien subterms in s and ¢ by new constant symbols using
m;. If solve; declares unsatisfiability, then s = ¢ is unsatisfiable. Otherwise, 7, 1
is applied on the solution §; = {z1 — r1,---, 2, — 7, } returned by solve;, since
x}.s could be new symbols as well as r;’s can have occurrences of new symbols
introduced by mfl. Let §; = N6 = {n7 @) = 7 ), m () =
7 ()} 1

Consider an equation 7; ' (z;) = 7;

7 () in &;. There are following subcases:

— Both 7; *(x;) and m; *(r;) are pure i-terms; this is a solved form so it is
included in the solution @ collected so far. This substitution can be applied
to eliminate 7; *(z;) from other solutions in ©.

— Both 7; }(;) and 7 (r;) are j-terms (j # i): Do solve(n; *(x;) = m; *(17)).

— Wi_l(n) is a mixed i-term: Include x; — 7; as a solution in ©; x; can be elim-
inated from other solutions in 6. Also recursively invoke solve(m; *(u;,) =
u;, ) for each new constant symbol u;, introduced for a maximal ¢-alien sub-

term in 7; '(r); in case m; *(x) # 1, also solve(rm; *(x;) = 2;).

6 Tt is not necessary for s and t to be in canonical form. The analysis and proofs
become easier if s and ¢ are assumed to be in canonical form, as then, a single new
symbol is introduced for equivalent maximal i-alien subterms in s and ¢ having the
same canonical form. Henceforth, s and ¢ are assumed to be in canonical forms.

" Recall that 71;1 is a substitution.
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(ii) ¢ = 0: If both s and ¢ are pure O-terms, apply the congruence closure algo-
rithm (Section 4) on s = ¢. If s (or ¢, resp.) is a term of the form f(s1,---,8,),
where f is uninterpreted, each s; is either a constant or a purely interpreted
term, then include in © the solution f(o(s1),---,0(sn)) — u; u = o(t) if ¢ is
purely interpreted or a constant, and otherwise, u is a new symbol to stand for ¢;
further, do solve(t = u). In all other cases, apply the algorithm on s’ = ¢, where
s' = mo(s),t' = mo(t); also recursively do solve(my *(ux) = uy) for each maximal
0-alien subterm ;' (ug) in s and ¢ for which the new symbol wy, is introduced.

Only substitutions for symbols and uninterpreted terms in which the out-
ermost uninterpreted symbol has interpreted terms as arguments are kept as
solutions in . If two identical uninterpreted terms are assigned two different
substitutions, this results in a new equation relating the two substitutions which
must be solved; for this, it is important to keep interpreted subterms appearing
in the left side of a substitution in their canonical forms. Since in each step, either
a pure equation is being solved, or the impurity depth of each new equation being
solved is lower than the impurity depth of the original equation, the recursive
procedure terminates. The algorithm terminates either detecting unsatisfiability
or the result is a substitution for constant symbols and uninterpreted terms of
the form f(ey,--,ex), where f is an uninterpreted symbol, and each ¢; is an
interpreted term.

For example, consider the equation 2 * car(z) — 2 cdr(y) = 0 in the combi-
nation of theories of Presburger arithmetic and finite lists. solve,(2*car(z) — 2%
cdr(y) = 0) will give either {car(x) — cdr(y)} or {cdr(y) — car(z)} as follows:
alien subterms car(x) and cdr(y) are replaced by new symbols u; and us, respec-
tively, giving the pure equation 2 x u; — 2 x us = 0 to be solved; the solution can
be either u; — ug or ug — uy. Consider the first solution: {car(z) — cdr(y)};
this gives a new equation {car(z) = ecdr(y)} which must be solved in the the-
ory of lists. (The second solution will also give the same equation to be solved
in the theory of lists.) The first equation car(z) = cdr(y) can be solved as:
x — cons(cdr(y), z), or y — cons(z,car(x)). Each of these solutions can be
easily verified by substituting for the respective symbol.

Theorem 2. (a) If solve;(s’ = t') is unsatisfiable, then s =t has no solution
and solve(s = t) returns no solution.

(b) If solve;(s’" =t') produces the identity substitution as the solution (implying
s’ =1t is valid in T;), then s =t is valid in \|J7; and solve(s = t) returns
the identity solution as well.

(c) If solve;(s' = t') produces &'; as the solution, then (s =t) < 0; is valid in
U7, where mi(s) = s',mi(t) = t', and §; = 7; 1(8";), and the impurity depth
of each equation in §; is lower than the impurity depth of s = t.

5.3 Combination Algorithm

The combination algorithm is the algorithm implementing a decision procedure
for a universally quantified theory discussed in subsection 3.2. Given a conjunc-
tion « of equations and disequations, equations are solved one by one and the
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solution obtained so far is collected as ©® = {x1 — 1, -+, 2, — 75}, Where
each xy is either a constant symbol or f(t1,---,¢;), where f is an uninterpreted
symbol, [ > 0, each ¢, is either a constant or a pure interpreted term (consisting
only of interpreted symbols) in canonical form; each r is also either a constant
or a pure interpreted term in canonical form. Before inputting an equation to
solve, © is applied on it. If in the process of solving equations, some equation is
found to be unsatisfiable by solve, then « is unsatisfiable. After all the equations
have been processed without detecting unsatisfiability, © is applied on each dis-
equation and the result is brought to canonical form using . « is unsatisfiable if
for some disequation s # ¢ (which is the result of applying the solutions obtained
so far), o(s) = o(t). Otherwise, « is satisfiable.

We illustrate the algorithm using an example found difficult by various fixes
of Shostak’s combination procedure [524]. More examples are discussed in [I1].

Example 1: {f(y—1)—-1=y+ 1, f(a)+ 1=z -1 z+ 1=y}

First, f(y—1)—1=y+1is processed; o(f(y—1) —1) gives -1+ f(—1+y);
oly+1) =1+y. solve(—1 + f(—=1+y) =1+ y) replaces the maximal alien
subterm f(—1+y) by u1, invokes solve,(—14u; = 1+y). The result can give any
of the two solutions: (i) u; = 24y, (ii) y = —24wu; with §, = {u1 = f(—-1+y)}.

The equation f(z) +1 = x — 1 is similarly processed; its canonical form is
1+ f(z) = =1+ z. A new symbol uy is introduced to stand for f(z). solve
can again give two possible solution (i) ue = —2 + z, (ii) z = 2 + ug, with
dp = {u2 = f(x)}. These nonoverlapping solutions from two equations can be
combined in four different ways. We choose © = {y — —2+wuj,z — 2+ ug} and
dp = {f(-1+y) = wi, f(x) = ua} since it is most interesting as the left side
in each case is embedded in the right side; other possibilities will work as well.
Eliminating y, z from §, extends © = {y — =2 +ui,z — 2+ uo, f(-3+u1) —
Uy, f(2 + UQ) — UQ}.

To process = + 1 = y, © is applied on both sides and canonical forms are
computed: 3 4+ us = —2 + uy. solve, can give two possible solutions: (i) {u; —
54us}, and (ii) {ug — —54wuq}. Let us consider the first solution for illustration;
it is used to eliminate u; from @ and the extended © is: {y — 3 + ug,z —
2+ ug, f(2+uz) — 54 ug, f(24 uz) — ugz,u; — 5+ us}. Using the congruence
closure, the left sides of two substitutions are equal, giving a new equation:
5 4 u2 = ug. solve, on this equation detects unsatisfiability. Hence the original
formula is unsatisfiable.

6 A Calculus for Combining Decision Procedures

We present the above combination framework as a calculus generalizing our
approach proposed in [8] for Shostak’s congruence closure algorithm; the calculus
is inspired by the presentation in [27] of our algorithm in [8]. Below, we give
the calculus for the combination of three theories: 7y, 7;,7;,4,5 # 0, to avoid
repetition; by disregarding literals in 7y, we get a combination of 7;, 7;, whereas
by disregarding literals in 7;, we have a combination of 7y with 7.
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As in [8], there are still two kinds of rules expressing a solution but they are
more complex: f(ey, -+, ex) — d and ¢; — d, where each of ey, - -, e, d is either
a pure term (including constant) or a mixed term with - and j-symbols, ¢; is
a constant symbol, and f is an uninterpreted function symbol By an 7, j-term
below, we mean a term only with interpreted symbols from £;, £;. It includes
pure i-terms as well as pure j-terms (including constants).

A computation is a pair consisting of a finite set of literals, denoted by L,
which remain to be processed, and a finite set of rules, denoted by @, representing
the solution obtained so far. The initial state is L, {}, where L is the set of literals
in a conjunction « of literals. If « is unsatisfiable, the algorithm terminates with a
contradiction. For a satisfiable formula c, the result is a substitution © specifying
the solution of all equations implied by «, along with disequations in L.

Below, a total well-founded ordering on function symbols is used with the
restriction that (i) an uninterpreted nonconstant function symbol is bigger than
constant symbols and interpreted symbols and (ii) a new constant symbol intro-
duced to stand for a term is smaller than all the symbols in the term.

1. constant introduction: (L[].0)
' T/ duli=c}.0)

where ¢ is a nonconstant pure k-term (k = 0,4, j) appearing as an argument to
a function symbol not in L, and ¢ is a new constant symbol introduced of type
k as well as of the type of the function symbol to which ¢ is an argument.

. . (L[1],0)
2. solution extension-1: (L[t/c],60Tt=c})’

tis f(e1,---,ex), where f is an uninterpreted function symbol, each e, is either
a constant or an 4, j-term in canonical form (i.e., o(e;) = €;), and ¢ is a new
constant symbol of type 0.
s colution extoncion.g, (E011=¢16)

. solution extension-2: (LOU[i—c})’
where ¢ is either (a) a constant, or (b) f(e, -, ex), where f is an uninterpreted
symbol, each e; is either a constant or an ¢, j-term in canonical form, and c is a
constant symbol with ¢ > ¢ in the well-founded ordering.

~(LU{s=t},0)
4. solve: (1,008
where s,t are pure i-terms (j-terms), and solve;(c(O(s)) = oc(O(t)))
(solve;(c(O(s)) = o(O(t))), resp.) generates the solution ¢ (different from valid
or unsatisfiable), expressed as {c¢; — t1,- -, ¢ — i}
8 For the combination of 7y, 7;, each of e1,---,ex,d is either a constant or a pure

i-term in the calculus below. For the combination of 7;,7; (implying there are no
uninterpreted symbols), the left side of each rule in © below is a constant symbol. In
earlier presentations of this work, the requirements on the left side of rules expressing
a solution were even stricter, namely each left side was required to be either a
constant symbol or an uninterpreted terms whose arguments are constant symbols
as in [8]. This resulted in a technical conditions on solvers for 7;,i > 0, which is,
strictly speaking, unnecessary.
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LU{s=t
5. contradiction (solve): W,

where s and t are the same as in 4 above except that the solver detects unsatis
fiability.
(LU{t£}.0)

6. contradiction:
{}0)

. . _(LOU{t—ct—d))
7. equality propagation: (75r — n o 1y

The following three steps use a rule in @ to reduce L and @. As a result, the
left and right sides of rules in @ need not remain in canonical forms.

. . . L[t],0U{t—c})
8. simplification-1: (é[t[/]c} ,Qj{t—i}) ,

oo (L,OU{s[c]—te—d))
9. simplification-2: (L,0Uls[c/d—t,c—d))’

oo o (LOU{E—e[d c—d})

10. simplification-3: (L.OUTt—e[c/d,c—d))’
where ¢ is a constant, each of d,e is either a constant or an 4, j-term (with e
containing ¢), and s[c] is an uninterpreted term properly containing c.

The following inference steps compute the canonical forms of ¢, j-terms in
L and ©. (These steps can be integrated into the other inference rules. For
efficiency, it is better to keep arguments to uninterpreted symbols in the left
side of a rule in © as well as the right side of each rule in © in canonical form.)
11. canonization-1: M 12. canonization-2: w

(L[t/s],0) (L.O[t/s])’
where ¢, a pure i-term (j-term) not in canonical form, appears as an argument
to a function symbol not in £; (£, resp.), and s = 0;(¢) (s = 0,(t), resp.).

13. tautology deletion: %

The soundness of each inference rule can be easily established. Many ter-
minating algorithms can be developed by combining these inference rules. One
particularly useful algorithm can be formulated as the regular expression
((11412)* 0 13* o (14+2+43)" o (4*+7")* o (8+9+10)")".

The following table illustrates the use of the inference system on Example 1
discussed in the previous section.

7 Predicate Symbols with Semantics Related to Equality

The discussion so far assumed that a formula under consideration is a conjunc-
tion of equations and disequations. We now briefly discuss an approach for com-
bining decision procedures for universal theories which include predicate symbols
other than = but whose semantics is related to =. Examples of such theories
include Presburger arithmetic, finite set theory, lattices, boolean algebras, etc.
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L e Inference Rule
{fy-1)-1=y+1,

fl@)+l=a—-1la+1=y} | {}

{f(-1+y)-1=y+1,

f@)+1l=z—-1l,z+1=y} |{} 11, canonization-1

{c1—1=y+1,
f@+l=z—-1,z+1=y}

{f1+y) —a}

2, solution extn-1

{fx)+1=2z—-1,z+ 1=y}

{f(1+y) e,y = —2+4ci}

4, solve

{ca+1=z—-1,z4+ 1=y}

{f(=1+y) = c1,y = —2+c1,
f(z) — c2}

2, solution extn-1

{e+1=y} {f(=1+y) = e1,y = —2+c1,

f(x) = ca,x — 2+ ca} 4, solve
{4 {f(-1+y) = er,y = —2+c1,

flz) = co,z — 2+ ca,c1 — 5+ ca} 4, solve
{3 {f(=1+(=2+c1)) = c1,y — —2+c1,

flx) = co,z —2+ca,c1 — 5+ ca} 9, simplification-2
18 {f(=34+c1)) 2 c1,y — —2+c1,

f(z) = ca, 2 — 24 c2,c1 — 5+ ca} 12, canonization-2
{3 {f(=3+(B+c2)) e,y = —2+ci,

flx) = co,z — 2+ ca,c1 — 5+ ca} 9, simplification-2
{ {f(2+¢c2) = c1,y = =2 +c,

f(z) = ca,z — 24 ca,c1 — 5+ ca} 12, canonization-2
{3 {f2+ec2) —c1,y = —2+c1,

f(2+4e2) — ez, — 2+ ca,c1 — 5+ ¢} | 9, simplification-2
{ {f24+c2) = 54+ca,y = —2+cu,

f(2+c2) = co,x — 2+ ca,c1 — 5+ e} | 10, simplification-3
{5+ c2 =ca2} {f(2+c2) = 5+ce,y — —2+ci,

z—2+ca,c1 — 5+ ca} 5, equality prop.
{} 0 6, contradiction

For instance, from a formula s < t At < s in Presburger arithmetic, where s, ¢ are
terms, s =t can be deduced; similarly from a formula s C t At C s in set theory,
s =t can be deduced. In general, equality literals may be implicitly present in
a formula without having any explicit occurrence of =. The approach discussed
below was implemented in our theorem prover RRL in 1990 [12] using Fourier-
Motzkin’s method for deducing equalities from inequalities in a quantifier-free
formula in Presburger arithmetic over the rationals as observed in [I7].

Given a finite set (conjunction) M of literals which do not involve the equal-
ity symbol, there must exist a sound and complete algorithm for deducing all
equalities from M, i.e., the algorithm outputs one of the followings:

— a finite set of literals M’ and an nonempty set of equalities £’ such that
e TEAM < (ANM ANE'), and

e TANMEs=tit TANE Es=t.

— a finite set of literals M’ < M, including M’ = M, and no equality iff there

does not exist any s,¢ such that ; AM s =1.
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For Presburger arithmetic over rationals (or reals), the Fourier-Motzkin’s
procedure precisely does that [17]. In the process of checking the unsatisfiabil-
ity of a given set of inequalities, the method also determines what inequalities
become equalities, which are used to eliminate the inequalities. In the case of
integers, the procedure is more complex as illustrated by the simple example:
2r < 5 and 2x > 3 leads to the equality 2z = 4, which cannot be determined
easily. In [12]23], these issues are discussed in more detail.

The following inference step is added to the calculus in Section 6:

14. deducing equalities: (L%’T@’,)Q)’

where E’ is the nonempty complete set of implicit equalities deduced from L
(i.e. E'( L is empty) using the decision procedure, and L’ is the simplification
of L using E’. This rule can be applied after equality propagation in the regular
expression specifying the algorithm in Section 6.

Rules for tautology deletion and contradiction based on the semantics of the
new predicate symbols are also added. For examples, in the case of the ordering
relation <, the literal ¢ < ¢ can be deleted since it is a tautology; similarly, ¢ < ¢
is a contradiction since it is equivalent to t <t At # t.

More details will be given in a technical report [11].
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Combining Sets with Integers

Calogero G. Zarba
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Abstract. We present a decision procedure for a constraint language
combining stratified sets of ur-elements with integers in the presence of
a cardinality operator. Our decision procedure is an extension of the
Nelson-Oppen combination method specifically tailored to the combina-
tion domain of sets, integers, and ur-elements.

1 Introduction

The cardinality of a set is the number of its elements. Thus, in order to reason
about set-theoretic formulae involving the cardinality operator, a set-theoretic
theorem prover needs the ability to reason about numbers. Such ability can be
basically provided in two ways: either by representing numbers directly as sets
by means of the set-theoretic identities 0 = ) and n+1 = nU{n}, or by employ-
ing specialized decision procedures for arithmetic. We argue that, although the
former solution is very elegant, the latter is more practical and more amenable
to modularization.

In this paper we introduce a constraint language involving the cardinality
operator and combining:

1. finite sets of ur-elements;
2. the integers;
3. an arbitrary first order theory T of the ur-elements.

We use a decision procedure for 7" and a decision procedure for integer linear
arithmetic as black boxes to provide in a modular fashion a decision procedure
for the satisfiability of constraints in the combined language.

Our decision procedure can be seen as:

— an augmentation method which takes a decision procedure for integer linear
arithmetic and turns it into a decision procedure for a conservative extension
of integer linear arithmetic to a theory of sets with a cardinality operator;

— a combination method for the union of an arbitrary theory T of the ur-
elements with the theory of finite sets with integers.

Our decision procedure is an extension of the Nelson-Oppen combination
method specifically tailored to the combination domain of sets, integers, and
ur-elements.

A. Armando (Ed.): FroCoS 2002, LNAI 2309, pp. 103-[[16, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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The Nelson-Oppen combination method [5l6] combines satisfiability check-
ers for stably infinitd] first-order theories over disjoint signatures into a single
satisfiability checker for the union theory by means of propagating equalities.

It should be noted, however, that although the Nelson-Oppen combination
method requires the stable infiniteness of the combined theories, our decision
procedure remains correct even if the underlying theory T of the ur-elements is
not stably infinite.

1.1 Related Work

Several decidability results concerning the cardinality operator have been ob-
tained in computable set theory. In their seminal paper, Ferro, Omodeo and
Schwartz [4] prove the decidability of the fragment of set theory known as MLS
(multi-level syllogistic), which contains the basic set theoretic constructs of mem-
bership, set equality, union, intersection, and set difference. They also prove the
decidability of the extension of MLS with the singleton operator and the finite
cardinality operator together with arithmetic addition, subtraction and compar-
ison. Cantone and Cutello [I] prove the decidability of the extension of MLS
with the singleton operator and rank and cardinality comparisons.

It should be noted, however, that the above results deal with pure Zermelo-
Fraenkel set theory and do not address the problem of combining in a modular
way sets with integers and ur-elements.

The combination of sets with integers and of sets with reals was addressed by
Cantone, Cutello and Schwartz [2], who prove the decidability of an unquantified
theory of sets of integers and of an unquantified theory of sets of reals, but
without the cardinality operator. The combination of sets with ur-elements was
addressed by Cantone and Zarba [3], who give a tableau calculus for combining
set reasoning with first-order reasoning.

The decision procedure presented in this paper is inspired by the satisfiabil-
ity procedure presented in [§], where we combine flat lists of ur-elements with
integers in the presence of a length function.

1.2 Organization of the Paper

The paper is organized as follows. In Section 2lwe define the constraint language
F2LSC (finite two-level syllogistic with cardinality) for combining finite sets with
integers and ur-elements in the presence of a cardinality operator. In Section B]
we present our decision procedure, and in Section [ we prove its correctness.
Finally, in Section Bl we conclude the paper by pointing at directions for future
research.

L A first-order theory T is stably infinite if every unquantified formula ¢ which is
satisfiable in T is also satisfiable in an infinite model of T'.
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2 The Constraint Language F2LSC

In this section we introduce the constraint language F2LSC (finite two-level
syllogistic with cardinality) for expressing constraints over finite sets, integers,
and ur—elements

2.1 Syntax

The language F2LSC is an unquantified many-sorted language with three sorts
ur, int and set, plus the following symbols:

— the constants:
e 0 and 1, both of sort int (zero and one);
o (), of sort set (empty set);
e arbitrarily many constants of sort ur;
— the function symbols:
+ and —, both of sort int x int — int (addition and subtraction);
{-}, of sort ur — set (singleton set);
U, N, \, of sort set x set — set (union, intersection and set difference);
| - |, of sort set — int (cardinality);
arbitrarily many function symbols of sort ur x ... x ur — ur, for each

n

n > 1;
— the predicate symbols:
e <, of sort int X int (less-than);
e €, of sort ur x set (membership);
e arbitrarily many predicate symbols of sort ur x ... x ur, for each n > 1;

n
— an equality symbol =, for each T € {ur,int, set};ﬁ
— variables of sort 7, for each 7 € {ur,int, set}.

Definition 1. F2LSC-terms (resp. F2LSC-formulae) are well sorted terms
(resp. formulae) constructed using the symbols of the language F2LSC.

Definition 2. A set-ternld is PURE if all symbols in it are ur-variables or set-
variables, or one of 0,{-},U,N,\. Pure ur-terms and pure int-terms are defined
similarly.

A PURE set-PREDICATE is a predicate of the form w € t or s = t, where u
is an ur-variable and s,t are pure set-terms. Similarly one can define pure ur-
predicates, pure int-predicates and, in general, pure T-formulae, for T€{ur,int, set}.

2 Ur-elements (also known as atoms or individuals) are objects which contain no ele-
ments but are distinct from the empty set. “Ur” is a German prefix meaning “prim-
itive” or “original”.

3 We will write = in place of =; when 7 is clear from the context.

4 For a sort 7, a 7-term is a term of sort 7.
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2.2 Semantics

Definition 3. An INTERPRETATION A of F2LSC is a many-sorted interpreta-
tion of the sorts, variables and symbols in the language F2LSC satisfying the
following conditions:

each sort T € {ur,int,set} is mapped to a non-empty set A, such that:
o A, is a non-empty set;
o A is the set of all integers Z = {0,£1,42,...};
o Agr = {a € 24 : a is finite};
— for each sort T, each variable x of sort T is mapped to an element x? in A, ;
— the symbols 0, 1, 0, +, —, {-}, N, U, \, <, € are interpreted as in their
intuitive meaning;
— =, is interpreted as the identity in A., for 7 € {ur,int, set}.

In the rest of the paper the calligraphic letters A, B, ... will denote interpre-
tations, and the corresponding Roman letters, properly subscripted, will denote
the domains of the interpretations.

Definition 4. A F2LSC-formula ¢ is

— VALID, if it evaluates to true in all interpretations;
— SATISFIABLE, if it evaluates to true in some interpretation;
— UNSATISFIABLE, if it evaluates to false in all interpretations.

2.3 Theories
In F2LSC the elements of sort ur can be modeled by means of ur-theories.

Definition 5. An ur-theory is any collection of universally quantified pure ur-
formulae.

Given an ur-theory T, a T-interpretation is an interpretation of F2LSC in
which all formulae in T' evaluate to true.

Definition 6. Given an ur-theory T, a F2LSC formula ¢ is

— T-VALID, if it evaluates to true in all T-interpretations;
— T-SATISFIABLE, if it evaluates to true in some T-interpretation;
— T-UNSATISFIABLE, if it evaluates to false in all T-interpretations.

2.4 Venn Diagrams and Places

Venn diagrams [7] are a visual representations of relationships among sets using
overlapping ovals that divide the plane into regions. Some basic set-theoretic
identities like

(xUy)Uz=zU(yUz)

or

z\(yNz)=(z\y)U(z\2)



Combining Sets with Integers 107

can be nicely shown on a blackboard using Venn diagrams. For more complex
identities, however, writing on a blackboard is not anymore a feasible way to
proceed: we need the help of digital computers. Indeed, using computers we can
conveniently represent the Venn regions in a Venn diagram by means of places.

Places are one of the most important and successful tool of computable set
theory. The following is a formal definition.

Definition 7. Let V' be a collection of set-variables. A PLACE of V is a map
m:V — {0,1} such that w(x) = 1, for at least one variable x € V. Given an
interpretation M of F2LSC and a place © of V', the notation venn(m) stands

for the set ()= M\ Ur(y)=0 y™.

It should be noted, however, that places were not invented to represent just
any Venn region. The real intuition is that places are meant to represent the
non-empty Venn regions.

In the computable set theory literature, the idea of places as syntactic place
holders of non-empty Venn regions is permeated in all proofs which use places
as a device for proving decidability results for extensions of MLS. In particular,
this idea is at the base of the decision procedure described in the next section.

3 A Decision Procedure for F2LSC

Let T be an ur-theory for which a decision procedure for unquantified pure ur-
formulae is available. We now describe a decision procedure for checking the
T-satisfiability of any unquantified F2LSC-formula ¢. Note that, by converting
@ into a disjunctive normal form, without loss of generality we may restrict
ourselves to consider only conjunctions of F2LSC-literals.

The decision procedure consists of four phases, which we systematically de-
scribe in the next four subsections.

3.1 First Phase: Variable Abstraction

The first phase of our decision procedure takes as input a conjunction ¢ of mixed
F2LSC-literals, and converts it into a conjunction of pure F2LSC-literals. More
specifically, the output of the variable abstraction phase is a pair (¢/, ") of
conjunctions of F2LSC-literals with the following properties:

(a) ¢ U is T-satisfiable if and only if so is ¢;

(b) each literal in ¢’ is pure;

(¢) each pure set-literal in ¢’ is of the form © = y,x # y,x = {u}, z = y U z,
x=yNz,orx=y)\z, where z,y, z are set-variables and u is an ur-variable;

(d) each literal in ¢” is of the form v = |x|, where v is an int-variable and z is
a set-variable.

In order to ensure properties (a), (b) and (d), we first let ¢’ := p and " := 0,
and then we repeatedly apply the following transformations until nothing more
can be done:
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1. pick a literal of the form s € ¢ (resp. s ¢ t) in ¢’ where s is not an ur-variable,
replace it with the literal us € ¢ (resp. us ¢ t), where us is a newly generated
ur-variable, and add the literal us; = s to ¢;

2. pick a term of the form {¢} in ¢’ where ¢ is not an ur-variable, replace it with
{us}, where u; is a newly generated ur-variable, and add the literal u; = ¢
to ¢;

3. pick a term of the form |t| in ¢’, and replace it with a newly generated
int-variable v¢; in addition:

— if t is a set-variable, add the literal v; = |t| to ¢”;
— if t is not a set-variable, generate a new set-variable z;, and add the
literals z; = t and v; = |a¢| to ¢’ and ", respectively.

It can be seen by standard ranking arguments that the above process eventu-
ally terminates, and that at its end properties (a), (b) and (d) hold. In order to
enforce also property (c), we then repeatedly apply to ¢’ the following additional
transformations until nothing more can be done:

17 replace each literal of the form u € t (resp. u ¢ t) with the literal ¢ = ¢ U {u}
(resp. t #tU {u});

2’ replace every occurrence of the symbol () with a newly generated set-variable
w, and add the literal w = w \ w to ¢’;

3’ pick a term of the form {u}, where u is an ur-variable, replace every occurrence
of it with a newly introduced set-variable w; and add the literal w = {u} to
©';

4’ pick a term of the form x Uy (resp. x Ny, x \ y) where x,y are set-variables;
replace every occurrence of it with a newly introduced set-variable z; and add
the literal z =z Uy to ¢’ (resp. z =z Ny, z=2x\y).

Note however that, in order to ensure termination, transformations 3’ and
4’ must be applied using the restriction that any given term cannot be picked
more than once.

3.2 Second Phase: Partition

In the second phase we partition ¢’ Ug” into four disjoint sets of literals vur, @int,
Vset, and @gize Where

— (ur contains all pure ur-literals in ¢’;
— @int contains all pure int-literals in ¢’;

— (pset contains all pure set-literals in ¢';
"

— Psize = P .

We call oy U @int U pset U @size @ conjunction of F2LSC-literals in separate
form. Moreover, in the rest of the paper we will denote with U, the collection
of ur-variables occurring in both ¢, and s, and with V, the collection of
set-variables occurring in et U @size-
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3.3 Third Phase: Decomposition

Let ¢ = wur U @int U @set U @size be a conjunction of F2LSC-literals in separate
form. In the third phase of our decision procedure we nondeterministically guess
an arrangement of . Intuitively, an arrangement of ¢ specifies:

— which ur-variables in U, are to be modeled as equals and which not;

— which Venn regions in the Venn diagram relative to V,, are empty and which
are not;

— for each ur-variable u, which Venn region should contain .

More formally, we have the following definition.

Definition 8. Let ¢ = @i UpintUpset Usize be a conjunction of F2LSC-literals
in separate form. An ARRANGEMENT of ¢ is a triple (R, II, at) where:

— RC U, x U, is an equivalence relation;
— I is a (finite) collection of places of Vi,;
— at is a map from U, into II.

Note that guessing an arrangement p = (R, I1, at) of ¢ is equivalent to guess
that ¢ is satisfied by a T-interpretation M of F2LSC such that:

— if uRv then uM = vM, and if not uRv then u™ # vM,;
— if m € II then venna(mw) # 0, and if = ¢ II then vennpq(w) = 0;
— if at(u) = 7 then u € venn ().

For an arrangement p = (R, II, at) we define the following collection of liter-
als:

resur(p) = {u =v:u,v € U, and uRv} U
{u#v:u,veU, and not uRv}

and

resint(p) = {0 < vy :mwell} U
{vx =1:7 € range(at)} U

{v= Z v o the literal v = |x| is in Ve }
w(x)=1

where, for each place m € II, v, is a newly generated variable whose intuitive
meaning is the cardinality of the Venn region (1, _; 2\ Uﬂ(y):O Y.

In order to better understand the intuitive meaning of res,(p) and resin(p),
assume that there exists a T-interpretation M of F2LSC satisfying ¢ and such
that:

— uM = oM iff wRuv, for each ur-variable u,v € Uy;
— vennaq(m) # 0, for each 7 € II;
— if at(u) = 7 then u™ € venn (), for each u € U, and for each 7 € I1.
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M _

— vt = |venn ()], for each m € I1.

Then, the following must be true.

— uM = oM if and only if uRwv.

— If 7 € IT then venn () # 0 and therefore v > 0.
— If 7 € range(at) then there exists an ur-variable u such that at(u) = 7. But

then a literal of the form = = {u} must occur in . Since u™ € venn (1),

we have that venn(m) Nz™ # (), and therefore v = 1.

— If the literal v = || is in Vi then the cardinality of ™ is the sum of the

cardinality of the Venn regions contained in z.

Before describing the fourth and last phase of our decision procedure, we
need to introduce the notation |ur|] > n, which intuitively stands for stands
for a formula forcing the domain of ur-elements to have cardinality at least n.
Formally, we use the notation ¢ U {|ur| > n}, for every conjunction v of pure
ur-literals and every n > 0, to denote a conjunction of literals obtained by using
the following process:

— generate n new ur-variables u1, ..., u, not occurring in ;
— let |ur| > n be the conjunction A,_; u; # u;.

3.4 Fourth Phase: Check

Let ¢ = pur U @int U Yset U @size be a conjunction of F2LSC-literals in separate
form, and let p = (R, II, at) be an arrangement of .
The fourth phase of our decision procedure consists of three steps.

Step 1: Check that p satisfies the following conditions:
(C1) at(u) = at(v) if and only if uRv, for each two ur-variables u,v € Uy;
(C2) if z =y is in @ser then 7(z) = w(y), for each place 7 € IT;
(C3) if x # y is in @ser then 7(z) # w(y), for some place m € IT;
(C4) if x = {u} is in peer then w(x) = 1 if and only if at(u) = 7, for each place
NI E
(C5) if z =y Uz is in @t then 7(z) = 1if and only if n(y) =1 or w(z) =1,
for each place 7 € II;
(C6) if x = yNzisin @se then w(z) = 1 if and only if n(y) = 1 and 7(z) =1,
for each place 7 € II;
(CT) if x =y )\ z is in @ser then m(x) =1 if and only if 7(y) =1 and 7(z) =0,
for each place 7 € II.
If the arrangement p does not satisfy conditions (C1)-(C7) output fail,
otherwise proceed to step 2.

Step 2: If g Uresine(p) is unsatisfiable (in Z) output fail; otherwise compute
the minimal value of ) ;v in a solution of iyt U resint(p). Note that
this can be effectively done in a naive way by opportunely iterating over
all possible assignments over the variables in @iy U resin(p). Denote with
minsol(p, p) this value, and proceed to step 3.
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Step 3: If U resy(p) U {ur| > minsol(p, p)} is T-unsatisfiable output fail;
otherwise output succeed.

Note that all the above steps can be effectively executed. In particular, Step 2
can be performed by using any decision procedure for integer linear arithmetic
(since integer linear arithmetic is a decidable and complete theory), whereas
Step 3 can be performed by using the available decision procedure for T'.

3.5 An Example

As an example of how our decision procedure works, let us consider the following
T-valid F2LSC-formula, where T is the empty ur-theory:

e={upUzr — |zU{u}| <[z + [{u}]. (1)

Clearly, in order to prove that () is 7-valid, it suffices to prove that the
following conjunction

_Jrz={u}Uz,
[ {ﬂuxu {u}] < |z| + |{u}|>}

is T-unsatisfiable. After applying the variable abstraction phase we obtain the
following conjunction ¢’ U ¢’:

r=yUx,
' Yy = {U} " v |Z|7
— ’ — —

Y = z:{Eva 4 Y = ZQ:I:E||) )

—(v1 < v2 + v3) 3= 1Y
which is partitioned in:

Yur =0, @int = {(v1 <v2+w3)},
r=yUx, U1:|Z|7

set = y=1{u}, o, Psize = § V2 = 2],
z=xzUy vz = |y

We now need to guess an arrangement p = (R, I1, at). Since U, = (), the only
possible choice for R is R = (. On the other hand, since Vo = {z,y, 2z}, there
are 22°~1 possible choices for IT, and for each of them there are many choices
for at. Nevertheless, there are only two arrangements, depicted in Figures [and
2 which satisfy all properties (C1)—-(C7).

Let us consider the arrangement p = (R, I, at) depicted in Figure [ and
formally defined by:

R=10, mi(z) = m(y) =m(z) =1,
I ={m,ms}, mo(x) =ma(z) =1,
at(u) = m , ma(y) =0
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I = {7(1,”2}
at(u) = m
Fig. 1. An arrangement.
A
11 = {7(1}
at(u) = m

Fig. 2. An arrangement.

We have
Up, = 1,
0 < g, ,
resint(p) = V1 = Un, + Uny, o,
V2 = Uny

v3 - ’U‘n'l + vﬂ'z

and therefore Step 2 of the check phase fails, since @i U resine(p) is unsatisfiable
(in Z).

Similarly, it can be verified that Step 2 of the check phase also fails with the
arrangement depicted in Figure[2. Thus, the check phase fails with all possible
arrangements, and therefore we conclude that ¢ is T-unsatisfiable, and conse-
quently that () is 7T-valid.
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4 Soundness, Completeness and Decidability

In this section we prove that our decision procedure is sound and complete for the
T-satisfiability of conjunctions of F2LSC-literals. Let us start with soundness.

Theorem 1 (soundness). Let ¢ = @y U @int U pset U 0size be a congunction of
F2LSC-literals in separate form, and let T be an ur-theory. Assume that there
exists an arrangement p = (R, I, at) of ¢ such that:

(i) p satisfies conditions (C1)-(C7) of page [L1l;
(7) Pint U resine(p) is satisfiable (in Z);
(i) pur U resye(p) U {|ur] > minsol(p, p)} is T-satisfiable.

Then ¢ is T-satisfiable.

Proof. Let A be a T-interpretation satisfying Yur U resyc(p), and let B be a
solution of it U resing(¢) such that ZWEH > = minsol(p, p).

We now start to define an interpretation M. First, we specify the domains
by putting My, = Ay, Mint = Z, and My = {a € 24 : a is finite}. Then, we
put uM = uA, for every ur-variable u, and vM = u8B, for every int-variable v.

In order to define M over the set-variables, we first define M over the places
in IT by means of the following construction:

— If 7 € range(at) then there exists an ur-variable u € U, such that at(u) =,
and we put 7™ = {u™}. Note that this definition is sound. In fact, if there
are two ur-variables u,v € U, such that at(u) = 7 and at(v) = 7 then, by
property (C1), uRv follows, and therefore the literal u = v is in res,(p),
which implies that uM = vM.

— If instead 7 ¢ range(at) then we pick v3 elements in A,, and we put 7
be the set of such picked elements.

M to

It is important that the above construction satisfy the property that the sets
7M’s be pairwise disjoint, that is, 7T0 N 7r1 = (), for every two distinct places
mg, 1 € II. Thlb property can certainly be forced, provided that A, contains at
least Y ;7 v5 elements. Indeed, = minsol(p, p) and A,, has at least
minsol(p, p) elements.

We can now define M over the set-variables, by putting M = Uﬂ'(m):l M,
for every set-variable .

We claim that M is a T-interpretation satisfying . Clearly, M satisfies
T U pur U @int. Moreover, it is easy to verify that, in virtue of properties (C2)-
(CT7), M also satisfies all the literals in p¢e. Finally, consider a literal of the form

mell 7r

v = |z] in @size. We have [zM] = Uw(z)zl ™| = Eﬂ(w)Zl M| = Zﬂ(x)Zl UE?
and since the literal > ) _; vz = v is in resine(p), we infer that |zM| = B =
vM. This concludes the proof. O

Our decision procedure is also complete, as proved by the following theorem.
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Theorem 2 (completeness). Let ¢ = @y U@int U @set U psize be a T-satisfiable
congunction of F2LSC-literals in separate form.
Then there exists an arrangement p = (R, II, at) of ¢ such that:

(a) p satisfies conditions (C1)-(C7) of page [I[ITk
(b) Gint U resint(p) is satisfiable (in Z);
(¢) our Uresy(p) U {|ur| > minsol(p, p)} is T-satisfiable.

Proof. Let M be a T-interpretation satisfying ¢. Let us define an arrangement
p= (R, I, at) of ¢ as follows:

— for each two variables u,v € U,, we let uRv if and only if uM = oM
— I = {7 : vennp(m) # 0};
— for each u € Uy, we let at(u) be the unique place 7 such that venn(m) =

{u}

Note that, by construction, we have that

)

(i) m(z) = 1if and only if venn(m) C 2™, for each 7 € IT and = € V;
(i) aM = U ()21 vEnRM ().

We can now verify that p satisfies conditions (C1)—(C7) of page [0l

(C1) By construction.

(C2) Let the literal z = y be in @ and assume, for a contradiction, that
m(x) # 7(y), for some place m € IT. Without loss of generality, let m(z) =1
and 7(y) = 0. Since 2™ = yM, we have that venn(7) C 2™ and
venn (m) € y™ = 2™, a contradiction.

(C3) Let the literal x # y be in pg. Then 2™ # yM. If it were 7(z) = 7(y),
for each place 7 € II, then by (ii) above we would have z™ = y™, a
contradiction.

(C4) Let the literal x = {u} be in pe;. Then at(u) = 7 iff venn (1) = {u™
iff vennq(m) C {uM} iff vennpy C M iff 7(x) = 1.

(C5) Let the literal z = y U 2z be in @ger. Then 7(z) = 1 iff vennyy(r) C 2™
iff vennp(m) € yM U 2M iff venna(n) C y™M V vennpy(r) C 2M iff
m(y) =1Vm(z) =1.

(C6) Analogously to condition (C5).

(C7) Analogously to condition (C5).

Next, in order to verify property (b), notice that by assumption M satisfies
©int- In addition, since the variables v;’s do not occur in ¢, we can safely extend
M by letting vM = |vennq(n)|, for each place m € IT. We claim that now M
also satisfies resint(p). In fact:

— Let the literal v; > 0 be in resin(p). Since venna(7) # @ it follows that
M
v > 0.

® Such place exists because for each u € U,, there must be a literal of the form = = {u}

11 Pset -
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— Let the literal v, = 1 be in resin(p), for some m € range(at). Then at(u) = x,
for some variable u € U,,. It follows that venna(m) = {u™} which implies

M
vyt =1.

— Let the literal v = 37, v= be in resint(p). Then the literal v = [z] is
in @gze, and therefore v™ = |zM|. By property (ii) we have vM = [2M]| =

Zﬂ'(z):l lvenn ()| = Zﬂ(z):l v

It remains to verify that property (c) also holds. To do this, note that by
assumption M satisfies oy, and that by construction M satisfies res,(p). In
addition, we claim that M, has at least minsol(y, p) elements. In fact M, as at
least Y ;v elements and > 5 v2* > minsol(p, p). Therefore M satisfies

|ur] > n, which completes the proof. O

Combining Theorems [[land Rl with the observation that there is only a finite
number of arrangements of any collection ¢ of F2LSC-literals in separate form,
we obtain the following decidability result.

Theorem 3 (decidability). Let T be an ur-theory for which a decision pro-
cedure for unquantified pure ur-formulae is available. Then the T-satisfiability
problem of unquantified formulae in the language F2LSC is decidable.

5 Conclusion

We defined the constraint language F2LSC for combining finite sets with inte-
gers and ur-elements in the presence of a cardinality operator. We then presented
a decision procedure for F2LSC and we proved its correctness. In particular,
our decision procedure remains correct even if the underlying theory 7' of the
ur-elements is not stably infinite.

Although not shown in this paper, it is easy to verify that our decision pro-
cedure can be easily adapted to the case of sets of integers, thus allowing the
expression of constraints of the form |z| € , which are forbidden by the syntax
of F2LSC.

Regarding future research, we plan to develop smart heuristics for exploring
the space of all possible arrangements. We also plan to extend the results of this
paper to the general case in which sets may be infinite.
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Abstract. The solving engines of most of constraint programming sys-
tems use interval-based consistency techniques to process nonlinear sys-
tems over the reals. However, few symbolic-interval cooperative solvers
are implemented. The challenge is twofold: control of the amount of sym-
bolic computations, and prediction of the accuracy of interval computa-
tions over transformed systems.

In this paper, we introduce a new symbolic pre-processing for interval
branch-and-prune algorithms based on box consistency. The symbolic
algorithm computes a linear relaxation by abstraction of the nonlinear
terms. The resulting rectangular linear system is processed by Gaus-
sian elimination. Control strategies of the densification of systems during
elimination are devised. Three scalable problems known to be hard for
box consistency are efficiently solved.

1 Introduction

Except in CLP(R) [11] and RISC-CLP(Real) [10], real constraint solving is im-
plemented in most recent constraint programming platforms and systems by hy-
brid methods that combine interval methods and local consistency techniques:
In CLP systems like CLIP [9], CLP(BNR) [3], DeclIC [6], ECL'PS® [19] and
PrologIV [1]; in libraries like ILOG Solver [14]; and in specific systems like Nu-
merica [I8]. However, only a few platforms, e.g., Unicalc [15] and the system
of [12], integrate a symbolic-interval cooperative solver (see [§] for a survey of
the symbolic-interval cooperation in constraint programming). The goal is to
improve the precision of numerically computed solutions by changing constraint
representation. The first problem is to control the amount of symbolic com-
putations. For instance, in [12], Grébner bases are computed for systems of
polynomial equations, but the algorithms are exponential in time and memory.
The second problem is to predict the precision of interval computations over the
transformed systems. In general, as proposed in [16], redundant constraints are
added to the constraint store, to ensure that the precision is equivalent in the
worst case. Nevertheless, the whole process can be slower. Actually, the control
of symbolic computations is crucial for efficiency.

In this paper, we are interested in symbolic pre-processings for box consis-
tency [2], an adaptation of arc consistency over intervals. This technique has

A. Armando (Ed.): FroCoS 2002, LNAT 2309, pp. 117-[[31], 2002.
© Springer-Verlag Berlin Heidelberg 2002
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been implemented in Numerica [18], a modeling language which solving engine
has been shown to be efficient for a wide class of problems. Nevertheless, box
consistency can be weak. This is due to the locality of reasonings inherited from
arc consistency, and to the dependency problem of interval arithmetic. Several
attempts have been made to handle these problems: in [12]7], use of computer
algebra methods to combine constraints; in [4], factorization of constraint ex-
pressions to eliminate occurrences of variables; in [I8]16], computation of linear
relaxations using Taylor series. Note that interval-based expansions in Taylor
series are precise for tight variable domains.

The first contribution of this paper is a new symbolic pre-processing for box
consistency over systems of nonlinear equations. The core algorithm performs
a Gaussian elimination over a linear relaxation of the user system obtained by
abstraction of nonlinear terms. Note that a similar idea is expressed in [20] for
systems of inequations and the simplex algorithm (the abstraction process is
slightly different). The main motivation is to eliminate occurrences of patterns
occurring in the user system. Control strategies of elimination steps are devised
since in general, the linear systems to be processed are (n x m) systems where
m >> n. The aim is to keep the density of linear systems in reasonable bounds.
With respect to related works, our algorithm handles both problems inherent
in box consistency; it is polynomial in time and memory (e.g., with respect to
Grobner bases computations); and it is efficient for large domains (e.g., with
respect to expansions in Taylor series).

The second contribution of this paper concerns the solving of three scalable
problems (two are quasi-linear) known to be hard for box consistency: the prob-
lems of Bratu, Brown, and Yamamura that can be found in [20[7]. The lack of
precision of box consistency computations induces the generation of a huge num-
ber of quasi-solutions. The symbolic pre-processing generates quasi triangular or
diagonal forms for which box consistency is efficient.

The rest of the paper is organized as follows. Interval techniques are presented
in Section Pl The new symbolic pre-processing is introduced in Section [ In
Section Ml a set of experiments are discussed. We conclude in Section

2 Interval Constraints

2.1 Real-Based Structure
Consider a structure X = (R, O, {=}) and a set of variables X over R.
Definition 1 (X-term). A X-term is defined by structural induction as follows:

— FEvery constant r € R is a X-term.

— FEvery variable x € X is a X-term.

— Given an operation symbol & € O of arity n, and n X-terms t1, ..., ty,
Oty ... ty) is a X-term.

X -terms are commonly called expressions. Given a X-term t, let V; denote the
set of variables occurring in t.
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In the following, X-terms are interpreted as real functions, as follows: R corre-
sponds to the set of real numbers, and O = {+, —, x, +,... } is the set of usual
operations over R. Given a Y-term ¢ with n = V;, the corresponding function is
defined by

F:R" =R, (x1,...,2,) — t(x1,...,2Zp).

Note that a real function can be defined by infinitely many X-terms. In the fol-
lowing, we will describe symbolic algorithms on Y-terms preserving the equiva-
lence of the corresponding functions.

2.2 Interval Arithmetic

Real Interval Arithmetic. Interval Arithmetic (IA) is an arithmetic over sets
of real numbers called intervals. IA has been proposed by Ramon E. Moore [13]
in the late sixties in order to model uncertainty, and to tackle rounding errors
of numerical computations.

Definition 2 (interval). A4 closed real interval is a closed and connected set of
real numbers. The set of closed real intervals is denoted by IR. Every € IR is
denoted by [z,T], where its bounds are defined by x = inf & and T = supx.

In the following, elements of IR are simply called real intervals.

In order to represent the real line with closed sets, R is compactified in the
obvious way with the infinities {—o00, +00}. The set IR is then augmented, for
every r € R, with the following intervals:

[-oo,r] = {zeR|x<r}
[r,4o0] = {zeR|z>r}
[~00,+¢] = R

The usual conventions apply: (+00) + (+00) = 400, etc. Given a subset p of R,
the convex hull of p is the real interval

Hull (p) = [inf p, sup p].

The width of a real interval @ is the real number w(x) =7 — z.

Elements of IR™ also define boxes. Given (x1,...,%,)T € IR", the corre-
sponding box is the Cartesian product of intervals X = x; X -+ X x,. By
misuse of notation, the same symbol is used for vectors and boxes. The width of
a box is defined as follows:

W(LL X+ X Ty) = 1@?<an(mi)
N

TA operations are set theoretic extensions of the corresponding real opera-
tions. Given x,y € IR and an operation ¢ € {4, —, X, +}, we have:

Oy = Hull ({z0y | (z,y) € © x y}).
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They can be implemented by real computations over the bounds of intervals.
Note that the following formulas for multiplication and division are valid only
for non-infinite intervals. Given two intervals & = [a,b] and y = [¢, d], we have:

xr + y = [a+e b+
x — y = [a—d,b—(]
x X y = [min{ac,ad,be, bd}, max{ac,ad,bc, bd}]
x + y = [min{a/c,a/d,b/c,b/d}, max{a/c,a/d,b/c,b/d}] if O & [c,d]
" — { [a™, b"™] if n is an odd natural number
[0, max{|al, |b|}"] if n is even

The associative and commutative laws are preserved over IR. However, the dis-
tributive law does not always hold. Only the so-called sub-distributive law holds.
For all x,y, z € IR, we have:

associativity: (x+y)+z=x+ (y+2) (xy)z = x(y=)
commutativity: (x+y)=(y+x) Ty = yx
sub-distributivity: rx (y+z)Cexy+xxz

An immediate consequence of sub-distributivity is that factorized interval ex-
pressions give tighter interval computations. For instance, we have

VeeR, & x (2 +1) Cx x x® 4+ x.
But if  x «3 is replaced with a*, the sub-distributive law is not verified. For
instance, given x = [—2, 1], we have:

7,4 =2 x (23 +1) L z* +x =[-2,17].

A fundamental problem in Interval Arithmetic consists in finding expressions
that lead to tight interval computations.

Floating-Point Interval Arithmetic. Let F be the set of machine-represen-
table IEEE floating-point numbers, that is a finite subset of rational numbers.
Given a floating-point number a, let a™ denote min{z € F | z > a} and let a~
denote max{z € F |z < a}.

In practice, the set of real intervals IR is replaced with the set of floating-point
intervals IF. A floating-point interval is a real interval bounded by floating-point
numbers. The main difference between IR and IF is that computations over IF
need to be rounded. Given a real number r € R, we define:

downward rounding: |r| =max{z €F |z <r}
upward rounding: [r] =min{x € F |z > r}

Real intervals are mapped on IF by outward rounding, as follows: Each [a,b] €
IR is replaced with [|a], [b]] € IF. Actually, Floating-Point IA corresponds to
Real TA where all intermediate results of interval computations are outward
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rounded. This way, some properties of IR are preserved: commutativity, sub-
distributivity, fundamental theorem of TA, monotonicity of natural extensions
for inclusion. Nevertheless, two important properties are lost: associativity and
Moore’s theorem described in the next section.

In the following, we will consider Floating-Point TA. Note that the results
also hold for IR. The set IF will be simply denoted by I. Elements of IF will be
called intervals. X-terms will be referred to as terms or expressions.

2.3 Interval Extensions

TA is able to represent outer approximations of real quantities. The range of a
real function f over a domain D, denoted by f“(D), can be computed by interval
extensions.

Definition 3 (interval extension). An interval extension of a real function
f:Dy CR"™ = R is a function ¢ : I" — I such that

VX el', (X €Dy = fU(X) = {f(X)| X € X} C o(X)).

This inclusion formula is called Fundamental Theorem of TA. Interval extensions
are also called interval forms or inclusion functions.

This definition implies the existence of infinitely many interval extensions of
a given real function. Natural extensions are obtained from expressions of real
functions. As for X-terms, consider an interval structure X’ = (I, 0, {=}), a set
of variables X’ over I, and the set of X/-terms interpreted as interval functions.

Definition 4 (natural extension). Let t be a X-term and let n = V;. Let
t = o(t) be the X'-term obtained from t by structural induction as follows:

—ift=r R thent =o(t) = Hull ({r});

—ift=x,€ X thent=0(t) =z; € X';

—ift=C(t, ..y tm) thent = o(t) = O (o(ty),...,0(tm)), where O € O is
the corresponding operation to & € O.

Let the real function f : (x1,...,x,) — t(z1,...,2,) be the interpretation of t,
and let f: (x1,...,@xn) — t(x1,...,Ty) be the interpretation of t. The interval
function f : 1™ — I is called the natural extension of f w.r.t. t. The evaluation
of f is called natural interval evaluation of f w.r.t. ¢.

Natural extensions are inclusion monotonic, that follows from the monotonicity
of interval operations.

In Def. B natural extensions are defined by the syntax of real expressions. In
particular, two expressions of a given real function f generally lead to different
natural interval extensions. The overestimation problem, known as dependency
problem of IA, is due to the decorrelation of the occurrences of a variable during
interval evaluation. For instance, given x = [a, b] with a # b, we have:

x—x=[a—0bb—al20.

An important result is Moore’s theorem known as Theorem of single occurrences.
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Theorem 1 (Moore [13]). Let t be a X-term and let the real function f :
Dy C R* = R, (z1,...,2y) — t(z1,...,2,) be the interpretation of t. If x;
occurs only once int, 1 <1< n, then

VX e R, (X C Dy = fUX) = f(X)).

In other words, there is no overestimation over IR if all variables occur only once
in the given expression.

2.4 Constraints

We consider the duality expression-relation of constraints. A real constraint is
either a subset of R™ or a formula made from a relation symbol and X-terms.
An interval constraint is defined in the same way from X’. In this paper, we only
consider equations. Moreover, we consider that an interval domain is associated
with each variable. A constraint c is said to be satisfied/verified by an element
if this element belongs to the relation defined by c.

Definition 5 (natural extension). Consider two terms t and u such that
Vi={z1,...,xp,...,xn}t and V,, = {xk, ..., Tpn,...,Tm}. Let f be the function
defined by t, and let g be the function defined by w. Let ¢ : t = u be a real
constraint. The natural extension of c is the interval constraint defined by

Jt=u
C: {{(ml,...,wm)eﬂm|f(a:l,...,wn)ﬂg(wk7-~-7wm)}7’5@}

The main property guaranteed by IA is the following: if C' is empty, then ¢ has
no solution.

Ezample 1 (rejection of a box). Consider the natural extension of a constraint

c:x? —x =1y + 3. Then ¢ has no solution in the box [0, 1] x [—1, 1] since

([0, 1 = [0, 1) N ([-1,1] + [3,3]) = @.

Unfortunately, interval evaluation alone is often too weak. For instance, a very
large domain that contains only one solution of the real constraint cannot be
reduced. There is a need for domain pruning (narrowing) operators.The so-called
box consistency pruning method will be introduced in the next section.

2.5 Box Consistency

Box consistency [2] is a consistency property of variable domains. Given a vari-
able x occurring in a constraint ¢, conditions on the domain of z guarantee the
satisfaction of c.

We introduce a preliminary definition. Consider a n-ary constraint ¢, a box
X1 X -+ X &, € 1" and a natural 1 < ¢ < n. The i-th projection of ¢ is the set

ﬂi(C) = {.’El | dry € xq,...,dx; 1 € X1,
Tit1 € Tig1,. .., Ty € Ty, (X1, ..., 2,) € .
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Definition 6 (box consistency). Consider a constraint c(xy,...,2,) and a
boxr X . Let C' denote the natural extension of ¢ . Let 1 < i < n be a natural. We
say that x; is box consistent w.r.t. the i-th projection of c if

x; = Hull ({CLz cx; | (331, e, L1, Hull ({ai}), Ligiy--- ,iL‘n) € C})

Interval evaluation alone just checks if X belongs to C'. Box consistency defines
a search procedure on x;. The external convex hull is used to limit the search
at bounds of x;. The associated pruning operator computes the greatest box
consistent interval that is included in ;. This operator is classically implemented
by a dichotomous search combined with an interval Newton method. Interval
evaluation is used to reject the sub-domains.

A more surprising effect is that the dependency problem of IA on x; vanishes.
For instance, the interval evaluation of & — x over IR is replaced with {z — x |
z ex}={0}.

In practice, we are interested in solving a set of constraints given a box (initial
variable domains). The solution set contains the elements of the box satisfying
all constraints. Box consistency has to be combined with a bisection method in
a more general branch-and-prune algorithm [I7]. A set of boxes is maintained,
each box being processed by two operations: domain pruning to contract it, and
domain bisection to generate more precise sub-boxes. The result is a set of boxes
of a given width (precision). Furthermore, the method is complete: the union of
computed boxes is a superset of the solution set.

2.6 Box Consistency Can Be Weak

Box consistency can be weak for two reasons: the dependency problem of TA and
the locality of reasonings.

Ezample 2 (dependency problem). Consider constraint ¢ : x1 + x2 — x2 = 0 and
box [—1,1] x [0,2]. Then x; is box consistent w.r.t. ¢. The satisfaction process
is in two steps: xs is replaced with [0,2] in ¢, that leads to z1 + [—2,2] = 0.
Each bound of x; verifies the natural extension x; + [—2,2] = 0. For instance
we compute for the left bound:

[—1, 1]+ [~2,2] = [-3,1] [~3,1]N[0,0] # @

Ezample 8 (locality of reasonings). Consider constraints ¢; : ¢1 + 22 = 0 and
¢z : w1 — 22 = 0, and box [—1,1]%. There is only one solution (0,0) shared by
c1 and cg. However, box consistency cannot prune the domains. The reason is
that box consistency does not tackle the conjunction c¢; A ¢z as a whole, but ¢y
and co independently. Actually, a reduction of the box would necessarily discard
solutions of each constraint (that is not allowed). The geometric interpretation
can be useful: ¢; and co are the diagonals of the square defined by the box.

Both problems can be handled by symbolic computations: constraint simplifi-
cation for the first one, e.g., factorization, to eliminate occurrences of variables,
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and combination of constraints before interval reasonings for the problem of lo-
cality. In the next section, a new symbolic algorithm that aims at handling both
problems is presented.

3 Symbolic Computations

The dilemma of symbolic-interval cooperations is to improve constraint repre-
sentation for accelerating the whole process (not only the interval process). This
can be achieved by fast, but possibly weak, symbolic computations and precise
interval contractions at low cost.

In this section, we describe a symbolic algorithm for systems of nonlinear
equations over the real numbers that can be used as a pre-processing for interval
branch-and-prune computations. The algorithm first applies an abstraction over
the initial system of equations (see Section B.J). The result is a linear system of
equations and a set of nonlinear equations. The second part combines Gaussian
elimination over the linear system and the linearization of nonlinear equations
if some variables are fixed during elimination (see Section [3:2)). This idea comes
from [5]. The resulting system is a combination of the linear and nonlinear equa-
tions (see Section B33). We expect that some nonlinearities have vanished and
that the system is in partial triangular form. A strategy that controls the sym-
bolic computation steps is proposed in Section 341

Note that for systems of linear equations, our algorithm just performs a
Gaussian elimination.

3.1 Abstraction Phase

Consider a set of nonlinear equations ¢;, 1 < i < m, over n variables z1,...,x,.
Each equation is rewritten as a sum of linear and nonlinear terms, as follows:

Ci: Z a;xj+ Z begr(z1,...,2n) =d;  aj,br €R
J€J; keK;

The abstraction consists in replacing in all constraints each nonlinear term gy
with a fresh variable uy. Constraint ¢; is transformed into

le; Z a;jxj + Z bruk = d;

JjeJ; keK;
We obtain a linear system Lc = {lc1, ..., Iy}
A fresh variable wy, is considered for replacing a nonlinear term g (1, . .., 2y)

only if g has not already been abstracted by a variable w;, | < k. Such a
mechanism uses a dictionary of already parsed nonlinear terms. The effect is the
sharing of equivalent nonlinear terms in the whole system. As a consequence,
the occurrences of a nonlinear term can be eliminated from the linear system.
A second system of nonlinear equations is obtained: Ac = {acy, ..., acy}, called
the abstract system, where acy, is the equation uy = gx(z1,...,2,), 1 <k < p.
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The worst case complexity corresponds to a dense system with no linear term
such that the nonlinear terms are not much different (worst case of dictionary
management). In this case, the form of ¢; is

ci: Z bugn(T1,. .., 2n) = d;

heH;

Let N be an upper bound of the cardinals of the H;. Each g; is compared with
each g; appearing in Ac. Since there are at most mN nonlinear terms in the
initial system, the number of comparisons is bounded by %mN (mN —1). Let
F be an upper bound of the number of operations symbols in the gj. Then,
%mN (mN — 1)F is an upper bound of the number of comparisons of operations
symbols in the worst case. The worst case complexity in time is O(m2N2F).

In practice, we observe a worst case complexity for dense nonlinear systems
in O(m*) since F is generally O(1) and N is O(m). For sparse nonlinear systems,
N is generally O(1). The complexity becomes O(m?F). For dense square linear
systems, the process is O(m?).

3.2 Elimination Phase

We consider both aforementioned linear and abstract systems:

ley : Zjeh a;x; + Zk€K1 brur = di

Lc= :
lCm : ZjEJm a;T; + ZkEKm bkuk = dm
acy :up = g1(x1,. .., Tp)

Ac= :
acp : Up = gp(T1,...,Tn)

Le is a (m,n’ 4+ p)-rectangular linear system, where n’ is the number of original
variables appearing in a linear term (n’ < n). In general, (n’+p) is much greater
than n if few nonlinearities are shared by constraints of the initial system: the
linear system Lc is sparse.

We propose a new algorithm combining Gaussian elimination over Le, and
elimination in Ac of the variables that have been fixed in Lc. This algorithm is
described in Table [l The output is a set of abstract and linear constraints, that
will be transformed by a “concretization” process (see Section B3).

This algorithm is parameterized by two components: a function that chooses
the next pivot; a criterion ControlCriterion that determines if the last elimination
step has been sufficiently efficient. Control strategies are discussed in Section [3.4]

3.3 Concretization Phase

After elimination, the systems Lc and Ac have to be merged. The result is a new
(m,n) system that is equivalent to the initial system: they have the same real
solutions. The concretization phase is a two-step process:



126 Martine Ceberio and Laurent Granvilliers

1. Elimination of abstract variables: each constraint v = g from Ac is
considered, and u is replaced with ¢g in Lc. After this phase, Lc is a (m,n)
system that is equivalent to the initial system.

2. Post-processing: each constraint x; = f from Lc is considered. For each
constraint ¢ in Le¢ such that z; and the variables of f occur in ¢, then x;
is replaced with f in c¢. These constraints are chosen in increasing order of
numbers of variables, occurrences of variables, and operation symbols. An

Exasplergle jp srpsoatedimgloConsider the set S = {z +y? = 0,y + 22 = 0}.
After the first concretization phase, we obtain S’ = {z = —y?,y = —22}. No
elimination has happened since no term is shared among constraints. Neverthe-
less, = can be replaced with —y? in the second constraint. The resulting system
is S = {x = —y%,y = —(—y?)?}. In general, such a process is very efficient for
box consistency computations. There are two reasons:

— one variable is eliminated from ¢ (reduction of locality effects);
— the new occurrences of variables from ¢; do not increase the dependency
problem of TA on y in ¢y (this is a feature of box consistency).

Note that this last reason can be violated in the case of multivariate constraints
(see Section 26). However, we have observed a good average behavior.

3.4 Strategies

The elimination algorithm is parameterized by two components implementing
the choice of pivots, and a stopping criterion. The main problem that may arise
during elimination is a too important densification of the linear system, in par-
ticular if the initial system Lc is much sparse. We have to define a strategy of
choice of pivots in order to control the densification process. Moreover, we pro-
pose to implement a stopping criterion that determines whether an elimination
step does not increase too much the density.

Choice of Pivot. Denote the set of non-marked equations from Lc at elimina-
tion step ¢ by Lc(. The strategy of choice of the i-th pivot (c,x) is as follows,
where the conditions are given in decreasing order of importance:

& necessarily occurs in L \ {c}; ¢, x and (c,z) are said to be eligible;
there is no other eligible constraint with less variables;

the number of non-eligible variables in ¢ is minimum (w.r.t. ¢ € Le®);

x is the variable of ¢ that occurs the least in Le( \ {c};

x is the variable of ¢ that occurs the most in Lc(® \ {c} with the same
coeflicient.

Al

Stopping Criterion. We propose an implementation x of the ControlCriterion
component. Consider the set Le(® of non-marked equations from Le at the i-th
elimination step. Let (¢, z) be the chosen pivot. Denote Lc \ {c} by L, and let I
be the cardinal of L. For each constraint c¢; € L, denote the number of variables
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Table 1. Combination of Gaussian Elimination and Linearization.

Symbolic processing of AcU Lc

Input
Linear system Lc = {lci, ..., lcm} over the set of variables L.
Abstract system Ac = {aci,...,ac,} over the set of variables Az.
Sets of variables X = {z1,..., 2z} and U = {u1,...,up}.
Output
Set of constraints

do
save «— Lc
e Gaussian elimination step
Choose a pivot (lc,y) from Lec such that lc is not marked
Eliminate y in the rest of Lc
Mark Ic for further elimination steps
Lo — Lo\ {y}
e Linearization of abstract constraints in the case of fixed variables
for each univariate equation I¢’ : az = b in Lc do
Mark I¢' for further elimination steps
for each equation u = g with z € g in Ac do
Replace z with b/a in g
if g is linear in « and u,x € Lz
then
Replace v with x in Lc
Lz — Lz\ {u}
Remove u = g from Ac
fi
od
od
while Lz # @ and ControlCriterion(save,Lc) is verified

if ControlCriterion(save,Lc) is not verified

then
return saveU Ac // State before the last elimination
else
return LcU Ac // Final state after complete elimination
fi
from {z1,...,2,} occurring in ¢; by n;, and denote the number of abstract

variables by p;. Let n; and p;- be the values of n; and p; after the elimination

step. We define x as follows:

2
1 1 ny —mn; 4 pi—pj
X l Z ((n— 1 max(l,nj)> + (3 max(1, p;)

c;eL

Criterion x is implemented as the mean value for all the constraints from L of an
estimation of the densification of ¢;. A failure of x means that the elimination
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process has to be stopped on Lc¢(®. The densification formula is a sum of two
terms associated to the user and abstract variables. Intuitively, the densification
due to the user variables is considered as a gentle effect (coefficient (n — 1)~1).
Nevertheless, the densification due to abstract variables is penalized. From a
threshold of 3/4 (resulting from coeflicient 4/3), the growth of the number of
abstract variables is quadratically increased. Finally, note that y always succeeds
if the input system (before abstraction) is linear.

4 Experimental Results

A set of experimental results from a symbolic-interval branch-and-prune algo-
rithm are discussed. The symbolic algorithm is described in the previous section.
The domain pruning algorithm implements box consistency (in its early version).
The branching procedure uses a round-robin strategy. Each bisection stage gen-
erates 3 sub-domains. The width of the output boxes is smaller than 1078.

4.1 Description of Benchmarks

We use as benchmarks three scalable quasi-linear problems and the problem
of Solotarev [7l20]. These problems are intractable for box consistency: a huge
number of quasi-solutions are generated.

Bratu. The user system is square, sparse and quasi-linear:

Tp—1 — 2@k + 1 +hexp(zr) =0, 1<k<n

with g = 2,41 = 0 and h = 1/(n + 1)2. The initial box is [-108, +10%]". The
transformed system is dense and lower triangular:

k
—(k+Dzxp + (k+ 2)xp41 + hZiexp(axi) =0, 1<k<n
i=1

Brown. The user system and the transformed system are given by:

n
2+ Yz, =n+1, 1<k<n—-1 T =Tpy1, 1<k<<n—2
n =1 NTp_1 + T, =n+1,
Mz =1 xﬁ:}(n—kl—nxn_l):l
i=1

The initial box is [-10%, +108]". Gaussian elimination processes the n — 1 user
linear equations. The key strategy consists in choosing x,, as the first pivot since
it occurs with the same coefficient in all equations.
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Yamamura. Yamamura’s system is described by:

n

mk—%Z(ﬂc?—&—kz):O, 1<k<n

i=1

The initial box is [~108, +10%]". The main feature is that each nonlinear term
x?3 is abstracted by only one variable. The transformed system is as follows:

n .

v -3 L (@ 50+ k) =0,
1=

xk+1:x1+%, 1<k<n-1

4.2 Result Analysis

The results on a PC Pentium-I111/933MHz are reported in Table 2l For each
couple of systems (user, trandformed) we give: the number of variables v, the
solving time in seconds, the number of computed solutions (output boxes), and
the number of bisection stages. Blank cases indicate problems that cannot be
solved in less than one hour.

We easily conclude that our symbolic pre-processing is efficient for the set of
benchmarks. A more detailed analysis is described now.

Brown, Yamamura. For both user systems, the abstraction process gen-
erates square linear systems. Gaussian elimination then derives triangular
systems. As a consequence, box consistency is very efficient over the trans-
formed systems.

Bratu. We observe a regular behavior from the problem with 9 variables.
The solving time and the number of bisections double between two con-
secutive systems. Box consistency is exponential for the user systems. The
efficiency of box consistency for the transformed systems is more surprising
since each constraint contains a sum of exponentials. However, the result is
obtained: Bratu’s problem is now a gentle benchmark.

Solotarev. The number of quasi-solutions is decreased with 3 orders of
magnitude, while the solving is 4 times slower. The reason is that a vari-
able has been eliminated from a particular constraint during the symbolic
process. Note that the transformed system is triangular, and that several
quasi-solutions remain. A solution to this phenomena is probably to increase
the precision of interval arithmetic (e.g., using a multi-precision library).

5 Conclusion

We have proposed a new symbolic pre-processing for box consistency. Both of
our objectives have been reached: control of symbolic computations since the
symbolic algorithm is polynomial in time and memory, and improvement of
the precision of interval computations. Solutions for both weaknesses of box
consistency are proposed: linear combination of constraints for the locality of
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reasonings, and elimination of nonlinear patterns for the dependency problem of
interval arithmetic. The experimental results from a prototype are promising.
Three directions for further research are identified. First of all, the combina-
tion of our algorithm with linear relaxations from expansions in Taylor series is
promising. Their complementarity lies in the handling of tight and large domains.
Experimental work will be conducted.
In order to improve the simplification of constraint expressions, elementary
functions could be replaced with polynomial expressions resulting from expan-
sions in Taylor series. However, the loss of precision induced by relaxations has
to be determined.

Table 2. Experimental results (computation times in seconds).

Problem v Solving of initial system Solving of transformed system
Time Solutions Bisections | Time Solutions Bisections

Bratu 5 0.30 2 15 0.30 2 34
6 1.40 6 181 1.30 9 301

7 1.10 3 69 0.60 4 289

8 19.80 60 4012 12.90 95 2014

9 1.20 2 31 0.20 1 10

10 2.30 2 64 0.10 1 0

11 4.40 6 125 0.10 1 0

12 9.40 4 281 0.10 1 0

13 20.50 6 594 0.10 1 0

14 46.40 11 1382 0.20 1 0

15 94.40 12 2765 0.20 1 0

Brown 5 67.70 1228 56282 0.10 2 1
6 [1596.00 20713 1139205 0.10 2 1

7 0.10 2 1

8 0.10 2 1

9 0.10 2 1

10 0.10 2 1

Yamamura 5 0.10 3 55
6 0.10 3 55

7 0.10 3 57

8 0.20 3 56

9 0.20 3 57

10 0.20 3 55

Solotarev 4 | 280.00 254971 439227 |916.00 187 103

For polynomial systems, a comparison with computer algebra techniques like
Grobner bases has to be done. Is our algorithm more efficient for some problems?
For instance, the system of Brown can be a good candidate for this study.
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Abstract. Consider the problem of determining whether a quantifier-
free formula ¢ is satisfiable in some first-order theory 7. Shostak’s al-
gorithm decides this problem for a certain class of theories with both
interpreted and uninterpreted function symbols. We present two new
algorithms based on Shostak’s method. The first is a simple subset of
Shostak’s algorithm for the same class of theories but without uninter-
preted function symbols. This simplified algorithm is easy to understand
and prove correct, providing insight into how and why Shostak’s algo-
rithm works. The simplified algorithm is then used as the foundation for
a generalization of Shostak’s method based on a variation of the Nelson-
Oppen method for combining theories.

1 Introduction

In 1984, Shostak introduced a clever and subtle algorithm which decides the
satisfiability of quantifier-free formulas in a combined theory which includes a
first-order theory (or combination of first-order theories) with certain properties
and the theory of equality with uninterpreted function symbols [12]. But despite
the fact that Shostak’s method is less general than its predecessor, the Nelson-
Oppen method [819], it has generated considerable interest and is the basis for
decision procedures found in several tools, including PVS [10], STeP [HEI6], and
SVC [11217].

There are several good reasons for this. First of all, it is easier to implement:
the Nelson-Oppen method provides a framework for combining decision proce-
dures, but gives no help on how to construct the individual decision procedures.
But as we show in the next section, at the core of Shostak’s procedure is a
simple method for generating decision procedures for a large class of theories.
A second reason for the success of Shostak’s method is that despite requiring
more restrictive conditions in order to accommodate a theory, a wide variety of
useful theories have been shown to satisfy these conditions [4/12]. Finally, em-
pirical studies have shown that Shostak’s method is an order of magnitude more
efficient than the Nelson-Oppen method [5].

Unfortunately, the original paper is difficult to follow, due in part to the fact
that it contains several errors, and despite an ongoing effort to understand and
clarify the method [5ITII4], it remains difficult to understand.

A. Armando (Ed.): FroCoS 2002, LNAI 2309, pp. 132-[[48, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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In this paper, we take a new approach to explaining Shostak’s algorithm.
We first present a subset of the original algorithm, in particular, the subset
which decides formulas without uninterpreted function symbols. This algorithm
is surprisingly simple and straightforward, and gives considerable insight into
how Shostak’s algorithm works.

This algorithm then forms the basis for a more general algorithm that lies at
an abstraction level somewhere between the general Nelson-Oppen framework
and the highly-specialized Shostak procedure. The purpose is to describe an
algorithm which is abstract enough that it can be understood and proved correct,
but specific enough that it is not hard to see how to specialize it further to recover
Shostak’s original algorithm. The correctness proof of this algorithm relies on
a new variation of the Nelson-Oppen procedure and new theorem which relates
convezity (a requirement for Shostak) and stable-infiniteness (a requirement for
Nelson-Oppen).

It is our hope that this exercise will not only shed light on how Shostak’s
method can be seen as an efficient refinement of the Nelson-Oppen method,
but also provide a generalization which can be used to achieve other efficient
refinements. Indeed, one such possible refinement is described in the first author’s
dissertation [3].

In Section 2, below, some preliminary definitions and notation are given.
The simple algorithm without uninterpreted function symbols is presented in
Section 3. Section 4 reviews the Nelson-Oppen method in preparation for the
generalized algorithm which is presented in Section 5. Finally, Section 6 compares
our approach to other work on Shostak’s algorithm and describes the refinements
necessary to recover Shostak’s original algorithm.

2 Preliminary Concepts

2.1 Some Notions from Logic

A theory is a set of closed formulas. For the purposes of this paper, all theories
are assumed to be first-order and to include the axioms of equality. The sig-
nature of a theory is the set of function, predicate (other than equality), and
constant symbols appearing in those sentences. A literal is an atomic formula or
its negation. To avoid confusion with the logical equality symbol =, we use the
symbol = to indicate that two logical expressions are syntactically identical.
For a given model, M, a variable assignment p is a function which assigns to
each variable an element of the domain of M. We write M |=, ¢ if ¢ is true in
the model M with variable assignment p. If & is a set of formulas, then M =, ¢
indicates that M |=, ¢ for each ¢ € ®. In general, whenever sets of formulas are
used as logical formulas, the intended meaning is the conjunction of the formulas
in the set. A formula ¢ is satisfiable if there exists some model M and variable
assignment p such that M |=, ¢. If I' is a set of formulas and ¢ is a formula,
then I" = ¢ means that whenever a model and variable assignment satisfy I,
they also satisfy ¢. A set S of literals is convez in a theory 7 if 7 U S does not
entail any disjunction of equalities between variables without entailing one of
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the equalities itself. A theory 7 is convex if every set of literals in the language
of the theory is convex in 7.

2.2 Equations in Solved Form

Definition 1. A set S of equations is said to be in solved form iff the left-hand
side of each equation in S is a variable which appears only once in S. We refer
to the variables which appear only on the left-hand sides as solitary variables.

A set S of equations in solved form defines an idempotent substitution: the one
which replaces each solitary variable with its corresponding right-hand side. If
S is an expression or set of expressions, we denote the result of applying this
substitution to S by S(S). Another interesting property of equations in solved
form is that the question of whether such a set S entails some formula ¢ in a
theory 7 can be answered simply by determining the validity of S(¢) in 7:

Proposition 1. If 7T is a theory with signature X and S is a set of X-equations
in solved form, then T US = ¢ iff T = S(o).

Proof. Clearly, TUS | ¢ iff TUS | S(¢). Thus we need only show that
TUS E S(¢) iff T = S(¢). The “if” direction is trivial. To show the other
direction, assume that 7 US | S(¢). Any model of 7 can be made to satisfy
T US by assigning any value to the non-solitary variables of S, and then choosing
the value of each solitary variable to match the value of its corresponding right-
hand side. Since none of the solitary variables occur anywhere else in S, this
assignment is well-defined and satisfies S. By assumption then, this model and
assignment also satisfy S(¢), but none of the solitary variables appear in S(¢),
so the initial arbitrary assignment to non-solitary variables must be sufficient to
satisfy S(¢). Thus it must be the case that every model of T satisfies S(¢) with
every variable assignment. a

Corollary 1. If T is a satisfiable theory with signature X and S is a set of
X -equations in solved form, then T U S is satisfiable.

3 Algorithm S1

In this section we present an algorithm, based on a subset of Shostak’s algorithm,
for deciding satisfiability of quantifier-free formulas in a theory 7 which meets
certain conditions. We call such a theory a Shostak theory.

Definition 2. A satisfiable theory T with signature X is a Shostak theory if the
following conditions hold.

1. X does not contain any predicate symbols.
2. T is convex.
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3. There exists a canonizer canon, a computable function from X -terms to X-
terms, with the property that T = a = b iff canon(a) = canon(b).
4. There exists a solver solve, a computable function from X-equations to sets
of formulas defined as follows:
(a) If T = a #b, then solve(a = b) = {false}.
(b) Otherwise, solve(a =b) returns a set S of equations in solved form such
that T |= [(a = b) « 37.S], where T is the set of variables which appear
i S but not in a or b. Fach of these variables must be fresh.

These requirements are slightly different from those given by Shostak and others.
These differences are discussed in Section [B below. In the rest of this section,
7T is assumed to be a Shostak theory with signature X', canonizer canon, and
solver solve. As we will show, the solver can be used to convert an arbitrary
set of equations into a set of equations in solved form. The canonizer is used to
determine whether a specific equality is entailed by a set of equations in solved
form, as shown by the following proposition.

Proposition 2. If S is a set of X-equations in solved form, then TUS EFa=1>
iff canon(S(a)) = canon(S(b)).

Proof. By Propositiondl, TUS Ea=0b0iff 7 |= S(a) = S(b). But 7 |= S(a) =
S(b) iff canon(S(a)) = canon(S(b)) by the definition of canon. O

1(I, A, canon, solve)
S:=10;
WHILE ' # () DO BEGIN
Remove some equality a =b from I';
a” :=8(a); b :=S8(b);
S* 1= solve(a™ = b");
IF S§* = {false} THEN RETURN FALSE;
S:=8"(S)uS;
END
IF canon(S(a)) = canon(S(b)) for some a # b € A THEN RETURN FALSE;
. RETURN TRUE;

© 00 ~NO Ol WN =W

[
o -

Fig. 1. Algorithm S1: based on a simple subset of Shostak’s algorithm

Algorithm S7 (shown in Fig. [[) makes use of the properties of a Shostak theory to
check the joint satisfiability of an arbitrary set of equalities, I', and an arbitrary
set of disequalities, A, in a Shostak theory with canonizer canon and solver
solve. Since the satisfiability of any quantifier-free formula can be determined by
first converting it to disjunctive normal form, it suffices to have a satisfiability
procedure for a conjunction of literals. Since X' contains no predicate symbols, all
J-literals are either equalities or disequalities. Thus, Algorithm S7 is sufficient
for deciding the satisfiability of quantifier-free X-formulas. Termination of the
algorithm is trivial since each step terminates and each time line 3 is executed the
size of I" is reduced. The following lemmas are needed before proving correctness.
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Lemma 1. If 7' is a theory, I" and © are sets of formulas, and S is a set
of equations in solved form, then for any formula ¢, T' UL UOUS = ¢ iff
T'UruSO)uUS E ¢.

Proof. Follows trivially from the fact that ©® US and S(©) U S are satisfied by
exactly the same models and variable assignments. ]

Lemma 2. If I' is any set of formulas, then for any formula ¢, and X'-terms a
and b,
TUI'U{a=0b} ¢ iff T UI'Usolve(a =) = ¢.

Proof.

=: Given that 7 U I' U {a = b} |= ¢, suppose that M |=, T U I U solve(a = b).
It is easy to see from the definition of solve that M =, a = b and hence by the
hypothesis, M |=, ¢.

<«: Given that 7 UI'U solve(a = b) = ¢, suppose that M =, 7 U I U {a = b}.
Then, since 7 = (a = b) < IT.solve(a = b), there exists a modified assignment
p* which assigns values to all the variables in T and satisfies solve(a = b) but is
otherwise equivalent to p. Then, by the hypothesis, M |=,- ¢. But the variables
in T are new variables, so they do not appear in ¢, meaning that changing their
values cannot affect whether ¢ is true. Thus, M =, ¢. O

Lemma 3. IfI', {a = b}, and S are sets of X-formulas, with S in solved form,
and if 8* = solve(S(a = b)) then if S* # {false}, then for every formula ¢,
TUNU{a=blUSE®if TUTIUS US*(S) E ¢.

Proof.

TUlu{a=b0lUSE¢ & TUIu{Sa=b}USE¢ Lemmall
& TUIUS*USE¢ Lemma 21
& TUTUS*usS*(S)Ede Lemma [T]

Lemma 4. During the execution of Algorithm S1, S is always in solved form.

Proof. Clearly, S is in solved form initially. Consider one iteration. By construc-
tion, a* and b* do not contain any of the solitary variables of S, and thus by
the definition of solve, S* doesn’t either. Furthermore, if §* = {false} then the
algorithm terminates at line 6. Thus, at line 7, $* must be in solved form. Ap-
plying &* to S guarantees that none of the solitary variables of S* appear in S,
so the new value of S is also in solved form. O

Lemma 5. Let I, and S, be the values of I' and S after the while loop in
Algorithm S1 has been executed n times. Then for each n, and any formula ¢,
the following invariant holds: TUITy = ¢ iff TUT,US, E ¢.
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Proof. The proof is by induction on n. For n = 0, the invariant holds trivially.
Now suppose the invariant holds for some k£ > 0. Consider the next iteration.

TUlhE¢ & TUILUS E¢ Induction Hypothesis
& TUI11U{a=0b}US, E¢ Line3
& TUIL1US*US*(Sk) =¢  Lemmas B and @
< T U1 USkt |: 10} Line 7

Now we can show the correctness of Algorithm S1.

Theorem 1. Suppose T is a Shostak theory with signature X, canonizer canon,
and solver solve. If I' is a set of X -equalities and A is a set of X-disequalities,
then T U ' U A is satisfiable iff S1(I', A, canon, solve) = TRUE.

Proof. Suppose S1(I', A, canon, solve) = FALSE. If the algorithm terminates at
line 9, then, canon(S(a)) = canon(S(b)) for some a # b € A. It follows from
Proposition Pl and Lemma B that T U T | a = b, so clearly T UT' U A is
not satisfiable. The other possibility is that the algorithm terminates at line 6.
Suppose the loop has been executed n times and that I, and S,, are the values
of I" and S at the end of the last loop. It must be the case that 7 = a* # b*, so
T U{a* = b*} is unsatisfiable. Clearly then, 7 U{a* = b*}US,, is unsatisfiable, so
by Lemma[ll 7U{a = b} US,, is unsatisfiable. But {a = b} is a subset of I, so
T Ul US, must be unsatisfiable, and thus by Lemmal[d], 7 U I" is unsatisfiable.

Suppose on the other hand that S1(I', A, canon, solve) = TRUE. Then the
algorithm terminates at line 10. By Lemma [, S is in solved form. Let A be
the disjunction of equalities equivalent to —(A). Since the algorithm does not
terminate at line 9, 7 US does not entail any equality in A. Because 7 is convex,
it follows that 7US [~ A. Now, since 7 US is satisfiable by Corollary [I] it follows
that 7 U S U A is satisfiable. But by Lemmapl 7UTI' = ¢ iff TUS E ¢, so in
particular 7US | I'. Thus 7T US U AU I is satisfiable, and hence 7 U " U A
is satisfiable. O

3.1 An Example

Perhaps the most obvious example of a Shostak theory is the theory of linear
rational arithmetic. A simple canonizer for this theory can be obtained by im-
posing an order on all variables (lexicographic or otherwise), and combining like
terms. For example, canon(z + 3y — x — 5z) = —x + 3y + (—4z). Similarly, a
solver can be obtained simply by solving for one of the variables in an equation.
Consider the following system of equations:

r+3y—2z =1

r—y—6z =1

20+ 8y —22=3
The following table shows values for I'; S, S(a = b), and S* at each iteration of
Algorithm S7 starting with I' = {a4+3y—2z = 1,2—y—6z = 1,22+8y—2z = 3}:
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r S S(a=0b) S*
z+3y—2z=1 |0 r+3y—2z2=1 r=1-3y+2z
r—y—6z=1
2c + 8y —22=3
r—y—6z=1 |z=1-3y+221-3y+2z2—y—62=1 |y=—=z
20 +8y — 2z =3
20+ 8y —2z=3lx =145z 2(1 +52z) + 8(—z) — 2z = 3|false
y=—z
The solver detects an inconsistency when it tries to solve the equation obtained
after applying the substitution from S. The solver indicates this by returning
{false}, which results in the algorithm returning FALSE.

3.2 Combining Shostak Theories

In [12], Shostak claims that two Shostak theories can always be combined to
form a new Shostak theory. A canonizer for the combined theory is obtained
simply by composing the canonizers from each individual theory. A solver for
the combined theory is ostensibly obtained by repeatedly applying the solver for
each theory (treating terms in other theories as variables) until a true variable
is on the left-hand side of each equation in the solved form. This does in fact
work for many theories, providing a simple and efficient method for combining
Shostak theories. However, as pointed out in [7] and [11], the construction of the
solver as described is not always possible. We do not address this issue here, but
mention it as a question which warrants further investigation.

4 The Nelson-Oppen Combination Method

Nelson and Oppen [89] described a method for combining decision procedures
for theories which are stably-infinite and have disjoint signatures. A theory 7 is
stably-infinite if any quantifier-free formula is satisfiable in some model of 7 iff
it is satisfiable in an infinite model of 7. In this section, we assume 7; and 75
are two such theories with signatures Xy and X5 respectively (the generalization
to more than two theories is straightforward). Furthermore, we let 7 = 73 U7
and X = Y U Xs. The Nelson-Oppen procedure decides the satisfiability in 7°
of a set @ of X-literals.

4.1 Tinelli and Harandi’s Approach

There have been many detailed presentations of the Nelson-Oppen method.
Tinelli and Harandi’s approach is particularly appealing because it is rigorous
and conceptually simple [I3]. Here we give a brief review of the method based
on their approach. First, a few more definitions are required.

Members of X;, for i = 1,2 are called i-symbols. In order to associate all terms
with some theory, each variable is also arbitrarily associated with either 77 or 75.
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A variable is called an i-variable if it is associated with 7; (note that an i-variable
is not an i-symbol, as it is not a member of X;). A Y-term ¢ is an i-term if it
is an i-variable, a constant i-symbol, or an application of a functional i-symbol.
An i-predicate is an application of a predicate i-symbol. An atomic i-formula
is an an i-predicate or an equality whose left term is an i-term. An i-literal is
an atomic i-formula or the negation of an atomic i-formula. An occurrence of
a j-term t in either a term or a literal is i-alien if ¢ # j and all super-terms (if
any) of ¢ are i-terms. An i-term or i-literal is pure if it contains only i-symbols
(i.e. its i-alien sub-terms are all variables).

Given an equivalence relation ~, let dom.. be the domain of the relation. We
define the following sets of formulas induced by ~:

E.={x=y|xy€dom. and x ~ y}
D.={x#y|z,y € dom. and x £ y}
A.=E_UD..

Let Ar be a set of equalities and disequalities. If Ar = A. for some equiva-
lence relation ~ with domain V, we call Ar an arrangement of V.

The first step in determining the satisfiability of @ is to transform @ into
an equisatisfiable formula @; A @3 where @; consists only of pure i-literals as
follows. Let v be some i-literal in @ containing a non-variable i-alien j-term ¢.
Replace all occurrences of ¢ in ¢ with a new j-variable z and add the equation
z =t to . Repeat until every literal in @ is pure. The literals can then easily
be partitioned into @1 and ®,. It is easy to see that & is satisfiable if and only
if &1 A @ is satisfiable.

Now, let V be the set of all variables which appear in both ¢; and ®5. A
simple version of the Nelson-Oppen procedure simply guesses an equivalence
relation ~ on V nondeterministically, and then checks whether 7; U ®; U A is
satisfiable. The correctness of the procedure is based on the following theorem
from [13].

Theorem 2. Let 7, and Tz be two stably-infinite, signature-disjoint theories and
let @; be a set of pure i-literals for i = 1,2. Let V be the set of variables which
appear in both ®1 and 5. Then Ty UTy U1 U Dy is satisfiable iff there exists an
arrangement Ar of V such that T; U ®; U Ar is satisfiable for i =1,2.

4.2 A Variation of the Nelson-Oppen Procedure

The first step in the version of the Nelson-Oppen procedure described above
changes the structure and number of literals in . However, it is possible to give
a version of the procedure which does not change the literals in @ by instead
treating alien terms as variables. This simplifies the algorithm by eliminating the
need for the purification step. But more importantly, this variation is required
for the combination of Shostak and Nelson-Oppen described next.

First, we introduce a purifying operator which formalizes the notion of treat-
ing alien terms as variables. Let v be a mapping from X-terms to variables such
that for ¢ = 1,2, each i-term ¢ is mapped to a fresh i-variable v(t). Then, for
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some Y-formula or X-term «, define 7;(«) to be the result of replacing all i-alien
occurrences of terms ¢ by v(t). It is easy to see that as a result, v;(«) is i-pure.
Since ~; simply replaces terms with unique place-holders, it is injective. We will
denote its inverse by v, 1. We will also denote by ~o(c) the result of replacing
each maximal term (i.e. terms without any super-terms) ¢ in « by v(t). Thus,
the only terms in 7o(a) are variables.

Our variation on the Nelson-Oppen procedure works as follows. Given a set
of literals, @, first partition @ into two sets ¢; and @5, where @; is exactly the
set of i-literals in @. Let V be the set of all terms which are i-alien (for some
i) in some literal in @ or in some sub-term of some literal in @. V consists of
exactly those terms that would end up being replaced by variables in the original
Nelson-Oppen method. V will also be referred to as the set of shared terms. As
before, an equivalence relation ~ on V is guessed. If 7; U, (®; U A..) is satisfiable
for each 4, then 7 U @ is satisfiable, as shown by the following theorem.

Theorem 3. Let 77 and 15 be two stably-infinite, signature-disjoint theories
and let & be a set of literals in the combined signature X. If @; is the set of
all i-literals in @ and V is the set of shared terms in &, then 7 U Ty U @ is
satisfiable iff there exists an equivalence relation ~ on V such that for i = 1,2,
T Ui (P; U AL) is satisfiable.

Proof.

= Suppose M }=, TUP. Let a ~ biff a,b € V and M =, a = b. Then clearly
for i =1,2, M =, T, U®; U A_. It is then easy to see that 7; U~;(®; U A.) is
satisfiable by choosing a variable assignment which assigns to each variable v(t)
the corresponding value of the term ¢ which it replaces.

<: Suppose that for each i, T; U ~;(P; U A.) is satisfiable. Consider i = 1. Let
©1 be the set of all equations v(t) = t, where t € V is a 1-term. Consider 7, (01).
Since -y, never replaces 1-terms and each v(t) is a new variable, it follows that
~1(61) is in solved form, and its solitary variables are exactly the variables which
are used to replace 1-terms. Thus, by Corollary [ 7; U~ (©;) is satisfiable. Fur-
thermore, since none of the solitary variables of v1(©1) appear in v1($1 U AL),
a satisfiable assignment for 73 U y1(©1) can be constructed from the satisfying
assignment for 73 U1 (P71 U AL) (which exists by hypothesis) so that the result-
ing assignment satisfies 73 U~y (91 U A~ U ©O1). Now, each term in 71 (A4.) is the
right-hand side of some equation in 1 (©1), so by repeatedly applying equations
from v1(61) as substitutions, 71 (A~) can be transformed into y(A~ ), and thus
T1U~1 (@1 UO1)Uxp(A~) must also be satisfiable. Applying the same argument
with =2, we conclude that 7o U~ (P2 U O3) Uvp(A~) is satisfiable. But for each
i, vi(P; U O;) is a set of i-literals. Furthermore, v9(A~ ) is an arrangement of the
variables shared by these two sets, so Theorem P]can be applied to conclude that
T UPUBOLUBO,, and thus 7 U @, is satisfiable. O

5 Combining the Methods

Let 71,75,%1,%5,7, and X be defined as in the previous section, with the
additional assumptions that 77 is a Shostak theory and that neither 77 nor 75
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admits trivial models (typically, theories of interest do not admit trivial models,
or can be easily modified so that this is the case). The following theorem shows
that both theories are also stably-infinite.

Theorem 4. Every convex first-order theory with no trivial models is stably-
infinite.

Proof. Suppose U is a first-order theory which is not stably-infinite. Then there
exists some quantifier-free set of literals @ which is satisfiable in a finite model
of U, but not in an infinite model of U. Let ITP be the existential closure of
@. Then Jz.9 is true in some finite model, but not in any infinite model, of U.
It follows that U U {37.9} is a theory with no infinite models. By first-order
compactness, there must be some finite cardinality n such that there is a model
of U U {Iz.9} of cardinality n, but none of cardinality larger than n. Clearly,
U U @ is satisfiable in some model of size n, but not in any models larger than
n. It follows by the pigeonhole principle that if y;,0 < ¢ < n are fresh variables,
then Y UD =\, ,; yi = y;, but because U has no trivial models (i.e. models of
size 1), U U P W~ y; = y; for any 4, j with ¢ # j. Thus, U is not convex. O

5.1 The Combined Algorithm

Suppose @ is a set of Y-literals. As in Section B2, divide @ into ®; and &,
where @; contains exactly the i-literals of @. Let V be the set of shared terms.
By Theorem Bl 7 U &1 U @, is satisfiable iff there exists an equivalence relation
~ such that for i = 1,2, 7; U~;(®; U A.) is satisfiable.

In order for the approach in Algorithm S7 to function in a multiple-theory
environment, it is necessary to generalize the definition of equations in solved
form to accommodate the notion of treating alien terms as variables. A set S of
equations is said to be in i-solved form if v;(S) is in solved form. If S is a set of
equations in i-solved form and V is an expression or set of expressions in a mixed
language including X;, then we define S(V) to be the result of replacing each left-
hand side in § which occurs as an i-alien in V with the corresponding right-hand
side. Formally, S(V) is redefined to be v; ! (7i(S) (7:(V))), i.e. the application of S
to V should be equivalent to first replacing all i-alien terms with variables in both
S and V, then doing the substitution, and then finally restoring the i-alien terms
to their places. We similarly need to extend the definitions of canon and solve.
Let canon(a) denote v, (canon(y1(a))) and solve(3) denote v; ' (solve(y1(B))).

Now, let I' be the set of equalities in @1 and A the set of disequalities in @;.
Furthermore, let Sats be a decision procedure for satisfiability of literals in 75:

Satg(P) = TRUE iff To U~ya(P) W~ false.

Algorithm §2 is a modification of Algorithm S7 which accommodates the addi-
tional theory 75. Essentially, the algorithm is identical except for the addition
of lines 3 through 5 which check whether @, is consistent in theory 75 with an
arrangement A.. The equivalence relation ~ on V is derived from S as follows:

a~b iff a,beV and canon(S(a)) = canon(S(b))
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S2(I, A, canon, solve, &2, Satz)

1. S:=0;

2. WHILE I' =0 OR —Sats(P2 U A.) DO BEGIN

3.  IF —Saty(P2 U A.) THEN BEGIN

4. IF —|Sat2(¢2 U E~.) THEN RETURN FALSE;

5. ELSE Choose a # b € D~ such that —Sats (P2 U E. U{a # b});
6. END ELSE Remove some equality a =b from [;
7. a* :=8(a); b":=S8(b);

8. S* := solve(a™ = b");

9. IF 8" = {false} THEN RETURN FALSE;

10. S§:=8"(S)US*;

11. END

12. IF a~b for some a # b € A THEN RETURN FALSE;
13. RETURN TRUE;

Fig. 2. Algorithm S2: a generalization of Shostak’s algorithm

In each iteration of the while loop, an equation is processed and integrated
with &. This equation is either the result of the current arrangement being
inconsistent in 73 (lines 3 through 5) or simply an equation from I" (line 6). As
shown below, the definition of ~ ensures that S is consistent with A... Similarly,
equations are added to S until A is also consistent with &,. Thus, when the
algorithm returns TRUE, both ¢; and &, are known to be consistent with the
arrangement A. . Line 5 requires a little explanation. If the algorithm reaches
line 5, it means that &5 U E. U D is not satisfiable in 75, but @, U E, is. It
follows from convexity of 75 that there must be a disequality a # b in D., such
that $2 U E. U {a # b} is not satisfiable in 75.

Algorithm S2 terminates because each step terminates and in each iteration
either the size of I" is reduced by one or two equivalence classes in ~ are merged.
As before, the correctness proof requires a couple of preparatory lemmas.

Lemma 6. Suppose S is a set of X-formulas in 1-solved form, V is a set of X -
terms, and ~ is defined as above. If =~ is an equivalence relation on V such that
T1Uv1(Ax US) is satisfiable, then E.. C Ax. In other words, every arrangement
of V consistent with S must include E..

Proof. Consider an arbitrary equation a = b between terms in V. a =b € E.
iff canon(S(a)) = canon(S(b)) iff (by Proposition 2) 73 U v1(S) E v (a =0b).
So v1(a = b) must be true in every model and assignment satisfying 7; Uy (S).
In particular, if 773 U v1(Ax US) is satisfiable, the corresponding model and
assignment must also satisfy 71 (a = b). Since either the equation a = b or the
disequation a # b must be in A, it must be the case that a = b € A. Thus,
E.CA.. O

Lemma 7. Let I, and S,, be the values of I' and S after the loop in Algorithm
S2 has been executed n times. Then for each n, the following invariant holds:
T U is satisfiable iff there exists an equivalence relation ~ on V such that
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(1) TUn (I UAUALUS,) is satisfiable, and
(2) T U~ (P2 U An) is satisfiable.

Proof. The proof is by induction on n. For the base case, notice that by Theorem
Bl 7 U is satisfiable iff there exists an equivalence relation ~ such that (1) and
(2) hold with n = 0.

Before doing the induction case, we first show that for some fixed equivalence
relation =, (1) and (2) hold when n = k iff (1) and (2) hold when n = k + 1.
Notice that (2) is independent of n, so it is only necessary to consider (1). There
are two cases to consider.

First, suppose that the condition of line 3 is true and line 5 is executed. We
first show that (1) holds when n = k iff the following holds:

(3) T Uy (k41 UAU AL U {a = b} USy) is satisfiable.

Since line 6 is not executed, I'y41 = I'x. The if direction is then trivial since the
formula in (1) is a subset of the formula in (3). To show the only if direction,
first note that it follows from line 5 that 75 U yo(P2 U EL) E y2(a =b). But
by Lemma ] E. C Ax, so it follows that 73 U y2(P2 U Ax) = va(a = b). Since
either a = b € Ay or a # b € Ay, it must be the case that a = b € Ay and thus
(3) follows trivially from (1). Now, by Lemma [] (where ¢ is false), if line 10 is
reached, then (3) holds iff

(4) iUy (41 UAU Ax US*(Sk) US™) is satisfiable,

where §* = solve(S(a = b)). But Sgyr1 = S*(Sk) US™, so (4) is equivalent to (1)
with n =k + 1.

In the other case, line 6 is executed (so that I'y+; = I, —{a = b}). Thus, (1)
holds with n = k iff 73 Uy, (Ik41 UAU{a =b} U Ay USy) is satisfiable, which
is equivalent to (3). As in the previous case, it then follows from Lemma [3 that
(1) holds at k iff (1) holds at k + 1.

Thus, given an equivalence relation, (1) and (2) hold at k 4+ 1 exactly when
they hold at k. It follows easily that if an equivalence relation exists which
satisfies (1) and (2) at k, then there exists an equivalence relation satisfying (1)
and (2) at k + 1 and vice-versa. Finally, the induction case assumes that that
T U @ is satisfiable iff there exists an equivalence relation = such that (1) and
(2) hold at k. It follows from the above argument that 7 U @ is satisfiable iff
there exists an equivalence relation = such that (1) and (2) hold at k+1. O

Theorem 5. Suppose that 11 is a Shostak theory with signature Xy, canonizer
canon, and solver solve, and that 75 is a convex theory with signature Xo disjoint
from X1 and satisfiability procedure Saty. Suppose also that neither Ty nor Iy
admit trivial models, and let T = T U7y and X = X1 UXs. Suppose D is a set of
X -literals. Let I' be the subset of @ which consists of 1-equalities, A the subset
of @ which consists of 1-disequalities, and @ the remainder of the literals in .
T U is satisfiable iff S2(I", A, canon, solve, @5, Saty) = TRUE.
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Proof. First note that by the same argument used in Lemma @] S is always in
1-solved form.

Suppose S2(I', A, canon, solve, P9, Sats) = FALSE. If the algorithm terminates
at line 9 or 12, then the proof that & is unsatisfiable is the same as that for
Algorithm S1 above. If it stops at line 4, then suppose there is an equivalence
relation = satisfying condition (1) of Lemma [7 It follows from Lemma [@ that
E. C A.. But since the algorithm terminates at line 4, 7o U 72(P2 U Ax) must
be unsatisfiable. Thus condition (2) of Lemma [d cannot hold. Thus, by Lemma
[l 7 U @ is unsatisfiable.

Suppose on the other hand that S2(I', A, canon, solve, @9, Sats) = TRUE. By
the definition of ~ and Proposition2 a = b € AL iff T U7 (S) = 1(a =0b).
It follows from the convexity of 73 and Corollary [l that 73 Uy (SU AL) is
satisfiable. It then follows from the fact that S2 does not terminate at line 12 (as
well as convexity again) that 7; Uy, (S U AU A.) is satisfiable. This is condition
(1) of Lemma [71 Condition (2) must hold because the while loop terminates.
Thus, by Lemmal[d, 7 U @ is satisfiable. (]

6 A Comparison with Shostak’s Original Method

There are two main ways in which this work differs from Shostak’s original
method, which is best represented by Ruess and Shankar in [T1]. The first is
in the set of requirements a theory must fulfill. The second is in the level of
abstraction at which the algorithm is presented.

6.1 Requirements on the Theory

Of the four requirements given in our definition of a Shostak theory, the first two
are clarifications which are either assumed or not addressed in other work, and
the last two are similar to, but slightly less restrictive, than the requirements
listed by others. The first requirement is simply that the theory contain no
predicate symbols. This is a minor point that is included simply to be explicit
about an assumption which is implicit in other work. Shostak’s method does not
give any guidance on what to do if a theory includes predicate symbols. One
possible approach is to encode predicates as functions, but this only works if the
resulting encoding admits a canonizer and solver.

The second requirement is that the theory be convex. This may seem overly
restrictive since Shostak claims that non-convex theories can be handled [12].
Consider, however, the following simple non-convex theory with signature {a, b}:
{a # b,Va.(x = aV x =b)}. It is easy to see that this theory admits a (trivial)
canonizer and a solver. However, for the unsatisfiable set of formulas {z # y,y #
z,x # z}, any version of Shostak’s algorithm will fail to detect the inconsistency.
Ruess and Shankar avoid this difficulty by restricting their attention to the
problem of whether 7 U I" = a = b for some set of equalities I'. However, the
ability to solve this problem does not lead to a self-contained decision procedure
unless the theory is convex.
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The third requirement on the theory is that a canonizer exist. Shostak gave
several additional properties that must be satisfied by the canonizer. These are
not needed at the level of abstraction of our algorithms, though some efficient
implementations may require the additional properties.

A similar situation arises with the requirements on the solver: only a subset
of the original requirements are needed. Note that although we require the set
of equalities returned by the solver to be equisatisfiable with the input set in
every model of 7, whereas Ruess and Shankar require only that it be equisatis-
fiable with the input set in every J—modeﬂ, it is not difficult to show that their
requirements on the canonizer imply that every model of 7 must be a o-model.

6.2 Level of Abstraction

Algorithm S2 looks very different from Shostak’s original published algorithm as
well as most other published versions, though these are, in fact, closely related.
An algorithm equivalent to that found in [I1] can be obtained by making a
number of refinements. We do not have the space to describe these in detail,
but we outline them briefly below. We also describe some general principles they
exemplify which could be used in other refinements.

The most obvious refinement is to replace 75 by the theory of equality with
uninterpreted function symbols. The data structure for S can be expanded to
include all equations (not just the l-equations), obviating the need to track
@, separately. The check for satisfiability in 75 is replaced by a simple check
for congruence closure over the terms in §. The general principle here is that
if § can be expanded to track the equalities in another theory, then equality
information only needs to be maintained in one place, which is more efficient.

Another refinement is that a more sophisticated substitution can be applied
at line 7 of Algorithm S2. The more sophisticated substitution considers each
sub-term ¢, and if it is known to be equivalent to a term u already appearing in
S, then all instances of ¢ are replaced with w. For terms in the Shostak theory,
this is essentially accomplished by applying the canonizer. For uninterpreted
function terms, it is a bit more subtle. For example, if x = y € S and f(x)
appears in S, then if f(y) is encountered, it can be replaced by f(x). As a result,
fewer total terms are generated and thus fewer terms need to be considered
when updating S or when performing congruence closure. The general principle
is that simplifications and substitutions which reduce the total number of terms
can improve efficiency. This is especially important in a natural generalization
of Algorithm S2 to accommodate non-convex theories in which the search for an
appropriate arrangement of the shared terms can take time which is more than
exponential in the number of shared terms [9].

! In the notation of Ruess and Shankar, the canonizer is denoted by o, and a o-model
M is one where M = a = o(a) for any term a.
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Abstract. The goal of this paper is to provide a strong interaction
between constraint programming and relational DBMSs. To this end we
propose extensions of standard query languages such as relational algebra
(RA) and SQL, by adding constraint solving capabilities to them. In
particular, we propose non-deterministic extensions of both languages,
which are specially suited for combinatorial problems. Non-determinism
is introduced by means of a guessing operator, which declares a set of
relations to have an arbitrary extension. This new operator results in
languages with higher expressive power, able to express all problems in
the complexity class NP. Some syntactical restrictions which make data
complexity polynomial are shown. The effectiveness of both languages is
demonstrated by means of several examples.

1 Introduction

The efficient solution of NP-hard combinatorial problems, such as resource al-
location, scheduling, planning, etc. is crucial for many industrial applications,
and it is often achieved by means of ad-hoc hand-written programs. Special-
ized programming languages [7[15] or libraries [10] for expressing constraints are
commercially available. Data encoding the instance are either in text files in an
ad-hoc format, or in standard relational DBs accessed through libraries callable
from programming languages such as C++ (cf., e.g., [T1]). In other words, there
is not a strong integration between the data definition and the constraint pro-
gramming languages.

The goal of this paper is to integrate constraint programming into relational
database management systems (R-DBMSs): to this end we propose extensions
of standard query languages such as relational algebra (RA) and sQL, by adding
constraint solving capabilities to them.

In principle RA can be used as a language for testing constraints. As an
example, given relations A and B, testing whether all tuples in A are contained in
B can be done by computing the relation A— B, and then checking its emptiness.
Anyway, it must be noted that RA is unfeasible as a language for expressing
NP-hard problems, since it is capable of expressing just a strict subset of the

A. Armando (Ed.): FroCoS 2002, LNAI 2309, pp. 147-[I61], 2002.
© Springer-Verlag Berlin Heidelberg 2002



148 Marco Cadoli and Toni Mancini

polynomial-time queries (cf., e.g., [1]). As a consequence, an extension is indeed
needed.

The proposed generalization of RA is named NP-Alg, and it is proven to be
capable of expressing all problems in the complexity class NP. We focus on NP
because this class contains the decisional version of most combinatorial problems
of industrial relevance [§]. NP-Alg is RA plus a simple guessing operator, which
declares a set of relations to have an arbitrary extension. Algebraic expressions
are used to express constraints. Several interesting properties of NP-Alg are
provided: its data complexity is shown to be NP-complete, and for each problem
¢ in NP we prove that there is a fixed query that, when evaluated on a database
representing the instance of £, solves it. Combined complexity is also addressed.

Since NP-Alg expresses all problems in NP, an interesting question is whether
a query corresponds to an NP-complete or to a polynomial problem. We give a
partial answer to it, by exhibiting some syntactical restrictions of NP-Alg with
polynomial-time data complexity.

In the same way, NP-SQL is the proposed non-deterministic extension of SQL,
the well-known language for querying relational databases [I4], having the same
expressive power of NP-Alg. We believe that writing an NP-SQL query for the so-
lution of a combinatorial problem is only moderately more difficult than writing
SQL queries for a standard database application. The advantage of using NP-SQL
is twofold: it is not necessary to learn a completely new language or methodol-
ogy, and integration of the problem solver with the information system of the
enterprise can be done very smoothly. The effectiveness of both NP-Alg and
NP-SQL as constraint modeling languages is demonstrated by showing several
queries which specify combinatorial problems.

2 NP-Alg: Syntax and Semantics

We refer to a standard definition of RA with the five operators {o, 7, x, —, U}
[T]. Other operators such as “X” and “/” can be defined as usual. Temporary
relations such as T = algexpr(...) will be used to make expressions easier to
read. As usual queries are defined as mappings which are partial recursive and
generic, i.e., constants are uninterpreted.

Let D denote a finite relational database, edb(D) the set of its relations, and
DOM the unary relation representing the set of all constants occurring in D.

Definition 1 (Syntax of NP-Alg). An NP-Alg expression has two parts:

1. Aset Q= {Q(lal), e 7(1“”)} of new relations of arbitrary arity, denoted as
Guess anl), A (an)  Sets edb(D) and Q must be disjoint.

2. An ordinary expression exp of RA on the new database schema [edb(D), Q).

For simplicity, in this paper we focus on boolean queries. For this reason we
restrict exp to be a relation which we call FAIL.

Definition 2 (Semantics of NP-Alg). The semantics of an NP-Alg expression
is as follows:
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1. For each possible extension ext of the relations in Q with elements in DOM ,
the relation FAIL is evaluated, using ordinary rules of RA.

2. If there is an extension ext such that FAIL = (), the answer to the boolean
query is “yes” (denoted as FAILOD). Otherwise the answer is “no”.
When the answer is “yes”, the extension of relations in Q is a solution for
the problem instance.

A trivial implementation of the above semantics obviously requires exponential
time, since there are exponentially many possible extensions of the relations in
Q. Anyway, as we will show in Section [£.3, some polynomial-time cases indeed
exist.

The reason why we focus on a relation named FAIL is that, typically, it
is easy to specify a decision problem as a set of constraints (cf. forthcoming
Sections Bl and (). As a consequence, an instance of the problem has a solution
iff there is an arbitrary choice of the guessed relations such that all constraints
are satisfied, i.e., FAIL = §. A FOUNDW query can be anyway defined as
FOUND = DOM — ;rl(DOM x FAIL). In this case, the answer is “yes” iff

there is an extension ext such that FOUND # ().

3 Examples of NP-Alg Queries

In this section we show the specifications of some NP-complete problems, as
queries in NP-Alg. All examples are on uninterpreted structures, i.e., on unla-
beled directed graphs, because we adopt a pure RA with uninterpreted constants.
As a side-effect, the examples show that, even in this limited setting, we are able
to emulate integers and ordering. This is very important, because the specifica-
tion of very simple combinatorial problems requires integers and ordering.

In Section [ we use the full power of NP-SQL to specify some real-world
problems.

3.1 k-Colorability

We assume a directed graph is represented as a pair of relations NODES™ and
EDGES®(from,to) (DOM = NODES). A graph is k-colorable if there is a

k-partition le), ceey g) of its nodes, i.e., a set of k sets such that:

- Vie [l,k],V] € [Lk]a] 7é 71— Ql mQ] = (Z)a
~ U, Q: = NODES,
and each set @; has no pair of nodes linked by an edge. The problem is well-

known to be NP-complete (cf., e.g., [8]), and it can be specified in NP-Alg as
follows:
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Guess le), R 561); (1a)
FAIL.DISJOINT = | ] Qi™XQ (1b)
i=1,...k
J#i
k
FAIL.COVER = NODES A | ] Q;; (1c)
=1
FAIL_PARTITION = FAIL_DISJOINT U FAIL COVER,; (1d)
k
FAIL-COLORING $1 U ($1§$2(Q2 8 Qz))$1_EDGES.fro£DGES ’
=1 $2=EDGES.to

(le)
FAIL = FAIL.PARTITION U FAIL.COLORING. (1f)

Expression (&) declares k new relations of arity 1. Expression (M) collects
all constraints a candidate coloring must obey to:

— (D) and make sure that @ is a partition of NODES (“A” is the sym-
metric difference operator, ie., A A B = (A— B) U (B — A), useful for
testing equality since A A B = <= A = B).

— () checks that each set @; has no pair of nodes linked by an edge.

We observe that in the specification above the FAIL_PARTITION relation
([d) makes sure that an extension of le), ceey fcl) is a k-partition of NODES.
Such an expression can be very useful for the specification of problems, so we
introduce a metaexpression:

failPartition(l)(N(k), Pl(k), o ,P,Sk)%

which returns an empty relation iff {Pl(k), ey Prgk)} is a partition of N*). The
prefix fail in the name of the metaexpression reminds that it should be used in
checking constraints. Other metaexpressions will be introduced in the following
examples, and are summarized in Section [3.4.

3.2 Independent Set

Let a (directed) graph be defined, as usual, with the two relations NODES &y
and EDGES® | and let k < [NODES| be an integer, which is specified by a
relation K1) containing exactly k tuples. A subset N of NODES, with |N| > k
is said to be an independent set of size at least k of the graph if N contains no
pair of nodes linked by an edge.

The problem of determining whether an input graph has an independent set
of size at least k is NP-complete (cf., e.g., [§]), and it can be easily specified in NP-
Alg. However, since we have to “count” the elements of NV, before presenting the
NP-Alg query for the independent set problem, we show a method to determine
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whether two relations N and KM have the same cardinality or not. Consider
the following NP-Alg query:

Guess NK(Z);

FAIL = (;rl(NK) AN) U ($7T2(NK) AK) U

T| NK X NK| Unrn|NK X NK
$1 $1#£81 $1 $1=91

A A
$2=$2 $2#£82

The idea is to guess a binary relation NK which is a bijection between N
and K. The first (resp. second) subexpression discards all candidates such that
the first (resp. second) column is not the same as N (resp. K). The two joins
(M) make sure that exactly one N value is paired to exactly one K value (and
vice versa). As a consequence, FAILO( iff N and K have the same cardinality.
Obviously, deleting the first (resp. second) join, FAILOY iff |[N| > |K| (resp.
INT < |K]).

Given the reusability of the previous expression, we define the metaexpres-
sions failSameSize (N, K), failGeqSize™) (N, K), failLeqSize™ (N, K) as
shortcuts for the respective definitions. So, an NP-Alg query that specifies the
independent set problem is the following;:

Guess N(l);
FAIL = failGeqSize™ (N, K) U «|(N x N) X EDGES|.
$1 $1=EDGES.from
$2:ED/\GES.to

The former subexpression of FAIL specifies the constraint |N| > k (to en-
hance readability, the guessing of the VK relation, used only by the metaexpres-
sion, is omitted). The latter one returns an empty relation iff no pair of nodes
in N is linked by an edge. An extension of N is an independent set (with size at
least k) of the input graph iff the corresponding F'AIL relation is empty.

3.3 More Examples

We can specify in NP-Alg other famous problems over graphs like dominating set,
transitive closure (TC), and Hamiltonian path (HP). We remind that TC, indeed
a polynomial-time problem, is not expressible in RA (cf., e.g., [1]), because it
intrinsically requires a form of recursion. In NP-Alg recursion can be simulated
by means of guessing.

HP is the problem of finding a traversal of a graph which touches each node
exactly once. The possibility to specify HP in NP-Alg has some consequences
which deserve some comments. Consider a unary relation DOM, with |[DOM| =
M =# 0 and the complete graph C defined by the relations NODES = DOM
and FDGES = DOM x DOM. An HP H of C is a total ordering of the M
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elements in DOM: in fact it is a successor relation. The transitive closure of H
is the corresponding less-than relation.

As a consequence, considering a bijection between the M elements in DOM
and the subset [1, M] of the integers, we actually have the possibility to “count”
between 1 and M. Furthermore, the Hamiltonian paths of C correspond to the
permutations of [1, M]. Once the elements in DOM have been ordered (so we
can consider them as integers), we can introduce arithmetic operations.

Permutations are very useful for the specification of several problems. As an
example, in the n-queens problem (in which the goal is to place n non-attacking
queens on an n X n chessboard) a candidate solution is a permutation of order n,
representing the assignment of a pair (row, column) to each queen. Interestingly,
to check the attacks of queens on diagonals, in NP-Alg we can guess a relation
encoding the subtraction of elements in DOM.

Finally, in the full paper we show the specification of other problems not
involving graphs, such as satisfiability of a propositional formula and evenness
of the cardinality of a relation.

3.4 Useful Syntactic Sugar

Previous examples show that guessing relations as subsets of DOMP (for integer
k) is enough to express many NP-complete problems. Forthcoming Theorem Bl
shows that this is indeed enough to express all problems in NP.

Nevertheless, metaexpressions such as fail Partition can make queries more
readable. In this section we briefly summarize the main metaexpressions we
designed.

— empty™(R) = DOM — SfZrl(DOM x R™M), returns an empty relation if R is

a non-empty one (and vice versa).

— complement™ (R®)) returns the active complement (wrt DOMP¥) of R.

— fail Partition™ (N®) Pl(k), ceey P,(Lk)) (cf. Subsection B.1]) returns an empty
relation iff {Pl(k), cee P,(Lk)} is a partition of N.

— failSuccessor™ (SUCC®*) | N(K)) returns an empty relation iff SUCC' en-
codes a correct successor relation on elements in IV, i.e., a 1-1 correspondence
with the interval [1, |N]].

— failSameSize™ (N, K), failGeqSize)(N,K), failLeqSize™) (N, K) (cf.
Subsection B2)) return an empty relation iff |N| is, respectively, =, >, <
|K|. We remark that a relation NK satisfying failGeqSize (N, K) is ac-
tually a function with domain N and range K. Since elements in K can be
ordered (cf. Subsection B3), NK is also an integer function from elements
of N to the interval [1,|K]|]. Integer functions are very useful for the spec-
ification of resource allocation problems, such as integer knapsack (see also
examples in Section[(.2)). In the full paper we show that we can guess general
functions (total, partial, injective, surjective) from a given domain to a given
range.
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— failPermutation®™ (PERM?*) N(k)) returns an empty relation iff PERM
is a permutation of the elements in N. The ordering sequence is given by
the first k£ columns of PERM.

4 Computational Aspects of NP-Alg

In this section we focus on the main computational aspects of NP-Alg: data and
combined complexity, expressive power, and polynomial fragments.

4.1 Data and Combined Complexity

The data complexity, i.e., the complexity of query answering assuming the data-
base as input and a fixed query (cf. [1]), is one of the most important compu-
tational aspects of a language, since queries are typically small compared to the
database.

Since we can express NP-complete problems in NP-Alg (cf. Section [3)), the
problem of deciding whether FAILOM is NP-hard. Since the upper bound is
clearly NP, we have the first computational result on NP-Alg.

Theorem 1. The data complexity of deciding whether FAILOW for an NP-Alg
query, where the input is the database, is NP-complete.

Another interesting measure is combined complexity, where both the database
and the query are part of the input. It is possible to show that, in this case, to
determine whether FAILOP is hard for the complexity class NE defined as
Uesy NTIME (2°") (cf. [13]), i.e., the class of all problems solvable by a non-
deterministic machine in time bounded by 2°", where n is the size of the input
and c is an arbitrary constant.

Theorem 2. The combined complezity of deciding whether F AILOW for an NP-
Alg query, where the input is both the database and the query, is NE-hard.

In the full paper the theorem is proved by reducing the NE-complete problem
of the succinct 3-colorability of a graph [12] into the problem of deciding if an
NP-Alg query has a solution.

4.2 Expressive Power

The expressiveness of a query language characterizes the problems that can be
expressed as fixed, i.e., instance independent, queries. In this section we prove
the main result about the expressiveness of NP-Alg, by showing that it captures
exactly NP, or equivalently (cf. [6]) queries in the existential fragment of second-
order logic (SO3).

Of course it is very important to be assured that we can express all problems
in the complexity class NP. In fact, Theorem [I] says that we are able to express
some problems in NP. We remind that the expressive power of a language is
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in general less than or equal to its data complexity. In other words, there exist
languages whose data complexity is hard for class C' in which not every query
in C can be expressed; several such languages are known, cf., e.g., [1].

In the following, o denotes a fixed set of relational symbols not including
equality “=", and S denotes a list of variables ranging over relational symbols
distinct from those in 0. By Fagin’s theorem [6] any NP-recognizable collection
D of finite databases over ¢ is defined by a second-order existential formula. In
particular, we deal with second-order formulae of the following kind:

(3S)(vX)(IY) ¢(X,Y), (2)

where ¢ is a first-order formula containing variables among X,Y and involving
relational symbols in 0 US U {=}. The reason why we can restrict our attention
to second-order formulae in the above normal form is explained in [I2]. As usual,
“="is always interpreted as “identity”.

We illustrate a method that transforms a formula of the kind () into an
NP-Alg expression . The transformation works in two steps:

1. the first-order formula ¢(X,Y) obtained by eliminating all quantifiers from
() is translated into an expression PHI of plain RA;
2. the expression v is defined as:

Guess Q\, ..., Q) FAIL = DOMXI — (PHI), (3)

where a1, ..., a, are the arities of the n predicates in S, and |X| is the number
of variables occurring in X.

The first step is rather standard, and is briefly sketched here just for future
reference. A relation R (with the same arity) is introduced for each predicate
symbol 7 € ¢ US. An atomic formula of first-order logic is translated as the
corresponding relation, possibly prefixed by a selection that accounts for constant
symbols and/or repeated variables, and by a renaming of attributes mapping the
arguments. Selection can be used also for dealing with atoms involving equality.
Inductively, the relation corresponding to a complex first-order formula is built
as follows:

— f A g translates into F' X G, where F' and G are the translations of f and g,
respectively;

— fVg translates into F'UG’, where F’ and G’ are derived from the translations

F and G to account for the (possibly) different schemata of f and g;

— —f(Z) translates into p (DOM‘Z‘ —F).
$1-F.$1

$|Z|—F.8|Z|
Relations obtained through such a translation will be called g-free.

The following theorem claims that the above translation is correct.
Theorem 3. For any NP-recognizable collection D of finite databases over o
—characterized by a formula of the kind ([2)—- a database D is in D, i.e., D |
(3S)(VX)(FY) o(X,Y), if and only if FAILOD, when ¢ (cf. formula @) is
evaluated on D.
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4.3 Polynomial Fragments

Polynomial fragments of second-order logic have been presented in, e.g., [9]. In
this section we use some of those results to show that it is possible to isolate
polynomial fragments of NP-Alg.

Theorem 4. Let s be a positive integer, PHI a q-free expression of RA on a
relational vocabulary edb(D) U {Q®)}, and Y1,Ys the names of two attributes of
PHI. An NP-Alg query of the form:

Guess Q©); FAIL = (DOM x DOM) — = (PHI).

1,Y2
can be evaluated in polynomial time.

Some interesting queries obeying the above restriction can indeed be formu-
lated. As an example, 2-colorability can be specified as follows (when k = 2,
k-colorability, cf. Section Bl becomes polynomial):

Guess C(l);
complement(EDGES) U

FAIL = DOM x DOM — C x Complement(c) U complement(C) xC|-

C and its complement denote the 2-partition. The constraint states that each
edge must go from one subset to the other one.

Another polynomial problem of this class is 2-partition into cliques (cf., e.g.,
[8]), which amounts to decide whether there is a 2-partition of the nodes of a
graph such that the two induced subgraphs are complete. An NP-Alg expression
which specifies the problem is:

Guess P(l);
FAIL =DOM x DOM —
[complement(P) x P U P x complement(P) U EDGES].
A second polynomial class (in which, e.g., the disconnectivity problem, i.e.,

to check whether a graph is not connected, can be expressed) is defined by the
following theorem.

Theorem 5. Let PHI(X1,..., Xk, Y1,Y2) (k> 0) be a g-free expression of RA
on a relational vocabulary edb(D) U {QM}. An NP-Alg query of the form:

Guess Q(l);

X(X1,...,Xx)=PHI(Xq,..., X, Y1,Y2) / p (DOM x DOM);
$1—-Y;
$2—Y5

FAIL =empty(X).
can be evaluated in polynomial time.

The classes identified by the above theorems correspond respectively to the
FEaa and Eje*aa classes of [9], which are proved to be polynomial by a mapping
into instances of 25AT.
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5 The NP-sQL Language

In this section we describe the NP-SQL language, a non-deterministic extension of
SQL having the same expressive power as NP-Alg, and present some specifications
written in this language.

5.1 Syntax of NP-SQL

NP-SQL is a strict superset of SQL. The problem instance is described as a set of
ordinary tables, using the data definition language of SQL. The novel construct
CREATE PROBLEM is used to specify a problem. It has two parts, which correspond
to the two parts of Definition [Tk

1. definition of the guessed tables, by means of the new keyword GUESS;
2. specification of the constraints that must be satisfied by guessed tables, by
means of the standard sQL keyword CHECK.

Furthermore, the user can specify the desired output by means of the new
keyword RETURN. In particular, the output is computed when an extension of
the guessed tables satisfying all constraints is found. Of course, it is possible
to specify many guessed tables, constraints and return tables. The syntax is as
follows (terminals are either capitalized or quoted):

CREATE PROBLEM problem_name ‘(’
(GUESS TABLE table_name [‘(’aliases‘)’] AS guessed_table_spec)+
(CHECK ‘(’ condition )’)+
(RETURN TABLE return_table_name AS query)*

() b

The guessed table table_name gets its schema from its definition guess-
ed_table_spec. The latter expression is similar to a standard SELECT-FROM-WHE-
RE sSQL query, except for the FROM clause which can contain also expressions such
as:

SUBSET OF SQL_from_clause |

[TOTAL | PARTIAL] FUNCTION_TO ‘(’ (range_table | min ‘..’ max) ©)’
AS field_name_list OF SQL_from_clause |

(PARTITION ‘(’ n ‘)’ | PERMUTATION) AS field_name OF SQL_from_clause

with SQL_from_clause being the content of an ordinary sQL FROM clause (e.g.,
a list of tables). The schema of such expressions consists in the attributes of
SQL_from_clause, plus the extra field_name (or field_name_list), if present.

In the FROM clause the user is supposed to specify the shape of the search
space, either as a plain subset (like in NP-Alg), or as a mapping (i.e., partition,
permutation, or function) from the domain defined by SQL_from_clause. Map-
pings require the specification of the range and the name of the extra field(s)
containing range values. As for PERMUTATION, the range is implicitly defined to
be a subset of integers. As for FUNCTION_TO the range can be either an interval
min..max of a SQL enumerable type, (e.g., integers) or the set of values of the
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primary key of a table denoted by range_table. The optional keyword PARTIAL
means that the function can be defined over a subset of the domain (the default
is TOTAL). We remind that using partitions, permutations or functions does not
add any expressive power to the language (cf. Section [3:4])

Finally, the query that defines a return table is an ordinary SQL query on the
tables defining the problem instance plus the guessed ones, and it is evaluated
for an extension of the guessed tables satisfying all constraints.

Once a problem has been specified, its solution can be obtained with an
ordinary SQL query on the return tables:

SELECT field_name_list FROM problem_name.return_table_name WHERE cond

The table ANSWER(n INTEGER) is implicitly defined locally to the CREATE
PROBLEM construct, and it is empty iff the problem has no solution.

5.2 Examples

In this section we exhibit the specification of some problems in NP-SQL. In par-
ticular, to highlight its similarity with NP-Alg, we show the specification of the
graph coloring problem of Section BTl Afterwards, we exploit the full power of
the language and show how some real-world problems can be easily specified.

k-Colorability. We assume an input database containing relations NODES (n),
EDGES(f,t) (encoding the graph), and COLORS(id,name) (listing the k colors).

CREATE PROBLEM Graph_Coloring ( // COLORING contains tuples of
// the kind <NODES.n, COLORS.id>,
// with COLORS.id arbitrarily chosen.
GUESS TABLE COLORING AS
SELECT n, color FROM TOTAL FUNCTION_TO(COLORS) AS color OF NODES
CHECK ( NOT EXISTS (
SELECT * FROM COLORING C1, COLORING C2, EDGES
WHERE Cl.n <> C2.n AND Cl.c = C2.c
AND C1.n = EDGES.f AND C2.n = EDGES.t ))
RETURN TABLE SOLUTION AS SELECT COLORING.n, COLORS.name
FROM COLORING, COLORS WHERE COLORING.color = COLORS.id
)

The GUESS part of the problem specification defines a new (binary) table COLO-
RING, with fields n and color, as a total function from the set of NODES to
the set of COLORS. The CHECK statement expresses the constraint an extension
of COLORING table must satisfy to be a solution of the problem, i.e., not two
distinct nodes linked by an edge are assigned the same color.

The RETURN statement defines the output of the problem by a query that is
evaluated for an extension of the guessed table which satisfies every constraint.
The user can ask for such a solution with the statement

SELECT * FROM Graph_Coloring.SOLUTION
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As described in the previous subsection, if no coloring exists, the system table
Graph_Coloring.ANSWER will contain no tuples. This can be easily checked by
the user, in order to obtain only a significant Graph_Coloring.SOLUTION table.

Ajrcraft Landing. The aircraft landing problem [2] consists in scheduling
landing times for aircraft. Upon entering within the radar range of the air traffic
control (ATC) at an airport, a plane requires a landing time and a runway
on which to land. The landing time must lie within a specified time window,
bounded by an earliest time and a latest time, depending on the kind of the
aircraft. Each plane has a most economical, preferred speed. A plane is said to
be assigned its target time, if it is required to fly in to land at its preferred speed.
If ATC requires the plane to either slow down or speed up, a cost incurs. The
bigger the difference between the assigned landing time and the target landing
time, the bigger the cost. Moreover, the amount of time between two landings
must be greater than a specified minimum (the separation time) which depends
on the planes involved. Separation times depend on the aircraft landing on the
same or different runways (in the latter case they are smaller).

Our objective is to find a landing time for each planned aircraft, encoded in
a guessed relation LAN DING, satisfying all the previous constraints, and such
that the total cost is less than or equal to a given threshold. The input database
consists of the following relations:

— AIRCRAFT(id, target_time, earliest_time, latest_time, be f_cost, aft_cost),
listing aircraft planned to land, together with their target times and landing
time windows; the cost associated with a delayed or advanced landing at
time x is given by bef_cost - Max[0,t —x] + aft_cost- Maxz[0,x — t], where
t is the aircraft target time.

— RUNW AY (id) listing all the runways of the airport.

— SEPARATION(i, j, interval, same_runway) (same_runway is a boolean
field specifying whether aircraft 7 and j land on the same runway or not).
A tuple (i,j,int,s) means that if aircraft j lands after aircraft ¢, then
landing times must be separated by int. There are two such values, for
same_runway = 0 and 1, respectively. The relation contains a tuple for all
combinations of 4, j, and same_runway.

— MAXCOST(c), containing just one tuple, the total cost threshold.

In the following specification, the search space is a total function which as-
signs an aircraft to a landing time (minutes after midnight) and a runway.

CREATE PROBLEM Aircraft_Landing (
GUESS TABLE LANDING(aircraft, runway, time) AS
SELECT al.id, runway, time
FROM TOTAL FUNCTION_TO(RUNWAY) AS runway OF AIRCRAFT al,
TOTAL FUNCTION_TO0(O..24*60-1) AS time OF AIRCRAFT a2
WHERE al.id = a2.id
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// Time window constraints
CHECK ( NOT EXISTS (
SELECT * FROM LANDING 1, AIRCRAFT a WHERE 1l.aircraft = a.id
AND ( l.time > a.latest_time OR l.time < a.earliest_time )
))
// Separation constraints
CHECK ( NOT EXISTS (
SELECT * FROM LANDING 11, LANDING 12, SEPARATION sep
WHERE 11.aircraft <> 12.aircraft AND ((
11.time <= 12.time AND sep.i = 1ll.aircraft AND
sep.j = 12.aircraft AND (12.time - 1l1.time) < sep.interval)
OR (11.time > 12.time AND sep.i = 12.aircraft AND
sep.j = ll.aircraft AND (11.time - 12.time) < sep.interval))
AND (( 11.runway = 12.runway AND sep.same_runway = 1 )
OR ( l1l.runway <> 12.runway AND sep.same_runway = 0 )
)
// Cost constraint
CHECK ( NOT EXISTS (
SELECT * FROM MAXCOST WHERE MAXCOST.c < (
SELECT SUM(cost) FROM (
SELECT a.id, (a.bef_cost * (a.target_time - 1.time)) AS cost
FROM AIRCRAFT a, LANDING 1
WHERE a.id = l.aircraft AND l.time <= a.target
UNION // advanced plus delayed aircraft
SELECT a.id, (a.aft_cost * (l.time - a.target_time)) AS cost
FROM AIRCRAFT a, LANDING 1
WHERE a.id = l.aircraft AND l.time > a.target
) AIRCRAFT_COST // Contains tuples <aircraft, cost>
)))
RETURN TABLE SOLUTION AS SELECT * FROM LANDING

5.3 NP-SQL SIMULATOR

NP-SQL SIMULATOR is an application written in Java, which works as an interface
to a traditional R-DBMS. It simulates the behavior of an NP-SQL server by
reading an input text file containing a problem specification (in the NP-SQL
language), and looking for a solution.

CREATE PROBLEM constructs are parsed, creating the new tables (correspond-
ing to the guessed ones) and an internal representation of the search space;
ordinary SQL statements, instead, are sent directly to the DBMS. The search
space is explored, looking for an element corresponding to a solution, by posing
appropriate queries to the R-DBMS (set so as to work in main memory). As soon
as a solution is found, the results of the query specified in the RETURN statements
are accessible to the user.

In the current implementation, used mainly to check correctness of specifi-
cations, a simple-minded enumeration algorithm is used to explore the search
space. In the future, we plan to perform the exploration by performing a transla-
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tion of the problem specification to a third party constraint programming system
or to an instance of the propositional satisfiability problem. The latter approach
has indeed been proven to be promising in [4].

6 Conclusions, Related and Future Work

In this paper we have tackled the issue of strong integration between constraint
programming and up-to-date technology for storing data. In particular we have
proposed constraint languages which have the ability to interact with data repos-
itories in a standard way. To this end, we have presented NP-Alg, an extension of
relational algebra which is specially suited for combinatorial problems. The main
feature of NP-Alg is the possibility of specifying, via a form of non-determinism,
a set of relations that can have an arbitrary extension. This allows the specifica-
tion of a search space suitable for the solution of combinatorial problems, with
ordinary RA expressions defining constraints. Although NP-Alg provides just a
very simple guessing operator, many useful search spaces, e.g., permutations and
functions, can be defined as syntactic sugar.

Several computational properties of NP-Alg have been shown, including data
and combined complexity, and expressive power. Notably, the language is shown
to capture exactly all the problems in the complexity class NP, which includes
many combinatorial problems of industrial relevance. In the same way, we have
proposed NP-SQL, a non-deterministic extension of SQL with the same expressive
power of NP-Alg. The effectiveness of NP-Alg and NP-SQL both as complex query
and constraint modeling languages has been demonstrated by showing several
queries which specify combinatorial problems.

As for future work, we plan to increase the number of polynomial cases of NP-
Alg, in particular considering classical results on the complexity of second-order
logic. Moreover, we plan to extend both languages to account for optimization
problems, and to make a significantly more sophisticated implementation of NP-
SQL SIMULATOR by using efficient constraint propagation techniques (e.g., by
translation into propositional satisfiability [4]), and making it able to recognize
the polynomial cases.

Several query languages capable of capturing the complexity class NP have
been shown in the literature. As an example, in [T2] an extension of datalog (the
well-known recursive query language) allowing negation are proved to have such
a property. A different extension of datalog, without negation but with a form
of non-determinism, is proposed in [3]. On the other hand, NP-Alg captures NP
without recursion. Actually, recursion can be simulated by non-determinism, and
it is possible to write, e.g., the transitive closure query in NP-Alg.

Several languages for constraint programming are nowadays available. For
some of them, e.g., ECL'PS® [5], a traditional programming language such as
PROLOG is enhanced by means of specific constructs for specifying constraints,
which are then solved by highly optimized algorithms. In other modeling lan-
guages such as OPL [I5] and AMPL [7], the problem is specified by means of an
ad-hoc syntax. Similarly to NP-Alg and NP-SQL they support a clear distinction
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between the data and the problem description level. OPL has also a constraint
programming language which allows the user to express preferences on the search
methods, which is missing in the current version of NP-SQL.
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Abstract. We consider the language obtained by mixing the model of
the regions and the propositional linear temporal logic. In particular,
we propose alternative languages where the model of the regions is re-
placed by different forms of qualitative spatial or temporal reasoning.
In these languages, qualitative formulas describe the movement and the
relative positions of spatial or temporal entities in some spatial or tem-
poral universe. This paper addresses the issue of the formal proof that
for all forms of qualitative spatial and temporal reasoning such that con-
sistent atomic constraint satisfaction problems are globally consistent,
determining of any given qualitative formula whether it is satisfiable or
not is PSPACE-complete.

1 Introduction

Many real-world problems involve qualitative reasoning about space or time.
Accordingly, the development of intelligent systems that relate to spatial or
temporal information is gaining in importance. In the majority of cases, these
intelligent systems provide specialized tools for knowledge representation and
reasoning about qualitative relations between spatial or temporal entities. To
illustrate the truth of this, one has only to mention the model of the regions de-
signed by Randell, Cui and Cohn [T5] and the model of the intervals elaborated
by Allen [I]. In actual fact, there are many more models based on alternative
qualitative relations between other spatial or temporal entities, see Balbiani and
Condotta [2], Balbiani, Condotta and Farinas del Cerro [3], Balbiani and Os-
mani [4], Cristani [7], Gerevini and Renz [9], Isli and Cohn [I0], Ligozat [11],
Ligozat [12], Moratz, Renz and Wolter [I3] and Vilain and Kautz [19]. For in-
stance, Ligozat [12] shows how to formulate our knowledge of the relative posi-
tions of objects represented by pairs of real numbers. For this purpose, he con-
siders the 9 jointly exhaustive and pairwise distinct atomic relations obtained by
comparing the relative positions of points in the real plane: south-west, south,
south-east, west, east, north-west, north, north-east and equality. Take another
example: Vilain and Kautz [I9] demonstrate how to express our knowledge of
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the relative moments of events represented by real numbers. In this respect, they
consider the 3 jointly exhaustive and pairwise distinct atomic relations obtained
by comparing the relative moments of points on the real line: before, after and
equality. In these models, knowledge representation and reasoning is performed
through networks of constraints between spatial or temporal entities and the
main issue consists in deciding consistency of such networks. This brings several
researchers to the following question: what is the computational complexity of
determining of any given spatial or temporal network of constraints between
spatial or temporal entities whether it is consistent or not ?

Numerous applications require support for knowledge representation and rea-
soning about spatial and temporal relationships between moving objects. We
should consider the following example: breaking up the map into its compo-
nent parts, a geographer sees 2-dimensional objects and has to reason about the
issue of the links between portions of space that continuously evolve as time
goes by. That is the reason why several researchers made a resolution to de-
vote themselves to the integration of spatial and temporal concepts into a single
hybrid formalism. Among the hybrid formalisms for reasoning about space and
time considered in computer science, there is nothing to compare with the lan-
guage introduced by Wolter and Zakharyaschev [20] and obtained by mixing the
model of the regions and the propositional linear temporal logic. The proposi-
tional linear temporal logic is asserting itself as one of the better known model
for reasoning about program properties within the framework of the research
carried out into the subject of specification and verification of reactive systems.
Its combination with the model of the regions gives rise to a language of very
great expressivity. Since determining of any given spatial network of constraints
between regions whether it is consistent or not is in NP, see Nebel [14] and Renz
and Nebel [16], whereas determining of any given formula of propositional lin-
ear temporal logic whether it is satisfiable or not is in PSPACE, see Sistla and
Clarke [18], there is reason to believe that determining of any given formula of
this language whether it is satisfiable or not is in PSPACE.

The one drawback is that the EXPSPACE upper bound for the complex-
ity of the satisfiability problem for the formulas of the language introduced by
Wolter and Zakharyaschev [20] does not coincide with the PSPACE-hardness
lower bound. This induces us to extend the results obtained by Wolter and
Zakharyaschev [20)] to different forms of qualitative spatial or temporal reason-
ing. We aim to propose alternative languages where the model of the regions
is replaced by different forms of qualitative spatial or temporal reasoning such
that consistent atomic constraint satisfaction problems are globally consistent.
In these languages, qualitative formulas describe the movement and the relative
positions of spatial or temporal entities in some spatial or temporal universe. The
requirement that consistent atomic constraint satisfaction problems are globally
consistent is a sufficient condition for the fulfilment of our objective: the formal
proof that determining of any given qualitative formula whether it is satisfiable
or not is PSPACE-complete. Numerous forms of qualitative spatial or temporal
reasoning fit this requirement, one has only to mention the models introduced
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by Allen [1], Balbiani and Condotta [2], Balbiani, Condotta and Farinas del
Cerro [3], Cristani [7], Ligozat [11], Ligozat [12] and Vilain and Kautz [19],
and so it is reasonable to assume it. The paper is organized as follows. Before
we extend the results obtained by Wolter and Zakharyaschev [20] to different
forms of qualitative spatial or temporal reasoning, basic concepts relating to con-
straint satisfaction problems are introduced in section P. These are the notions
of networks of qualitative spatial or temporal constraints as well as solutions,
consistency, partial solutions and global consistency. Section Bl deals with the
basic concepts regarding the syntax and the semantics of our hybrid formalisms
for reasoning about space and time. These are the notions of qualitative formu-
las, qualitative models as well as satisfiability. The main topic of section lis the
proof that the question of determining of any given qualitative formula whether
it is satisfiable or not requires polynomial space. Section Bl presents the con-
cept of state to prove in section [@ that the question of determining of any given
qualitative formula whether it is satisfiable or not is decidable in polynomial
space.

2 Constraint Satisfaction Problems

Networks of constraints between spatial or temporal entities have been shown
to be useful in formulating our knowledge of the relative positions of the objects
that occupy space or in formulating our knowledge of the relative moments of
the events that fill time. Within the framework of the research carried out in
the domain of spatial or temporal reasoning, the main issue consists in deciding
consistency of such networks. For our purposes we may only consider atomic
constraint satisfaction problems, i.e., structures of the form (X, R) where X is
a finite set of variables and R is a function with domain A x X and range a
finite set AT'O of atomic relations. The finite set AT'O constitutes a list of jointly
exhaustive and pairwise distinct atomic relations between positions or moments
in some spatial or temporal universe V AL.

Ezxample 1. Within the context of qualitative spatial reasoning in terms of points,
see Ligozat [12], ATO consists of 9 atomic relations, sw, s, se, w, e, nw, n, ne
and =. In this model of reasoning, VAL is the set of all pairs of real numbers.

Example 2. Within the context of qualitative temporal reasoning in terms of
points, see Vilain and Kautz [19], ATO consists of 3 atomic relations, <, > and
=. In this model of reasoning, VAL is the set of all real numbers.

A solution of the atomic constraint satisfaction problem (X, R) is a function ¢
with domain X and range VAL such that for all X, Y € X, +(X) and +(Y) satisfy
the atomic relation R(X,Y) in VAL. We shall say that the network (X, R) is
consistent iff it possesses a solution. Deciding consistency of networks of atomic
constraints between spatial or temporal entities constitutes the source of several
problems in computer science. The thing is that those who tackled these problems
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proposed numerous algorithms for reasoning about space and time. For the most
part, the proof that these algorithms are sound and complete is based on the
notion of global consistency. A partial solution of the network (X', R) with respect
to a subset X’ of X is a function 2 with domain X’ and range V AL such that for
all X,Y € X, 1(X) and (YY) satisfy the atomic relation R(X,Y") in VAL. The
atomic constraint satisfaction problem (X, R) is globally consistent if any partial
solution can be extended to a solution. In the majority of cases, including the
models introduced by Allen [I], Balbiani and Condotta [2], Balbiani, Condotta
and Farinas del Cerro [3], Cristani [7], Ligozat [11], Ligozat [12] and Vilain and
Kautz [19]:

- Consistent networks of atomic constraints are globally consistent.

However this rule allows for a few exceptions, like the models introduced by Bal-
biani and Osmani [4], Gerevini and Renz [9], Isli and Cohn [10], Moratz, Renz
and Wolter [13] and Randell, Cui and Cohn [15]. Our aim is to propose alter-
native languages to the language developed by Wolter and Zakharyaschev [20]
where the model of the regions is replaced by different forms of qualitative rea-
soning about space and time which satisfy the rule.

3 Syntax and Semantics

Adapted from Wolter and Zakharyaschev [20], we define the set of all qualitative
formulas as follows:

fa=PO"z,O"y) | ~f | (fVg) | (fUg);

where P ranges over the set ATO, m, n range over the set IN of all integers
and x, y range over the set VAR. Our intended interpretation of (fUg) is that
“f holds at all following time points up to a time at which g holds”. The other
standard connectives are defined by the usual abbreviations. In particular, F f
is (TUf) and Gf is =(TU—f). The informal meaning of Ff is that “there is
a time point after the reference point at which f holds” whereas the informal
meaning of G f is “f holds at all time points after the reference point”. We follow
the standard rules for omission of the parentheses. Our intended interpretation
of atomic formula P(QO™z,O"y) is that “atomic relation P holds between the
value of entity = in m units of time and the value of entity y in n units of time”.

Example 3. Within the context of qualitative spatial reasoning in terms of points,
see Ligozat [12], describing the movement and the relative positions of points z,
y which move in a plane, qualitative formulas G(s(z, Oz) V w(z, Oz)), G(e(y,
Oy) Vn(y,Qy)) and F(s(x,y) V w(z,y)) mean that x will always move to the
north or to the east, y will always move to the west or to the south and a moment
of time will come when z is to the south of y or z is to the west of y.
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Ezample 4. Within the context of qualitative temporal reasoning in terms of
points, see Vilain and Kautz [19], describing the movement and the relative
positions of points x, y which move in a straight line, qualitative formulas G(z <
Ox), G(y > Qy) and F(z = y) mean that = will always move to its right, y will
always move to its left and a moment of time will come when = and y are in the
same place.

Let f be a qualitative formula. The set of all individual variables in f will be
denoted var(f). The set of all subformulas of f will be denoted SF(f). Let us
be clear that there is strictly less than Card(SF(f)) U-formulas in SF(f). We
define the size | f | of f as follows:

- | P(O™z,O"y) |= max{m,n};
- =f =

| fVgl|=max{|f| g}

- | fUg [=max{| f |, g [}

The number of occurrences of symbols in f will be denoted length(f). It is
well worth noting that Card(var(f)) < length(f), Card(SF(f)) < length(f)
and | f |< length(f). The set of all atomic formulas which individual variables
are in var(f) and which sizes are less than or equal to | f | will be denoted
AF(f). The proof of the following lemma is simple and we do not provide it
here.

Lemma 1. Let f be a qualitative formula. Then Card(AF(f)) = Card(ATO) x
Card(var(f))? x (| f]+1)%

A function € with domain VAR x IN and range the set VAL will be defined
to be a qualitative model. The set VAL is the spatial or temporal universe
in which the spatial or temporal entities of our language move. We define the
relation “qualitative formula f is true at integer 7 in qualitative model €”, denoted
€,1 = f, as follows:

- i b P(O™a, O"y) i Plelw, i +m), e(y,i +n));

-eiEfiff i b~ f;

- e,i|:f\/giffe,i}:fore,i}:g;

- €, = fUg iff there is an integer k such that i < k, ¢,k = ¢ and for all
integers j, if ¢ < j and j < k then ¢,j = f.

An alternative formulation is “qualitative model € satisfies qualitative for-
mula f at integer i”.

FEzample 5. Within the context of qualitative spatial reasoning in terms of points,
see Ligozat [12], qualitative model ¢ of figure Msatisfies qualitative formula ((s(z,

Oz) Vw(z, Ox)) A (e(y, Oy) V nly, Oy)))U(s(z,y) V w(z, y)) at integer 0.

Example 6. Within the context of qualitative temporal reasoning in terms of
points, see Vilain and Kautz [19], qualitative model € of figure [ satisfies quali-
tative formula ((z < OQz) A (yQy))U(x = y) at integer 0.
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Fig. 1. A qualitative model based on qualitative spatial reasoning in terms of points.

Y T

T, %
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Fig. 2. A qualitative model based on qualitative temporal reasoning in terms of points.

Qualitative U-formula fUg will be defined to be fulfilled between integers 4
and j in qualitative model e if i < j, ¢,i = fUg and there is an integer k such that
i <k, k <jande k| g. Qualitative formula f will be defined to be satisfiable if
there is a qualitative model e such that €,0 |= f. The following equations specify
which qualitative formulas are to count as formulas of, respectively, Lo(U) and
ﬁl (U)

fua=Pa,y) | ~f1(fVve) | (fUg);
fa=PQO"z,O"y) [~f | (fVg) | (fUg).
For the time being, let us mention outcomes of the results obtained by Wolter
and Zakharyaschev [20] as regards the problem of determining of any given qual-
itative formula whether it is satisfiable or not: determining of any given formula
of Lo(U) whether it is satisfiable or not is in PSPACE whereas determining of
any given formula of £;(U) whether it is satisfiable or not is in EXPSPACE.

Incidentally, we must not forget that the results obtained by Wolter and Za-
kharyaschev [20] regard the complexity of propositional linear temporal logics
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based on qualitative spatial reasoning in terms of regions. This brings us to
the question of whether the results obtained by Wolter and Zakharyaschev [20]
can be extended to different forms of qualitative spatial or temporal reason-
ing. What we have in mind is to prove the following important theorem for all
forms of qualitative spatial and temporal reasoning in which consistent atomic
constraint satisfaction problems are globally consistent.

Theorem 1. Determining of any given qualitative formula whether it is satis-
fiable or not is PSPACE-complete.

We outline how theorem[Il will be proved, but leave the details to the following
sections. Firstly, we show how the question of determining of any given formula of
propositional linear temporal logic whether it is satisfiable or not can be linearly
reduced to the question of determining of any given formula of £o(U) whether
it is satisfiable or not. Secondly, we show how the question of determining of any
given formula of £;(U) whether it is satisfiable or not can be solved by means
of a polynomial-space bounded nondeterministic algorithm.

4 Lower Bound

We first prove a simple theorem.

Theorem 2. Determining of any given formula of Lo(U) whether it is satisfi-
able or not is PSPACE-hard.

Proof. We define the set of all formulas of propositional linear temporal logic as
follows:
fa=pl=f1(fVg) | (fUg);

where p ranges over a countable set of atomic formulas. Assuming that the
set of all atomic formulas in propositional linear temporal logic is arranged in
some determinate order py, ..., pn, ..., assuming that the set of all individual
variables in £o(U) is arranged in some determinate order x1, y1, ..., TN, YN,
..., we define a linear function ¢t that assigns to each formula f of propositional
linear temporal logic the formula ¢(f) of Lo(U) as follows:

- tpn) = (zn =yn);

- H(=f) = —t(f);

- H(f Vg) =t(f) Vi(g);

- t(fUg) = t(f)Ut(g).
The reader may easily verify that a formula f of propositional linear temporal
logic is satisfiable iff the formula ¢(f) of Lo(U) is satisfiable. Seeing that deter-
mining of any given formula of propositional linear temporal logic whether it
is satisfiable or not is PSPACE-hard, see Sistla and Clarke [I8], we therefore
conclude that determining of any given formula of £y(U) whether it is satisfiable
or not is PSPAC E-hard.

We still have to prove that determining of any given formula of £4(U)
whether it is satisfiable or not is in PSPACE. In this respect, the concept
of state will be of use to us.
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5 f-States

Let € be a qualitative model and 7 be an integer. Let €; be the function that
assigns to each formula f of £1(U) the set €(f) of all atomic formulas true at
i in € which individual variables are in var(f) and which sizes are less than or
equal to | f |. Let € be the function that assigns to each formula f of £;(U)
the set €(f) of all subformulas of f true at 7 in e. Let € be the function that
assigns to each formula f of £;(U) the structure (&;_¢/(f),...,&(f), € (f)). In
the case that 7 <| f |, we put:

——
|f|—i times
We first observe a simple lemma.

Lemma 2. Let € be a qualitative model, i be an integer and f be a formula
of L1(U). Assuming that the set of all variables in var(f) is arranged in some
determinate order x1, ..., TN, let n1, no be integers and ly, ly be integers such
that ny € {1,...,N}, ng € {1,...,N}, ly € {i* | f ‘,...,i} and ly € {Z‘f | f |
,...,i}. Then there is exactly one atomic relation P such that for some integer
k,keli—|f|,...,it, h—ke{0,...;| f 1}, o—k €{0,...,| f |} and
P(O" *x, O *z,,) € &.

Proof. Tt is certain that there is an atomic relation P such that P(e(zy,,l1),
€(Tn,,12)). Let k be min{ly,l5}. The reader may easily verify that k € {i— | f |
vt =k € {0, | f [} b=k €40,...,| f |} and P(O" *zp,, O Fap,)
€ €. If there is an atomic relation @ such that for some integer [, 1 € {i— | f |
eeib, =1 {0, | f 1} le—=1€{0,...,| f|} and Q(O" 'xp,, O 'ay,) €
€ then Q(e(rn,, 1), €(xn,,1l2)) and P = Q.

Let w be the function that assigns to each formula f of £1(U) the integer:
Card(ATO)Card(var(f))2><(\f|+1)3 « 9Card(SF(f))_

It is well worth noting that for all formulas f of £1(U) and for all qualitative
models €, the range of the function that assigns to each integer i the structure
€;(f) contains strictly less than w(f) elements. These elements are special cases
of the concept of state. Let f be a formula of £;(U). A structure:

(§_|f‘, . .,§0,§0);

where §,m, ..., Sy are subsets of AF(f) and Sy is a subset of SF(f) will be
defined to be a f-state. Assuming that the set of all variables in var(f) is ar-
ranged in some determinate order x1, ..., xn, we will always suppose that for
all integers nq, no and for all integers Iy, I, if n; € {1,..., N}, no € {1,..., N},
he{—|fl|...,0tandly €{—|f]|,...,0} then, according to lemma 2] there is
exactly one atomic relation P such that for some integer k, k € {— | f |,...,0},
h—ke{0,....|f|}hla—ke{0,....| f|} and P(O" *z,,, 0" *a,,) € Sk.
The interesting result is that the structure (5'\_|f|7 cee §0) can be linked with the
atomic constraint satisfaction problem (X', R) defined as follows:
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- Let X be {X1’7|f‘,...,X170,...,XN’,|f‘,...,XN70};

- For all integers ny, ny and for all integers Iy, lo, if ny € {1,...,N}, ny €
{1,....N}, s e {— | f|,...,0 and I € {— | f |,...,0} then let
R(Xn, 11> Xnat,) be the only atomic relation P such that for some inte-
gerk,ke{—=|f|,...,0},i—ke{0,...,| f|},la—ke{0,...,]| f|} and
P(O" Fz,, O e, e Sy

f-state (§,|f|, ey §0, §0) will be defined to be consistent if the atomic constraint

satisfaction problem (X, R) linked with the structure (S'\_m, cee §0) as above is
consistent and:

- If P(O™2,O"y) € SF(f) then P(Q™z, O"y) € So iff P(O™z, O"y) € So;
- If —g € SF(f) then ~g € Sy iff g & So; N
-IfgvheSF(f)then gV he Syiff ge Syor h €Sy

f-state (§,‘f|,...,§o,§o) will be defined to be U-consistent with respect to
f-state (T_‘ﬂ, ooy 1o, Tp) if T_m = S_m_._l, o, T_1 =5y and:

- If gUh € SF(f) then gUh € Sy iff h € Sy or g € So and gUh € Tp.

6 Upper Bound

In accordance with the chain of reasoning put forward by Sistla and Clarke [1§],
one can establish the following remarkable lemmas for all forms of qualitative
spatial and temporal reasoning such that consistent atomic constraint satisfac-
tion problems are globally consistent.

Lemma 3. Let € be a qualitative model, i, j be integers and f be a formula
of £L1(U) such that i < j and €(f) = €;(f). Then there is a qualitative model
€' such that for all integers k, if k < i then Qk(f) =e(f) and if k > i then
Qk(f) = €kt+j—i(f). Added to that, for all integers k, if k < i then r(f) = a(f)

and if k > 1 then €' (f) = €ryj—i(f).

0 i—1,4i+1 j—1,jj+1

0 i—1,44i4+1 j—1,4j+1

Fig. 3. The relationship between qualitative models € and € in lemma Bl
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Proof. If | f |= 0 then let ¢’ be a function with domain VAR x IN and range
the set VAL defined as follows. For all integers k, if £ < i then for all individual
variables z in var(f), let € (x, k) be e(z, k). For all integers k, if k > ¢ then for
all individual variables = in var(f), let €'(z,k) be e(xz,k + j — 1). It is beyond
all doubt that €' satisfies the required conditions. If | f |> 1 then the previous
function €’ might not satisfy the required conditions. In that case we let ¢’ be a
function with domain VAR x IN and range the set VAL defined as follows, see
figure[d For all integers k, if k < ¢ then for all individual variables x in var(f),
let €'(z, k) be €(x, k). For all integers k, if k& > i then assuming that the set of
all individual variables in var(f) is arranged in some determinate order z1, ...,
N, let €(x1,k), ..., €(xn, k) be the values defined as follows. Let us consider
the atomic constraint satisfaction problem (X}, Ry) defined as follows:

- Let Xk be {Xl,k—|f|,~~',Xl,ln~'~7XN,k—|f\7~~-,XN,k}§
- For all integers ny, ne and for all integers Iy, lo, if ny € {1,...,N}, ny €
{1,...,N}, s e {k— | f|,...,k} and lo € {k— | f |,...,k} then let
Ri(Xni 11, Xny1,) be the only atomic relation P such that P(e(zn,,li +
J—1),6(Tny, lo +j —1)).
Obviously, the constraint satisfaction problem (X, Ry) is consistent. Hence, it

is globally consistent. All this goes to show that given the values €'(z1,k— | f |),
con €z, k=1, ... € (xn k= | f ), .-, € (N, k — 1) such that:

- For all integers nq, ny and for all integers Iy, lo, if ny € {1,...,N}, ny €
{1,..., N}, he{k—| f|,.-..,k—1}and Iy € {k— | f |,...,k — 1} then
€' (Tn,, 1) and €' (zy,, l2) satisfy the constraint Ry (X, 11, Xnayin);

there are values €' (x1,k), ..., €(zn, k) such that:

- For all integers ny, ne and for all integers Iy, lo, if ny € {1,...,N}, ny €

{1,.... N}, s e{k—=|f|,....,k}and ls € {k— | f|,...,k} then €'(zp,,l1)

and €'(zp,,l2) satisty the constraint Ry (Xn, 1,, Xny i)

It is beyond all doubt that ¢ satisfies the required conditions.

Lemma 4. Let € be a qualitative model, i, j be integers and f be a formula of
L1(U) such that i < j, &(f) = €;(f) and every U-formula in €(f) is fulfilled
between i and j in €. Then there is a qualitative modelAe’ such that for all integers
k, if k < j then €(f) = €(f) and if k > j then € (f) = € kyi—;(f). Added
to that, for all integers k, if k < j then g’k(f) = €&(f) and if K > j then
gk(f) = gkﬂ;j(f), € 1is said to be a periodic qualitative model with starting
index 1 and starting period j.

Proof. If | f |= 0 then let € be a function with domain VAR x IN and range
the set VAL defined as follows. For all integers k, if k& < j then for all individual
variables = in var(f), let € (x, k) be e(z, k). For all integers k, if k > j then for
all individual variables x in var(f), let € (z,k) be € (x,k + i — j). It is beyond
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0 i—1,d,4i4+1 j—1,4j+1

I /71 I ‘

0 i—1,4i+1 j—1,jj+1

Fig. 4. The relationship between qualitative models € and €' in lemma Al

all doubt that € satisfies the required conditions. If | f |> 1 then the previous
function ¢ might not satisfy the required conditions. In that case we let ¢’ be a
function with domain VAR x IN and range the set VAL defined as follows, see
figure[d. For all integers k, if k < j then for all individual variables z in var(f),
let €'(x, k) be e(x, k). For all integers k, if k > j then assuming that the set of
all individual variables in var(f) is arranged in some determinate order z1, ...,
xn, let €(x1,k), ..., €(xn, k) be the values defined as follows. Let us consider
the atomic constraint satisfaction problem (X&), Ry) defined as follows:

- Let Xk be {Xl,k—|f|>~~~»Xl,ka~~~7XN,k—|f\w~~>XN,k}§
- For all integers ny, ne and for all integers Iy, lo, if ny € {1,...,N}, ny €
{1,...,.N}, s e {k— | f|,...,k} and lo € {k— | f |,...,k} then let
Ri(Xni 11, Xny1,) be the only atomic relation P such that P(€'(zp,,l1 +
i—7), € (Tny,lo+1—7)).
Obviously, the constraint satisfaction problem (X}, R) is consistent. Hence, it

is globally consistent. All this goes to show that given the values €’ (z1,k— | f |),
v €, k=1), .., €(@n, k= | f 1), ..., €(xzn,k — 1) such that:

- For all integers ny, ny and for all integers Iy, lo, if ny € {1,...,N}, ny €
{1,..., N}, he{k—| f|,....,k—1}and Iy € {k— | f |,...,k — 1} then
€' (Tn,, 1) and €' (zy,, l2) satisfy the constraint Ry (X, 11, Xnsin);

there are values €'(z1,k), ..., € (xn, k) such that:

- For all integers ny, ne and for all integers Iy, lo, if ny € {1,...,N}, ny €

{1,.... N}, s e{k—=|f|,....,k}and lo € {k—| f|,...,k} then €'(zp,,l1)

and €'(z,,,l2) satisty the constraint Ry (Xn, 1,, Xna i)
It is beyond all doubt that €’ satisfies the required conditions.

The reasoning behind the proof of lemma [3 and the proof of lemma [4 de-
serves especial consideration, for the simple reason that it makes use of the fact
that within the form of qualitative temporal reasoning in terms of intervals we
have considered, consistent atomic constraint satisfaction problems are globally
consistent. Combining lemma B] with lemma [4] we obtain the following theorem.
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Theorem 3. Let f be a formula of £L1(U) such that f is satisfiable. Then there
is a qualitative model € and there are integers i, j such that i < j, € is a periodic
qualitative model with starting index i and starting period j, i < w(f), j —1i <

Card(SF(f)) x w(f) and €,0 = f.

Proof. Let €9 be a qualitative model such that €@, 0 E f. The reader may
easily verify that there are integers i(?), j(©) such that:

-0 < O 0, (f) = E(T)j(o)(f) and every U-formula in ;(\0/)@%0) (f) is ful-
filled between (9 and j(© in €@,

@0) > w(f) then there are integers k, I such that k& < I, { < i and €©)(f) =

€©,(f). By applying lemma [B] we infer from this that there is a qualitative
model €M) such that ¢, 0 = f and there are integers i, 5 such that:

=i < WD (f) = 6(71)]-(1)(]0), every U-formula in e(),q)(f) is fulfilled
between i) and ;) in €M) and i) < (0,

Applying this reduction as far as possible, we gather from this that there is a
qualitative model ? such that ¢2),0 = f and there are integers i®, ) such
that:

- i@ < j@ @0 (f) = e(ig)jm (f), every U-formula in :(2/)1-(2) (f) is fulfilled
between i(?) and j? in €? and i®® < w(f).

If j —i®) > Card(SF(f)) xw(f) then there are integers k, [ such that i® < k,

E<l,1<7® e@p(f) =e®(f) and for all U-formulas gUh in €2, (f) and
for all integers m, if k < m and m < [ then ¢® m ¥ h. By applying lemma B3]
we infer from this that there is a qualitative model €(® such that ¢®),0 = f and
there are integers i®®, ) such that:

- i® < BB, 6 (f) = 6(73)]-@ (f), every U-formula in :(51-(@ (f) is fulfilled
between i) and j®) in €®) i) < w(f) and B =) <« ;@ (),

Applying this reduction as much as possible, we gather from this that there is a
qualitative model e® such that ¢, 0 = f and there are integers i, ™ such
that:

i < @@ (f) = €T)j<4> (f), every U-formula in 6/(251-(4) (f) is fulfilled
between i) and j) in e®, i) < w(f)and j®) —i®) < Card(SF(f))xw(f).

By applying lemma [, we therefore conclude that there is a qualitative model e
and there are integers ¢, j such that ¢ < 7, € is a periodic qualitative model with

starting index ¢ and starting period j, i < w(f), j —i < Card(SF(f)) x w(f)
and €,0 = f.

By theorem [3], we infer the following theorem.

Theorem 4. Determining of any given formula of L£1(U) whether it is satisfi-
able or not is in PSPACE.
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Proof. To test a formula f of £1(U) for satisfiability, we present the following
nondeterministic algorithm: Guess integers 4,5 such that i < j, i < w(f) and
j—i< Card(SF(f)) x w(f);

Guess a consistent f-state (:S’\_m, . .,§0, §0) such that §_‘f| =0,...,8,=0

and f € §0;

k:=0;

While k < i do R o R o
Guess a consistent f-state (1_y|,...,T0,To) such that (S_jy,...,S0,50) is
U-consistent with respect to (f,m, . ,fo, fo);

(S_m, ey So, So) = (T_|f|, ce ,To,To);

ki=k+1 . I
(U*|f|7 ) U07 UO) = (S7|f\7 SRR SOa SO);
While k < j do

For all U-formulas gUh in SE(f), if gUh € Uo and h € Sy then mark gUh in
Uo;
Guess a consistent f-state (ZA“_m, e JA“O,TO) such that (§_|f‘7 ..., S, So) is
U-consistent with respect to (f—l.ﬂ? . ,fo, Tg);
(S,‘f‘, ey So, So) = (T,|f|, ce ,T07T0);
k=k+1, B
Check whether for all U-formulas gUh in SF(f), if gUh € Ug then gUh is marked
in (70; R o N o
Check whether (U_jy,...,Uo, Uo) := (S_j¢|,- -, 50, 50). Remark that the pre-
vious nondeterministic algorithm works correctly and that it is polynomial-space
bounded in length(f). It follows that determining of any given formula of £, (U)
whether it is satisfiable or not is in NPSPACE. Seeing that NPSPACE =
PSPACE, see Savitch [17], we therefore conclude that determining of any given
formula of £1(U) whether it is satisfiable or not is in PSPACE.

Referring to theorem 2] and theorem [d] we easily obtain a proof of theorem [I]

7 Conclusion

We have considered the language introduced by Wolter and Zakharyaschev [20]
and obtained by mixing the model of the regions and the propositional linear
temporal logic. In particular, we have proposed alternative languages where the
model of the regions is replaced by different forms of qualitative spatial or tem-
poral reasoning. In these languages, qualitative formulas describe the movement
and the relative positions of spatial or temporal entities in some spatial or tem-
poral universe. On the basis of the argument displayed by Sistla and Clarke [18],
we have demonstrated that for all forms of qualitative spatial and temporal rea-
soning in which consistent atomic constraint satisfaction problems are globally
consistent, determining of any given qualitative formula whether it is satisfiable
or not is PSPACE-complete. Much remains to be done, given that there are
many ways we could extend our results. An important development in the theory



Computational Complexity of Propositional Linear Temporal Logics 175

of propositional linear temporal logic is the introduction of the S operator, the
informal meaning of (fSg) being that “f holds at all previous time points since
a time at which g holds”. Therefore, we plan to investigate the question whether
our line of reasoning is still valid for a propositional linear temporal logic with
both U and S operators. The reasoning behind the proof of lemma [3] and the
proof of lemma[4 makes use of the fact that within the form of qualitative spatial
or temporal reasoning we have considered, consistent atomic constraint satisfac-
tion problems are globally consistent. Consequently, another promising direction
of research is the issue whether our line of reasoning can be adapted to the forms
of qualitative spatial or temporal reasoning which does not fit this requirement.
In other respects, an important development in the applications of propositional
linear temporal logic is the model-checking algorithm used to determine whether
a given finite-state program meets a particular correctness specification. Thus,
we intend to illustrate how the model-checking algorithm works within the con-
text of our propositional linear temporal logic based on qualitative spatial or
temporal reasoning.
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Abstract. Constraint Logic Programming languages on Finite Domains
CLP(F D) provide a declarative framework for dealing with problems in
Artificial Intelligence (AI). However, in many applications, domains are
not known at the beginning of the computation and must be computed.
The domain computation can be time-consuming, since elements can be
retrieved through an expensive acquisition process from the outer world.
In this paper, we introduce a CLP language that treats domains as first-
class objects, and allows the definition of domains through constraints
in a CLP(FD) environment. We define operations and properties on
variables and domains.

The language can be implemented on top of different CLP systems, ex-
ploiting thus different semantics for domains. We state the specifications
that the employed system should provide, and we show that two different
CLP systems (Conjunto and {log}) can be effectively used.

1 Introduction

The Constraint Satisfaction Problem (CSP) model is a powerful tool for dealing
with many problems in AI. A CSP consists of a set of variables that range on
a set of domains, and are subject to a set of constraints. Constraints provide a
natural way for formalizing problems in a declarative fashion, and are embedded
in Constraint Logic Programming (CLP) languages.

However, one drawback of the CSP model is that all the possible information
about the problem is necessary at the beginning of the computation. In partic-
ular, domains have to be fully known: if some domain elements are not known,
the solving process cannot start. A possible, but inefficient, approach suggests
to build a CSP containing only the available information and try to solve it; if a
solution cannot be found, more information must be retrieved, and a new CSP
must be built and solved from scratch.

In many real-life cases, domains are not available, and have to be computed.
For example, in a vision system, domain values are features that must be syn-
thesized from the low-level representation of the image [7]. In a planner on a
network system, domains are too big to be handled [2], so only the part that will
be effectively used should be acquired. Moreover, domains could be defined with
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a set of relations; for instance, suppose to have three variables A, B, C that range
on domains, respectively S4, Sp and S¢, that are subject to some constraints,
e.g, S4 C Sg and Sc NS4 = (. In a usual computation, sets must be computed
in order to obtain a CSP; then the constraint solving process can start, in a
strictly sequential computation.

This process is not acceptable in many problem instances. If only some of
the elements will be used in CSP resolution, computing the whole domain can
be a significant waste of time.

A first effective solution to this problem is the Interactive CSP model pro-
posed in [6]. In this model, domains can be variables, values are acquired during
the solution process only when necessary, and inserted into the variable domains.
Moreover, constraints can be posted to an acquisition module in order to guide
value extraction and drive to possibly consistent values. This model has been
successfully applied to visual recognition tasks [7] and planning [2]. It could be
used to acquire domain values from the web, as suggested in [14]. Experiments
on randomly-generated problems [6] show that in many instances, ICSP solving
algorithms can avoid domain element acquisition steps, providing good perfor-
mance in problems where information is partially specified.

In this paper, we go a step further with respect to the ICSP. Not only vari-
ables can range on partially or completely unknown domains, but domains can
be seen as first class objects, expressing constraints and operations on them. We
propose a CLP language that

— allows the user to handle domains as first-class objects;

— contains the ICSP model as an instance, and uses ICSP solving algorithms
as propagation engines, maintaining their efficiency level,

— can be implemented on top of different existing CLP systems, proposing
different possible semantics for the domain concept.

We consider a CLP system with two sorts: the Finite Domain (F'D) sort plus
its powerset (Pgrp) sort. In this setting, constraints can be imposed both on
FD variables, thus pruning the search space, and on Pgrp variables representing
domains, thus providing information useful to synthesize domain elements.

However, while most CLP systems agree on the concepts in the FD sort, many
different viewpoints have been expressed on collections of values. Depending on
the given problem, different semantics can be associated with the collection
concept: it could be a stream [1, a set [10] or a list [3].

For the sake of simplicity, in this work we consider the set framework as
the main example. Sets are a very natural and powerful language for expressing
problems, but they are usually difficult to handle efficiently. Systems have to deal
with a tradeoff between expressive power and efficiency. For this reason, most
systems restrict the set general semantics, i.e., they limit the description capa-
bilities, in order to achieve tolerable computation times. For example, Conjunto
[12] is aimed at solving highly combinatorial problems; it exploits efficient prop-
agation techniques similar to those used in CLP(F D). However, it can model
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only problems where all the elements are known: for each domain variable a
ground upper bound and a lower bound are maintained.

In our setting, we have a set computation that provides domains for a CSP.
Since CSP solving is better understood and more efficiently computed than com-
putations involving sets, an efficient algorithm would try to limit the set reso-
lution and perform the FD computation as soon as possible, before requesting
information to the set component.

The rest of the paper is organized as follows. In section 2 we give the syntax
of the proposed language. In section [3 we give some examples of problems that
can be fruitfully addressed with the proposed language. In section llwe show the
operational semantics of the FD sort, the domain sort and we describe propaga-
tion of constraints that link the sorts. Related work is mentioned in Section
Conclusions and future work follow.

2 Syntax and Declarative Semantics

In this section, we describe a constraint language which allows the user to work
with unbounded domains and also specify constraints on them. The language is a
two sorted first-order language on objects (e.g., integers) and domains. We define
operations and constraints on finite terms (they are the usual operations and
constraints of CLP(F D) languages) and on domains. The declarative semantics
of the language derives directly from the semantics of CLP; for the basics see
[13]. In the following, we will comply to the conventions in [13].

Intuitively, we want to provide a model for binding a CLP(F D) system with
a CLP(X) system with the intended semantics that variable objects in the X’ en-
vironment provide domains for the variables in the FD world. X can be any sort
representing collection of objects (e.g., sets, arrays, lists, streams, ...) satisfying
the properties defined in section Tl

Given two CLP languages Lrp and Lp,. ,, we define the CLP language L as
the union of the two languages, with a further constraint ::. as follows:

— the signature ¥ = Xpp U Xp,, U{ . };
— the intended interpretation D keeps the original mappings in the F'D and
Prp sorts; ie., D|s., = Drp and D|s, = Dp,,.

We suppose that for finite domains, the usual binary constraints and operations
are defined (i.e., the symbols <, <,+, —, X, ... belong to X'rp and are interpreted
as usual). In the domain sort, we consider unary and binary constraints, such as
C, D and =. We basically consider the following elementary operations:

— D1 ® D5 is used to join domains coherently with the semantics of the X sort;
— Dy © D5 performs difference;
— Dy ® D5 performs intersection;

where D¢ and D, stand for elements of the domain sort. Thus, if we use lists or
streams, the @ operation will be concatenation; for sets it will be set union.
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In our framework, we can exploit different CLP languages for the domain sort,
dealing with different domain formalizations, thus achieving different expressive
power and computational efficiency. We could build a two-sorted CLP system on
top of a CLP dealing with lists [b], sets [912] or streams [1]. The framework we
are proposing is general enough to be implemented on top of a variety of CLP
languages. Of course, the obtained system inherits the advantages and drawbacks
of the exploited language.

In this way, we can decide which semantics we associate with domains. For
example, sets are managed in a wide variety of ways, so, if we have a combinato-
rial problem and need to provide high efficiency levels, we can choose Conjunto
[12], while if we need higher expressive power, we may prefer {log} [9].

Finally, we introduce the constraint X :. S linking the two sorts, whose
signature is (FD,Prp). The declarative semantics of the constraint is

Xt S—XefSs

This constraint substitutes the usual CLP(F D) unary constraint linking a do-
main variable X to its domain when domains could not be completely specified.
From the Prp viewpoint, it replaces the set membership operator, but it is
more expressive, because it allows the association of the F'D and the Pgrp sorts;
thus, in X ::. D, F'D constraints can be imposed on X. Clearly, when all do-
main values in D are known, this constraint is equivalent to the standard one,
X ay, ... a,).

3 Examples

In this section, we show through simple examples how the CLP(FD + Ppp)
framework works, and how it can be useful in addressing real problems.

3.1 A Vision System

As an example, consider a vision system which has to locate an object in a given
image. The system must know a model of the object, that can be naturally given
by means of constraints [7]. For instance, we can say that we recognize a picture
as a rectangle because it is composed of exactly four edges, which mutually touch
with a ninety-degree angle, etc. The constraint model can be:

touch(X1, X2), perpendicular(X1, X2), same_length(X1, X3), parallel(X1, X3),
touch(Xa2, X3), perpendicular(Xz, X3), same_length(Xs, X4), parallel(X2, X4),
touch(Xs, X4), perpendicular(Xs, X4), no_touch(X1, X3),
touch(Xa, X1), perpendicular(Xa, X1), notouch(Xz, X4).

Of course, in order to perform recognition, a feature extraction system is re-
quired. The primitive features (e.g., the segments) of the picture compose the
variable’s domains, so they must be retrieved. Since the acquisition process is
very time-consuming, the number of extracted primitives should be minimized.
In our framework, this problem can be addressed by stating that the variables
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range on the set of segments in the image, which is unknown at the beginning
of the computation:
X4, Xo, X3, Xy 1. Segments

Then, each time a segment s; is retrieved, it will be declared a member of the
domains of the F'D variables, by simply stating s; € Segments.

Apart from this toy example, the language can describe very complex sit-
uations. In real world recognition, various kinds of features are employed, so
we could state that a group of variables range over the set of surface patches,
another on the set of segments, another on the set of angles, simply by stating:

S1,8%,...,58; . Segments
P, Py,...,P; . Surfaces
Ay, Ao, ... Ay i Angles

Then, we can add constraints saying that each segment should be the edge of
a surface, and that each angle should be the jointure of two segments. In this
way, different acquisition modules can be exploited at the same time, providing
in parallel different classes of information. It is worth noting that even in hu-
man vision there are different brain parts that carry on recognition of different
classes of features (e.g., horizontal and vertical lines). Moreover, when seen from
a certain viewpoint, a surface may appear as a segment; in this case we can state
that some variable can range on the union of the two sets:

Sy . Segments @ Surfaces.

If we have two cameras, we can exploit stereo-vision and infer distance informa-
tion about the various objects. Of course, the two cameras will see only some
objects in common, so some variables could range only on the set of objects in
the intersection:

S3p .. Camerar ® Camerag.

3.2 Map Coloring

In a map coloring problem we have to find a color for each country in a map, such
that neighboring countries have different colors. Variables represent the coun-
tries, domains contain the available colors and constraints state that neighboring
countries have different colors. For example:

A,B,C,D ::. {red, green,blue}
A#B,A+C,A#+#D,B#D,C+#D

In this example the palette is known (i.e., the domain {red, green, blue}). Any-
way, if we want to find the palette necessary for solving the problem, we have to
find a set such that the CSP considering it as variable domain has a solution. In
our language it can be stated this way:

A,B,C,D :. Palette
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with the same constraints. In this case, however, the domain Palette is unde-
fined at the beginning of the computation, and its elements will be interactively
acquired during propagation. At the end of the computation, the set variable
Palette will contain in its known part the colors employed to solve the problem.

4 Operational Semantics

4.1 Operational Semantics: Prp Sort

The operational semantics on the Prp sort is defined by the employed subsys-
tem. Different CLP(Prp) (such as Conjunto [12] and {log} [9]) detect incon-
sistency and perform propagation in different ways. In this section, we define
properties and behaviors that the domain sort should provide in order to be
exploited in our framework. Then, we show that two utterly different systems
(Conjunto and {log}) can give the requested functionalities.

Since the scope of our computation is finding solutions to a CSP, we need
to distinguish domain elements that can be fruitfully exploited in a CSP com-
putation from elements that are not yet known. For this reason, we request the
employed system to let the user partition each domain D¢ into a known and
an unknown part (respectively, K¢ and Uid)El, with the intended meaning that
the known part contains all the ground elements that are proven to semantically
belong to the domain Dzd, while the unknown part is the rest.

Property 1. Selection of known elements: for each domain D¢, at every step of
the computation, the set of elements that are proven to belong to the set can be

distinguished. We call this set the known domain part K¢.

— In {log}, domains are given by an arbitrary collection of Prolog terms; sets
can be constructed using the set constructor {.|.} plus the empty set (). For
example, {1,p(2), Z, q(Y,3)|K} is a valid set. {log} satisfies Property [[} the
known part is the set of ground elements that are proven to belong to a set,
in our example, {1,p(2)}.

— In Conjunto, a set S is represented by two ground sets: a Least Upper Bound
(LUB) and a Greatest Lower Bound (GLB), such that GLBgs C S C LU Bg.
Conjunto satisfies Property [1 and the known part coincides with the GLB.

Property 2. Partitioning domains into a known and an unknown partE for each
domain D¢ it is always possible to define a set U such that D¢ = K¢ & U¢ and
KInUd=9.

— In Conjunto, the unknown domain part is simply given by the set difference
Ul=DI\ K!=LUB\GLB.
1 We use the superscript d to keep the same symbols in all the paper. The reason will
be clear in section

2 We require this property mainly for efficiency reasons in order to avoid repeated
solutions. However, this is not a critical issue.
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— In {log}, each time a new element is proven to belong to the known part,
we need to impose a constraint stating that the element must not belong
to the new unknown part. For example, if we have a domain containing
D; = {p(a, X),p(Y,b)} (thus K¢ = ), and we prove that p(a,b) € DI we
have (K@) = {p(a,b)} and (U?) = {p(a, X),p(Y,b)}; we will have thus to
impose an explicit constraint stating p(a,b) ¢ (UZ)'.

Property 8. Promotion of elements: It is possible to define a predicate promote
which can select an element from the unknown domain part and synthesize or
acquire enough information to let it enter the known domain part.

The promote predicate can be implemented in a variety of ways, depending on
the addressed problem and on the Prp sort we are exploiting. Each computation
providing ground domain elements can be exploited in this predicate; however, it
is more convenient to associate a computation performing time-consuming oper-
ations, as the number of calls to this predicate will be minimized. In the stream
sort, i.e., when domains are communication channels between subsystems, the
promotion is a request for a domain element to the value provider. For instance,
it can be used for human interaction [19] (the user declares the domain elements)
or for acquisition of information from another component. When dealing with
sets, the labeling phase is much more complex than in a CLP(F D) computation,
as it usually opens many more branches. For this reason, the labeling phase on
CLP(Prp) can be postponed and performed after some CLP(F D) computation
has provided constraints or heuristic to be exploited. In this case, the promote
predicate can be implemented with a labeling predicate: tentative values are
given to a domain element, and are provided for the known part.

Property 4. Test/Assertion of emptiness: the promote predicate has to provide
a ‘null value’ information if there are no more elements in the unknown domain
part to be promoted. In other words, promote must be a predicate reporting
false if there are no more consistent values.

This property is very important to test if the unknown part is empty. This is an
issue when linking the two sorts and it will be discussed in section [£:3]

4.2 Operational Semantics: Finite Domains

In a Ppp computation, finding sets is the goal of the computation and they
need to be considered in a strictly monotonic way. Properties that are shown
by a domain at a certain step of the computation will stand for all the future
computations. In particular, if an element belongs to a domain, it cannot be
deleted from it.

On the other hand, FD propagation algorithms possibly prune the variable
domains, and this might enter in conflict with constraints imposed on set vari-
ables representing domains.

For example, consider the constraint Dy D {1,2} stating that D; must con-
tain at least two values. Dq could be also the domain of an F'D variable X1, i.e.,
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X1 ::. Dy and there could be a constraint stating that Xy # 2. Usual CLP(F D)
propagation of X; # 2 would remove value 2 from the domain of X7; this elimi-
nation is inconsistent with D; D {1,2}, so we would have a failure. This failure is
not correct, in fact the set of constraints (D; D {1,2}) A (X1 :: D1) A (X1 # 2)
is satisfiable (declaratively, :: means set membership). On the F'D side we wish
to delete the inconsistent element from the domain, while on the Prp side we
should not delete elements, because the domain is also a logical variable.

To cope with set variables which are also FD domains (i.e., X; ::. D;), each
domain D; is represented de facto by two structures:

— the definition domain, Df, which is a set variable accessible at language
level, thus, it can be defined intensionally by constraints. At every step of
the computation, its state can be modified exclusively by constraints imposed
on it, never by constraints imposed on the X; variable ranging on D;;

— the current domain, Df, which is hidden to the user and represents the
standard variable domain of an FD computation, i.e., it is the set of (pos-
sibly consistent) values the variable X; can assume during a Finite Domain
computation. In our case, however, this set is not given extensionally; some
elements will be known and others will be unknown. The values it contains
are limited by constraints on the F'D and on the Pgp sorts.

For each domain D;, the basic property D¢ C D¢ is imposed at each step of
the computation. With this representation, inconsistent elements can be deleted
from the current domain of a variable without affecting the definition domain.
Moreover, Df must synthesize all the knowledge provided by the definition do-
main; this issue will be addressed in Section

We want to provide the FD solver (the most efficient of the two solvers) all
the available information about domains in order to allow its exploitation. On
the other hand, we cannot provide all the possible information at the beginning,
because it would mean performing all the hard tasks (i.e., acquisitions and prop-
agation on collections of values) before the easy tasks. In particular, we need to
distinguish the ground elements from the rest of the domain. For this reason,
the current domain Df of a variable X; is also partitioned into a known (KY)
and an unknown part (Uf).

From a declarative viewpoint, constraints limit the combination of assign-
ments of elements taken both from the known and the unknown domain parts.
Operationally, they can delete from the known part elements that cannot lead
to a solution and they have to filter elements in the unknown part. We impose
auxiliary constraints on the unknown domain part that provide information on
the set of elements it should contain. An auxiliary constraint can only be im-
posed by another constraint (it is not accessible at the language level) and its
purpose is twofold. First, it forbids inconsistent elements to enter the domain,
i.e., whenever new information is available, it checks the synthesized elements,
and eventually deletes them. Second, it can be exploited to provide information
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on consistent elements, and to help the synthesis of consistent elementsﬁ. For
example, a constraint c¢(X;, X;) deletes inconsistent elements from the known
domain part and imposes the auxiliary constraints ¢*/ (X;, Uf) and c* (U, Xj).

Definition 1. A constraint ¢(X;,X;) defines two auxiliary constraints
i (Uf, X;) and ¢ (X;,Uf). ¢ (U, X;) is a subset of the cartesian product
P(DS$) x D5 representing couples of compatible assignments of the subdomain
Uf € Df and the variable X; € Dj5. It is satisfied by a couple of assignments
Uzc =5; C D:, Xj = Vj Z]?lV’Uz €S, (vi,vj) S C(Xi,Xj). Thus,

Cui(Uic,Xj) = {(Si,’l)j> S P(D:) X ch Yo, € Si.<’l)i,1}j) S C(Xqu)}

For instance, a constraint X > 5, where X ::. D and D = {1,10|U}, produces
the new domain {10|U’} with the imposed constraint Vv € U’,v > 5.

In order to perform a propagation employing all the available information on
domains, we propose an extension for the partially known case, of the concept
of consistency, called known consistency. In this paper, we provide only the ex-
tension of node-consistency and arc-consistency; the extension to higher degrees
of consistency is straightforward.

Definition 2. A unary constraint ¢ is known node-consistent (KNC) iff Vv, €
K¢, v; € ¢fX;) and K§ # 0. A binary constraint ¢ is known arc-consistent
(KAC) iff Vv; € K, Fvj € K5 s.t. (vi,v5) € c(Xy, X;) and viceversa.

Definition 3. A constraint network is known arc-consistent iff all unary con-
straints are KNC' and all binary constraints are KAC.

While the concept of known consistency is similar to the concept of con-
sistency, the algorithms that achieve them are quite different. Algorithms that
achieve arc-consistency typically remove inconsistent elements from the domain;
in this way, the consistent problem is equivalent to the original one. In KAC,
if we only delete elements that are not supported by known elements, the new
problem is not necessarily equivalent to the original one. A KAC enforcing algo-
rithm deletes values and promotes others, so, after propagation, the known part
of the domains could be shrunk or enlarged.

If a network is known consistent, it shows some interesting properties:

Lemma 1. If a network of constraints is KNC and KAC, then the problem with
the same variables ranging only on the known parts of domains is arc-consistent.

There are many algorithms that translate a problem, P, into an equivalent prob-
lem P’, with different domains, such that the new problem P’ is KAC. Each
algorithm will be able to detect inconsistency if a domain becomes empty.

3 This possibility can provide a big speedup, but it can be exploited only if the desired
result does not contain definition domains. In fact, the synthesis of elements with
auxiliary constraints has an implicit influence on the Prp computation.
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Proposition 1. FEvery algorithm achieving KAC is able to detect inconsistency
in the same instances as an algorithm achieving AC.

Proof. An algorithm achieving known arc-consistency computes an arc-consis-
tent subdomain (lemmal). Since each domain must contain at least one (known)
element to be known node-consistent, then the obtained known subdomain is a
non empty subset of the maximal arc-consistent subdomain.

In other words, if an arc-consistent subdomain exists, then a maximal arc-
consistent subdomain exists; so if KAC does not detect inconsistency, AC would
not detect inconsistency either. Arc-consistency and known arc-consistency are
different properties, but, as stated by Proposition [, they give the same con-
sistency checking ability. The advantage in using KAC is that the check for
known arc-consistency can be performed lazily, without full knowledge of all the
elements in every domain; a drawback is that it performs less pruning.

In order to achieve AC, an algorithm needs to remove elements that are
proven to be inconsistent. To achieve KAC, an algorithm needs to delete and
to promote elements, i.e., to move some elements from the unknown part to the
known part. To obtain a problem equivalent to the original one, only elements
that satisfy all the auxiliary constraints can be promoted. Elements can then
be deleted if they are shown to be inconsistent. In figure [I, an algorithm for
achieving KAC is shown, based on AC-3 [16]; other algorithms could be employed
as well. Our KAC algorithm is like AC-3 except for the case no v; € K7 exists
such that (v;,v;) € c(X;, X;). In this case, another value for K7 is requested by
calling promote. If no value exists that is consistent with the requirements of
the domains on Ppp level, v; is pruned on the grounds that U7 is empty and
thus v; is without support. Otherwise, the value is recorded as support for v;, in
fact, inconsistent acquisitions are prohibited by auxiliary constraints.

Implementation of the promote predicate in each setting is a crucial issue,
because it highly influences efficiency. Heuristics can be exploited to select the
most promising elements to be promoted; in particular, auxiliary constraints can
be used to drive the provider component. For example, in a visual search problem
[7], auxiliary constraints can be passed to an acquisition module that extracts vi-
sual features (such as segments or surfaces) from an image. Auxiliary constraints
can provide information to the extraction agent and focalize its attention to the
most significant image parts. As noted before, this is possible because in such
an application, domains are not the main result we are expecting.

Operationally, achieving KAC has some similarities with achieving Lazy Arc
Consistency (LAC) [18]. LAC is an algorithm that finds an arc-consistent subdo-
main (not necessarily a maximal one) and tries to avoid the check for consistency
of all the elements in every domain. KAC looks for an arc-consistent subdomain
as well, but it is aimed at avoiding unnecessary information retrieval, rather than
unnecessary constraint checks.
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procedure KAC

Q — {c(Xi, X5) b5

while not empty(Q)
select and delete one constraint ¢(Xk,Xm) from Q;
if REVISE(c¢(Xk, Xm)) then

Q — Q (H{c(Xi, Xk) such that i # kAt #m}

EndIf;

EndWhile;

End KAC

function REVISE(c(X;, X)) :bool;
MODIFIED «— false;
for each v; € K do
if there is no v; € K such that (vi,v;) € ¢(Xi, X;) then
MODIFIED «— true;
if promote(v, Uy)
then US = {v|(Uf)'} % The value is inserted in the domain
% and considered in the known part
else delete v; from K;;
EndIf;
EndIf;
EndFor;
return MODIFIED;
End REVISE

Fig. 1. KAC propagation for FD constraints

4.3 Operational Semantics: Linking the Two Sorts

Elements in the Pgrp sort are not unifiable with elements in the F'D sort; the
sorts are linked by the constraint ::. which binds an F'D variable to its domain.
Intuitively, this constraint ensures that only and all the elements that belong to
the domain are considered as possible values for the FD variable. Operationally,
for each domain, we have a constraint stating that all the elements in the current
domain also belong to the definition domain (i.e., Df C Df); moreover, we must
ensure that all the useful knowledge on the definition domain is propagated to the
current domain. There are two basic kinds of information we need to propagate:
the known elements and the (eventual) emptiness of the unknown part. All the
elements in the known part of the definition domain have to be inserted in the
known part of the current domain in order to be exploited for propagation.
Knowledge on the unknown domain part is important because we can exploit it
for deleting elements from the definition domains, thus pruning the search space.
In fact, as shown in figure [, a domain element v € K; can be eliminated by
a binary constraint ¢(X;, X;) only if we know that it is not supported by any
element in the domain of X;; as any element could be supported by unknown
elements, we cannot delete it.
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Finally, of course the concept of promotion links the two sorts: the promote
predicate will be implemented using Prp structures, and will be made available
at the FD side in order to achieve KAC.

:= X . DY . Dy, Z ::. Dz, intersection(Dxz,Dy,Dz), Z > X.
List new values for X: {1|Dz'}.

The following constraint should guide acquisition: Z>1
List new values for Z: {2|Dz'}.

The following constraint should guide acquisition: Z>2
List new values for X: {}.

Dx={1, 2 | _}, Dy={2 | Dy’}, Dz={2 | Dz’}

Xee{1 | 2}, Yee{2 | ), 2::{2 | _}

delayed goals:
intersection(Dx,Dy,Dz)
Z>X

yes.

Fig. 2. Example of computation

Numeric CSP. Let us see with a simple example, how a sample problem can
be described and solved in CLP(FD+Prp). With the given language, we can
state in a natural way the following problem:

:=X . Dx,Y . Dy, Z ::. Dy, intersection(Dx,Dy,Dz),Z > X.

defining three variables, X, Y and Z, with constraints on them and their do-
mains. KAC propagation can start even with domains fully unknown, i.e., when
Dx, Dy and Dy are variables. Let us suppose that the elements are acquired
through a user interaction (i.e. the Ppp sort is based on channels and the
promote predicate is specialized for acquisition from the user) and the first ele-
ment retrieved for X is 1 (Figure 2). This element is inserted in the domain of X,
i.e., D& = {1/(D%)'}; since it is consistent with auxiliary constraints, it is also
inserted in the current domain, ie., D% = {1|/(D%)’'}. Then KAC propagation
tries to find a support for this element in each domain of those variables linked
by F'D constraints; in our instance Dyz. A value is requested for Dz (eventually,
providing the user the imposed auxiliary constraints in order to have guided
acquisition) and the user gives a (possibly consistent) value: 2. This element is
inserted into the domain of Z: D% = {2|(D%)'}. Since the acquired element is
consistent with auxiliary constraints, it is not deleted and it is inserted in the
current domain of Z. Finally, the constraint imposed on domains can propagate,
so element 2 has to be inserted in both the (definition and current) domains of
Y and X, thus D$ = D§ = {2|D}} and D% = D% = {1,2|D%}.
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KAC propagation must now find a known support for element 2 in D%,
so another request is performed. If the user replies that there is no consistent
element in the domain of Z, then 2 is removed from the current domain of X. It
will remain in the definition domain because the element semantically belongs
to the domain even if no consistent solution can exist containing it.

When KAC propagation reaches the quiescence, in each domain we know a
support for each other known value.

5 Related Work

Many systems consider set objects, because sets have powerful description ca-
pabilities. In particular, some have been described as instances of the general
CLP(X) framework, like {log} [109], CLPS [I5], or Conjunto [I2]. However,
none of them, to our knowledge, deals with a two-sorted CLP: the only aim is
finding assignments for sets.

In {log} [TO/], a set can be either the empty set (J, or defined by a constructor
with that, given a set S and an element e, returns the set composed of S'U {e}.
This language is very powerful, allowing sets and variables to belong to sets.
However, the resulting unification algorithm is non-deterministic, thus, in the
worst case, it has an exponential time complexity.

Conjunto [12] is a CLP language in which set variables can range on set
domains. Each domain is represented by its greatest lower bound (i.e., the in-
tersection of all the sets belonging to the set domain) and its least upper bound
(i.e., the union of all the sets in the set domain). Each element in a set must
be bound, sets are considered to be finite, and they cannot contain sets. These
restrictions avoid the non-deterministic unification algorithm, and allow good
performance results. Similar constraint sorts are called set constraints in some
CP systems. Our framework can interface with Conjunto; the propagation is lazy
and based on the greatest lower bound of the variables. Our method can provide
an efficient way to integrate F'D with Conjunto, mainly if the Upper Bounds of
set variables contain a big number of elements.

In [], a method for compiling constraints in CLP(FD) is described. The
work is based on the idea of having a single type of constraint X in R, used to
implement all the other constraints. R represents a collection of objects and can
also be a user function. Thus, in c1p(FD) domains are managed as first-class
objects; our framework can be fruitfully implemented in systems exploiting this
idea, such as, for instance, SICStus Prolog [3].

In [19], a framework is proposed to deal with interaction of the user in a logic
programming environment. Our work can be used for interaction in a constraint
logic programming framework; it allows the user to provide domain values. As
suggested in [19], the user should not provide all the possible values at the
beginning of the computation if only few of them will be effectively used. This
idea can be seen as a kind of lazy domain evaluation. In [20] the same idea is
considered; the domains of the variables are viewed as streams during a forward
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checking computation. In [8], the effectiveness of such an approach is shown. In
our proposal, implementation of delayed evaluation is quite natural and simple.

In [6], the ICSP model is proposed as an extension of the CSP model. In this
model, variables range on partially known domains which have a known part and
an unknown part represented as a variable. Domain values are provided by an
extraction module and the acquisition process is (possibly) driven by constraints.
The model has been proven effective in a vision system [7], in randomly-generated
problems [6] and in planning [2]. This work can be considered as the language
extension of the ICSP, maintaining it as the core of the propagation engine on
the FD side (thus keeping its efficiency). The ICSP can also be considered as the
instance of the language considering domains as streams between subsystems.

In [I7], a system is shown that considers unbound domains. In this case, a
domain can contain a “wildcard” element that can be linked to any possible
element. Operationally, this idea has some similarities to the ICSP, however
in [6] was provided a better comprehension from the theoretical viewpoint. In
the ICSP model, domains have the form of streams, with a known part plus a
variable which represents semantically a collection of unknown elements, not a
single unknown element.

6 Conclusions and Future Work

In this work, we presented a language belonging to the CLP class that allows to
perform a constraint computation on variables with finite domains while infor-
mation about domains is not fully known. Domains are considered as first-class
objects and can be themselves defined by means of constraints. The obtained
language belongs to the CLP class and deals with two sorts: the F'D sort on
finite domains and the Prp sort for domains. We defined the concept of known
arc-consistency and compared it with arc-consistency. We provided a propaga-
tion engine for the FD sort exploiting known arc-consistency that provides the
good efficiency level described in [6] in a more general framework. The frame-
work can be specialized in order to consider, as a Pgp sort, many different sorts
representing collections of values, as sets, streams or lists. In [T1] we describe the
implementation on streams. In particular, the framework can be implemented on
top of different systems. We presented the syntax and semantics of the language
and we explained what requirements a CLP(Prp) language has to satisfy to be
suitable. Then, we have shown that two existing systems, Conjunto and {log},
with different expressive power and different efficiency levels, satisfy the defined
specifications. Finally, we have shown some application examples.

Future work concerns implementation on top of different CLP languages, in
order to study in more detail the problems and features which are inherited
by the system in various environments. Finally, we want to integrate more the
system, in a framework where F'D variables can range either on sets (of Conjunto
or {log}) or on streams.
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Tutorial:
Reasoning with, about
and for Constraint Handling Rules

Thom Fruehwirth and Slim Abdennadher

Ludwig-Maximilians-University, Munich, Germany

Abstract. Constraint reasoning finds more and more applications. The
rule-based concurrent programming language Constraint Handling Rules
(CHR) was introduced to ease the development of constraint reasoners.
Currently several CHR libraries exist in languages such as Prolog, Haskell
and Java, worldwide more than 50 projects use CHR. CHR and dozens
of its constraint reasoners/solvers can be used online via the internet at
http://www.pms.informatik.uni-muenchen.de/“webchr/
Over time it has become apparent that CHR and its extensions are
useful for implementing reasoning systems in general, including deduc-
tion and abduction, since techniques like forward and backward chain-
ing, bottom-up and top-down evaluation, integrity constraints, tabula-
tion/memoization can be easily implemented and combined.
This 90 minute talk will consist of the following parts:
— Introduction of CHR by examples, giving syntax and semantics of
the language.
— Reasoning with CHR: How to implement and combine reasoning
systems in CHR.
— Reasoning about CHR: How to analyse CHR programs, e.g. for op-
erational equivalence and complexity.
— Reasoning for CHR: How to automatically derive from a logical spec-
ification constraint reasoners that are executable in CHR.
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Abstract. PROSPER is a recently-completed ESPRIT Framework IV
research project that investigated software architectures for component-
based, embedded formal verification tools. The aim of the project was to
make mechanized formal analysis more accessible in practice by providing
a framework for integrating formal proof tools inside other software ap-
plications. This paper is an extended abstract of an invited presentation
on PROSPER given at FroCoS 2002. It describes the vision of the PROS-
PER project and provides a summary of the technical approach taken
and some of the lessons learned.

PROSPER [46] is a 24 person-year LTR project supported under the ESPRIT
Framework IV programme and formally completed in May 2001. The project ran
for three years and conducted a relatively large-scale research investigation into
new software architectures for component-based, embedded formal verification
tools.

The project was a collaboration between the Universities of Glasgow, Cam-
bridge, Edinburgh, Tiibingen and Karlsruhe, and the industrial partners IFAD
and Prover Technology. Glasgow was the project Coordinator, as well as the
main development site for the core PROSPER software infrastructure.

1 Embedded, Component-Based Verification

The starting point for PROSPER was the proposition that mechanized formal
verification might be made more accessible to non-expert users by embedding
it, indeed hiding it, as a component inside the software applications they use.
Ideally, reasoning and proof support would be made available to the end-user by
encapsulating it within the interaction model and interfaces they already know,
rather than making them wrestle directly with theorem provers, model checkers,
or other arcane software.

By contrast, the practical results of much current formal reasoning research
are typically embodied in stand-alone tools that can be operated only by experts
who have deep knowledge of the tool and its logical basis. Verification tools are

A. Armando (Ed.): FroCoS 2002, LNAI 2309, pp. 193-208], 2002.
© Springer-Verlag Berlin Heidelberg 2002
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therefore often not well integrated into established design flows—e.g. into the
CAD or CASE tool environments currently used for hardware design or software
development.

Good evidence that this imposes serious barriers to adoption of formal reason-
ing by industry can be found in the arena of formal verification for hardware de-
sign. By far the most successful method is formal equivalence checking (e.g. with
BDDs), where the technology is relatively push-button and well integrated by
electronics design tool vendors into their normal CAD tool flows [10]. On the
other hand, only very few, well-resourced, early adopters have been making ef-
fective use of model checkers or theorem provers [T9/43] and wider deployment
of these in future is by no means certain.

But a developer who does wish to incorporate verification inside another ap-
plication, for example a CAD or CASE tool, faces a difficult choice between
creating a verification engine from scratch and adapting existing tools. De-
veloping a new verification engine is time-consuming and means expensive re-
implementation. But existing tools are rarely suitable as components that can
be customized for a specific verification role and patched into other programs.

In summary, at the time the PROSPER research programme was being de-
vised (circa 1996) many promising formal reasoning tools existed, but these were
typically

— not integrated into other applications,
internally monolithic,

driven through user-orientated interfaces, and
operable only by expert users.

PROSPER’s idea was to experiment with a framework in which formal verification
tools might instead be

— integrated as embedded ‘proof engines’ inside other applications,

— built from components,

— driven by other software through an API, and

— operable by ordinary application-domain users, by giving user-oriented guid-
ance.

The PROSPER project investigated this proposal by researching and developing
a software Toolkit [21], centred around an open proof tool architecture, that
allows an expert to easily and flexibly assemble customized software components
to provide embedded formal reasoning support inside applications. The project
originally had mainly CAD or CASE applications in mind, but its results were
not really specialized to these. Indeed, one early experiment was to embed proof
support within Microsoft Excel.

The primary concern of the project was not the logical aspects of integration
or combining systems, and the PROSPER Toolkit has no special mechanisms
for ensuring the soundness of translations between the logical data of different
tools. Of course this is important, but it was not emphasized in the project
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because other work, such as the OMRS project [29], was developing systematic
frameworks for treating soundness.

The remainder of this abstract gives a sketch of the technical approach taken
in PROSPER and a brief account of some of the general lessons learned. Of course,
other researchers have had similar ideas. There is a growing research literature on
combinations of proof tools, tool integration architectures, and design tools with
embedded verification—not least in the proceedings of the FroCoS workshop
series [I28IB6]. A brief list of some related work is given in section

2 Technical Approach

Central to PROSPER’s vision is the idea of a proof engine, a custom-built verifi-
cation software component which can be operated by another program through
an Application Programming Interface (API). This allows the embedded formal
reasoning capability to be operated in a machine-oriented rather than human-
oriented fashion.

A proof engine is expected to be specially tuned to the verification needs of
the application it supports. Application requirements in general are, of course,
unpredictable and in any case will vary widely. PROSPER therefore does not
supply just one ‘general-purpose’ proof engine. Instead, the project has developed
a collection of software libraries, called the PROSPER Toolkit, that enables a
system developer to build custom proof engines as required.

Every PROSPER proof engine is constructed from a (possibly quite minimal)
deductive theorem prover, with additional capabilities provided by ‘plugins’ cre-
ated from existing, off-the-shelf, tools such as model checkers or SAT solvers.
The theorem prover’s command language is regarded as a kind of scripting
language for managing the plugin components and orchestrating proofs. The
Toolkit includes libraries, currently supporting the C, ML and Java program-
ming languages, for implementing data and control communications between
the components of a final system. A standard for this is also documented in
a language-independent specification, called the PROSPER Integration Interface
(PII), which could be implemented in other languages.

A theorem prover is placed at the centre of the architecture because this
comes with ready-made concepts of logical term, theorem, and goal—essentially
all the formal language infrastructure needed for managing verifications. A side
benefit is that all the functionality in the theorem prover (libraries of procedures,
tactics, logical theories, and so on) becomes available to a developer for inclusion
in their custom proof engine. But this does not prevent the theorem proving part
of a PROSPER proof engine being very lightweight, if desired.

The PROSPER Toolkit has been implemented around HOL98, a modern de-
scendant of the HOL theorem prover [3I]. HOL9S8 is highly modular, which
suits the PROSPER approach of building up a proof engine from components (be
they HOL libraries or external plugins). It also contains numerous sophisticated
automatic proof procedures. HOL’s command language is the functional pro-
gramming language ML [42], extended with datatypes for the abstract syntax of
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End-User Application

SMV | Plugin
API e.g. SMV

Proof

Engine PI‘O(.)f

Apr | Engine

ACL2 | Plugin
read/write
read only read only
Database

Fig. 1. A system built with the PROSPER Toolkit.

logical data and functions to support proof construction. This gives a developer
a full programming language in which to create bespoke verification procedures.
Proof procedures programmed in the proof engine are offered to client applica-
tions in an API.

The native formal logic of HOL is classical higher-order logic [15]. This is also
supported by the PII communications infrastructure, so any formula expressible
in higher-order logic can be passed between components. Many applications
and plugins operate with logical data that is either already a subset of higher-
order logic (e.g. first-order or propositional logic) or embeddable in it (e.g. CTL
or other temporal logics [4J38]), so communication with these tools is directly
supported.

The Toolkit provides code to construct several plugins based on particular
external tools. These include a version of the SMV model checker [38], a version of
the Prover Plug-In SAT solver of Prover Technology [50], and the circuit analysis
tool AC/3 [33]. To complement these plugins, the PROSPER project provided a
more tightly integrated BDD package in the implementation of ML used for proof
engines [30]. Third party plugins have also been developed from ACL2 [3551],
Gandalf [34], and SVC [53]. Finally, the Toolkit includes a separate database
component that duplicates the internal logical state of the theorem prover, so
that plugins and applications can access theory-related data while the proof
engine is busy.

The application, proof engine, database, and plugins are components inte-
grated to produce the final system. A typical example is shown in Figure[Il In the
current prototype, all these components are also separate processes that commu-
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nicate in the uniform manner specified by the PII. The PROSPER architecture
also includes a separate monitor process not shown in the diagram. This allows
components to interrupt each other and the output of servers to be redirected
to be handled by clients. It also includes a name server facility whereby compo-
nents may be requested by name instead of location. This is achieved by means
of a configuration file that contains component names together with information
about their initialization scripts and configurations.

For a fuller account of the technical approach taken in the PROSPER Toolkit,
including several illustrative examples, see [2I]. Much more technical detail can
also be found in the user guide [22].

3 Case Studies

PROSPER researchers undertook three main case studies to demonstrate the con-
cept of embedded proof engines and test the Toolkit. The first was an early exper-
iment in integrating a function that used formal proof into Microsoft Excel [41].
The second was a much larger development to add verification capabilities to
the VDM-SL Toolbox [24], a CASE tool for VDM specifications marketed by
project partner IFAD. The third was a hardware verification tool, driven by a
novel natural language and graphical interface, that allows specifications to be
checked by a proof engine that incorporates a model checker.

Ezcel Example. Excel is a spreadsheet package marketed by Microsoft [41]. Or-
dinary users are unlikely to be directly interested in mathematical proof, but
they do want to check they have entered their spreadsheet formulas correctly.
As a simple case study, the PROSPER Toolkit developers undertook to incorpo-
rate a ‘sanity checking’ function into Excel that users could employ to reassure
themselves of correctness [18].

The function supplied tests the equality of the contents of two spreadsheet
cells, not by comparing their current values, but by trying to verify that the two
formulas underlying these cells are equal for all possible values of the input cells
occurring in them. The idea is to provide ordinary users with a way of checking
for errors in their spreadsheets, in cases where two cells calculated in different
ways are expected always to produce the same value—for example, in financial
bookkeeping applications.

When this operation is included in a spreadsheet formula, it invokes a simple
proof engine to compute its result. The proof engine uses term-rewriting and a
linear arithmetic decision procedure in HOL, as well as an external SAT solver
to try to verify equivalence.

The prototype handled only very simple formulas, in which a small subset, of
the (natural number or Boolean) functions available in Excel could appear. But
given this simplification, fewer than 150 lines of code and only a few days work
were needed to produce a prototype, demonstrating that the basic functionality
was achievable very easily using the PROSPER Toolkit.
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CASE Tool Application. The IFAD VDM-SL Toolbox [24] is a software design
tool that supports the specification language VDM-SL. Its capabilities include
syntax checking and type checking of specifications and code generation in C++
and Java. As a major case study within PROSPER, IFAD researchers worked
together with other project partners to develop and integrate a proof engine for
the VDM-SL Toolbox for discharging proof obligations generated by VDM-SL
type invariants.

Type invariants are undecidable in general, but in practice many of them can
be dismissed by simplification and term-rewriting in combination with bounded
first-order logic decision procedures. A PROSPER proof engine that supplied this
reasoning capability was developed by integrating theorem proving in HOL with
BDDs and the Prover Plug-In SAT solver. The resulting heuristic was found by
IFAD to perform well on realistic industrial test cases.

An additional requirement was if an automatic proof attempt fails, a user
must be able to intervene and guide a proof by hand. The VDM-SL Toolbox
application therefore also involved a fairly large-scale development to steer the
proof engine through an interactive proof management interface in the VDM-SL
Toolbox.

Hardware Verification Workbench Application. The second major PROSPER case
study was a Hardware Verification Workbench that served as a research platform
for developing and evaluating new methods in formal hardware verification. It
was designed to use external verification back-ends, rather than implement all
its own proof procedures. Communication between the Hardware Verification
Workbench and the proof back-ends was achieved via the PROSPER Integration
Interface (PII).

One experiment done with this platform was the development of a natural
language interface [32] to the Hardware Verification Workbench. This translates
statements about circuits, in the normal technical language of engineers, into
temporal logic formulas that a model checking plugin can verify. Of course, natu-
ral language specifications may be ambiguous. To disambiguate, timing diagrams
(waveforms) are generated from output of the model checker and presented back
to the engineer. In keeping with the PROSPER aim of ‘hiding’ the proof tool,
users never have to run the model checker directly, or even see temporal logic
formulas—they work only with already familiar things, namely natural language
and timing diagrams.

4 Some Conclusions from PROSPER

The premise of the PROSPER project was that mechanized formal analysis could
be made more accessible to users by integrating it into applications. Moreover,
embedded formal proof will gain widespread use, or at least be widely experi-
mented with, only if verification tools can be easily customized, combined, and
integrated.

The research results obtained support these propositions. An effective infras-
tructure for building and integrating embedded, component-based proof engines
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was found to be technically feasible; the PROSPER Toolkit represents one pos-
sible prototype. And the general idea of embedded custom reasoning engines,
giving ordinary users the power of proof, is promising enough to merit much
more investigation on applications.

The experiment with Excel was very encouraging. It showed that infrastruc-
ture of the kind proposed can indeed make it easy to embed formal verification
tools into other applications. The VDM-SL CASE tool example was also en-
couraging. The PROSPER Toolkit gave a much more controllable and effective
integration of verification into IFAD’s existing CASE tool product than was
found in the broadly negative experience of previous, ad-hoc experiments [3].
The Hardware Verification Workbench case study also provided an intriguing
and novel example, showing that formal notations could be completely hidden
behind a user-oriented interface.

PROSPER aimed from the start for a single infrastructure covering both hard-
ware and software design tool applications. In the end, the Toolkit is perhaps
better suited to software design tools (CASE tools) and interactive general ap-
plications (like Excel) than the current generation of CAD tools. CAD tool flows
are typically compilation or batch processing oriented, with large amounts of de-
sign data passing between tools through disk files in numerous different formats.
The kind of fine-grained communications and interaction supported by the PII
is less relevant here.

The PROSPER architecture places a theorem prover, implemented in ML, at
the centre of every proof engine. The reasons given for this in Section [2] are
sound, but the architecture is in some respects also quite awkward. ML has all
the usual advantages of a functional programming language—conciseness, strong
typing, and so on—and this does make it well suited as a scripting language for
orchestrating verification strategies. But the single-threaded nature of MIf is
something of a disadvantage in a scripting language for coordinating the invo-
cation of plugins and communications between them. For example, because ML
(and hence HOL) is single-threaded, the architecture needed a separate database
process to allow asynchronous access by plugins to logical data.

The separate ‘monitor’ process mentioned in section [2is also related to this.
Extra processes were added to the architecture mainly to support two seemingly
elementary capabilities—namely, the ability to interrupt a proof engine and its
plugins while they are working, and the ability to divert the output streams
from plugins for handling by other processes. Providing these features, expressly
requested by the VDM-SL application developers at IFAD, required a surprising
amount of quite tricky distributed-systems programming.

A major outcome of the project is the language-independent specification
of the PROSPER Integration Interface and the implementations for ML, C, and
Java. Alternative transport mechanisms were considered for logical data, such
as the Extensible Markup Language (XML). Standard component architectures,
such as CORBA [44], were also considered for low-level communications. Both
were rejected early on in the project in favour of a custom solution, which was

1 Or at least the ML underlying HOL98, namely Moscow ML.
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felt in advance to be the more ‘lightweight’ approach. In retrospect, it may have
been better to pursue standard solutions. On the other hand, it is by no means
certain that much of the eventual Toolkit infrastructure would not have to have
been built anyway.

Our experience with plugins was that many existing tools have command-line
or user interfaces that are very difficult to separate from the underlying proof
capabilities. This makes them hard to wrap up as PROSPER plugin components.
It helps enormously if a tool already has a distinct and identifiable APT—that is
if its reasoning functionality is available through a well-documented and coherent
set of entry points into the code. Good examples of such tools include the Prover
Plug-In [50] and NuSMV [16].

On the logical side, the simply-typed higher-order logic implemented in HOL
and supported by the PII was found to be adequate for the examples considered.
This is not really a surprise—it has long been known how to embed a large range
of other formalisms in this logic. Of course, PROSPER looked at only a limited
range of plugins and applications; there are doubtless many other settings in
which a more expressive type system (e.g. predicate subtypes as in PVS) would
be strictly necessary But we would expect the infrastructure to extend quite
naturally to this.

An important issue that was not investigated in depth was how to provide
support for producing and presenting counter-examples in case of failed proof
attempts. PROSPER focused on applications where automatic proof is possible,
but this is rather idealistic. In many applications, failure of proof is likely to
be frequent—not least while debugging specifications. The user then needs good
feedback on why the proof attempt failed, in a form with which the user is
familiar. A systematic treatment of this process and some general infrastructure
support would be very valuable.

5 Related Work

Research related to PROSPER includes work on combining proof tools, tool inte-
gration architectures, and design tools with embedded verification. Only a brief
list of pointers to some of the most relevant work is given here. An analysis of
the relation of this research to PROSPER’s approach and results can be found in
an extended version of [21], to appear in the International Journal on Software
Tools for Technology Transfer.

Combining Proof Tools. There is now a fairly large literature on combining
decision procedures, and in particular model checkers, with theorem proving. The
aim of this research is typically to increase the level of automation of theorem
provers or extend the reach of model checkers in the face of fundamental capacity
limits (or both). Early experiments include links to model-checking based on

2 Partial functions in VDM seem a case in point. But these were avoided by doing
some logical pre-processing within the CASE tool client itself—so HOL’s logic of
total functions was adequate for this example.
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embeddings of the modal mu-calculus in the logics of the HOL and PVS theorem
provers [447].

A notable example of current work is Intel’s Forte system [112], which inti-
mately combines Symbolic Trajectory Evaluation model checking [49] and the-
orem proving in a single framework. This has been used very effectively for
industrial-scale formal hardware verification [45]. Another approach being inves-
tigated by Ken McMillan at Cadence Berkeley Labs is to extend the top-level
of a model-checker with proof rules for abstraction and problem decomposi-
tion [39/40)].

A useful summary of other recent work on combining model checking with
theorem proving is given in Tomds Uribe’s invited talk at FroCoS 2000 [54].

Integration Architectures. PROSPER focused more on infrastructure for tool in-
tegration in general than on developing particular tool combinations. (An excep-
tion is the work on linking BDDs into HOL98 [30].) Some other projects which
also provide a generic framework for the integration of tools are listed below.

MATHWESB is a framework for distributed mathematical services provided by
reasoning systems such as resolution theorem provers and computer algebra
systems [25]. A special service for storing knowledge, MBASE [26], allows
theory information to be shared between other services.

2-ANTS combines interactive and automated theorem provers using an agent-
based approach [I3]. Its blackboard architecture and other agent-oriented
features provide flexible interaction between components.

ILF is a framework for integrating interactive and automated provers that
places special emphasis on a good user interface for the automated provers
[20]. The provers can be distributed and Prolog is used as a scripting lan-
guage, much as ML is used in PROSPER.

TECHS is another framework which enables automated provers for first-order
logic to cooperate by exchanging logical information [27].

ETI, the Electronic Tool Integration platform [52], aims to support easy and
rapid comparison of tools that do similar jobs as well as rapid prototyping
of combinations of tools. ETT has its own scripting and communication lan-
guage, HLL, which acts much like PROSPER’s combination of ML and the
PII.

OMRS aims to develop an open architecture for integration of reasoning sys-
tems. The architecture covers three aspects: logic [29], control strategies [17],
and interaction mechanisms [6].

LBA, the Logic Broker Architecture [{I§], is a CORBA-based infrastructure
for the integration of reasoning systems. It provides location transparency,
fowarding of requests to reasoning components via a registration/subscription
mechanism, and provable soundness guarantees. The LBA was initially de-
signed to be OMRS-based but has evolved into an independent entity.

SAL (Symbolic Analysis Laboratory) is a new collaborative effort that provides
a framework for combining different tools to calculate properties of concur-
rent systems. One instance includes the PVS theorem prover as a major
component [T1].
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Design Tools with Embedded Verification. Braun et al. argue that for formal
techniques to be useful they must be integrated into the design process [14]. A
primary aim of PROSPER was to support this by making it easier to link veri-
fication tools into the CASE and CAD tool environments for current software
and hardware development processes. The two major PROSPER case studies de-
scribed in section [B]looked at target applications of both kinds, embedding proof
engines into both a commercial CASE tool and a formal hardware verification
platform.

Some other projects also looking at linking formal techniques into design
tools and the design process are listed below.

UniForM is a project that aims to encourage the development of reliable in-
dustrial software by enabling suitable tool-supported combinations of formal
methods. The UniForM Workbench [37] is a generic framework that can be
instantiated with specific tools. The project has produced a workbench for
software design that gives access to the Isabelle theorem prover plus other
verification tools through their command lines.

Extended Static Checking (ESC) is a software development tool using embed-
ded verification developed at the Compaq Systems Research Center [23].
ESC uses cooperating decision procedure technology first developed in the
early 1980s to analyse Java programs for static errors.

KeY is a relatively substantial research effort that aims to bridge the gap be-
tween object-oriented software engineering methods and deductive verifica-
tion. The KeY system integrates a commercial CASE tool with an interactive
verification system and automated deduction [5]. It aims to provide an in-
dustrial verification tool that benefits even software engineers who have little
experience of formal methods.

InVeSt integrates the PVS theorem prover with the SMV model checker [12].
The combination is used as a ‘proof engine’, in the sense that it discharges
verification conditions generated by another program external to the theorem
prover.

As far as I am aware, no project other than PROSPER aims specifically to provide
a general framework to support the integration of existing components with the
view to producing an embeddable, customised proof engine. The closest in scope
and aims is the Logic Broker Architecture.
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Abstract. We introduce two forms of calculi that integrate constraint
solving with functional programming. These are the Unrestricted, and
the Restricted, Constraint-Lambda Calculi. Unlike previous attempts at
combining constraint solving with lambda calculus, these are conserva-
tive extensions of traditional lambda calculi in terms of both term re-
duction and their denotational semantics. We establish a limited form
of confluence for the unrestricted calculus and full confluence for the
restricted one.

1 Introduction

Constraint programming languages combine the efficiency of dedicated con-
straint solvers with the (Turing complete) power of a programming language.
In this paper we describe two constraint-lambda calculi. Each of these comprises
a standard lambda calculus and a constraint solver. Processing of terms takes
place as in a standard lambda calculus but every now and again we pass terms
into the constraint store to be processed by the constraint solver. After solution,
the values, when available, are returned for the appropriate variables and the
processing then continues. We regard the constraint solver as a black box chosen
by the user and only assume that it is closed under deduction.

An early example of such a combination of a programming language and
a constraint solver is CLP(R) (see [7]) which followed the logic programming
paradigm. In [8] Luis Mandel introduced the original constrained lambda calculus
following the functional programming paradigm.

In the same way as Jaffar and Lassez [7] allowed arbitrary terms for individu-
als, even with uninterpreted functors, Mandel’s systems allowed the importation
of lambda terms into the constraint solver. This causes some complications with
the semantics and so we have chosen to keep the constraint store and the lambda
calculus parts separate, somewhat in the style of Lim et al. [1].

The main contribution of the present systems is that they have a very clean
and clear syntax and semantics. Indeed they are conservative extensions of the
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classical lambda calculus (see Facts 1 and 2) and this was not the case for
Mandel’s calculi.

The structure of this paper is as follows. In Section [2] we discuss related
work. In Section [3] we introduce the syntax of constraints and then the Untre-
stricted Constraint-Lambda Calculus that augments the traditional lambda cal-
culus (AK) with constraints. We introduce the basic definitions and revisit an
example of Mandel [8]. Then, in Section[d], we show that this calculus is confluent
in a certain sense, namely as a reduction system. We give an example of why
confluence only holds for a certain kind of reduction in the calculus. In section
we introduce the Restricted Constraint-Lambda Calculus. This calculus has the
same reduction rules as the unrestricted one but the terms are based on Church’s
original AI calculus. We show that this is confluent in the traditional sense. Fi-
nally, in Section [6l we note that these calculi are conservative extensions of the
traditional lambda calculi and extend the traditional denotational semantics!]

2 Related Work

The original linking of constraints with a declarative programming language was
with logic programming in CLP(R) developed by Jaffar and Lassez [7] and the
latest such language is HAL, see e.g. [A].

There have been a number of languages integrating both logic and functional
programming with constraint solving, such as the language Falcon (Functional
and logic language with constraints) which is defined in terms of guarded func-
tional rewrite rules and relations defined over functional expressions, developed
by John Darlington, Yi-ke Guo and Helen Pull, see [4]. Semantically, Falcon
uses SLD resolution where constraint solving is used instead of unification. Such
languages, therefore, not only incorporate constraints and a kind of functional
language but, by doing so much, they sacrifice the transparency that is found in
our approach.

Lambda-Prolog is a strongly typed logical language based on higher-order
hereditar(il)y Harrop formulae. It does not provide built-in facilities for defining
recursive lambda expressions, but S-reduction of simply typed terms is included
in the language. Lambda-Prolog was developed by Dale Miller and Gopalan Na-
dathur (see e.g. [12]).

Mozart-Oz is a multi-paradigm language that integrates concurrent-constr-
aint-logic, functional and object-oriented programming. It is based on the p
and v calculi and described in [T4]. Oz provides logic variables, constraints and
programmable search mechanisms as well as first-class functions with lexical
scope and nested syntax.

Alice is a new programming language developed by Gert Smolka at the Uni-
versity of Saarbriicken. It is based on Standard ML but contains extensions for
the support of concurrent, distributed and constraint programming. Constraint

! The treatment of disjunctions greatly influenced the present work and is dealt with
in [6] and a paper in preparation while an implementation will be dealt with in a
third paper in preparation. Details for both may currently be found in [6].
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problems are given as nullary functions that “post” constraints. These are then
passed to search engines.

Curry is a programming language that combines functional and logic pro-
gramming features and offers lazy evaluation. Curry provides a built-in equality
constraint and its constraint solver can be extended by a standardized interface
to external constraint solvers. External constraint solvers cannot compute values
in the language, they can only communicate via the entailment of constraints.

There are two systems that are closest to ours and link constraints and
lambda calculus (or the corresponding programming language, Lisp ).

Screamer is an extension to Common Lisp that permits the addition of back-
tracking and constraint-solving to the language. However there seems to have
been no theoretical basis provided for this language. It was developed by David
McAllester and Jeffrey Mark Siskind (see [11]) and was one of the major influ-
ences for this work.

The Constrained Lambda Calculus by Luis Mandel is a combination of the
untyped lambda calculus with constraints. It is described in [SJ2JT0l3] and [9].
There are three variants of this calculus: A simple propositional calculus, the
first-order calculus, that allows the specification of variables whose value is only
computed by a constraint-solver, and the disjunctive constrained lambda cal-
culus that allows constrained variables to have more than one solution. In the
constrained lambda calculi a term {C'} M represents a term subject to the con-
straint C. However, in Mandel’s calculi the constraints may themselves include
(constrained) lambda terms. This means that constraint stores are not opaque
but participate in the lexical scoping of the lambda calculus. This syntactical ap-
proach has the disadvantage that the constraint solver has to be able to deal with
bound variables and (probably) complicated lambda terms inside constraints.
In addition Mandel’s eleven reduction rules allow the movement of constraints
across predicates (and functions) resulting in very complicated syntax. For ex-
ample, P({C1}M,{C2} N) reduces to {C1,C2} P(M, N). These aspects contrast
with our approach where the constraint solver operates only on pure constraints
(see rule ([CT) below, section B) and we only require a total of three rules.

The Tiny Constraint Functional Logic Language of Miick et al. in [T3] which
was influenced by Mandel et al.’s work differs significantly from the present work
in two respects. 1. it is very restricted in the substitution of lambda terms for
(constraint) variables and 2. it already includes non-deterministic choice which,
for us, corresponds to the disjunctive extension (see footnote [I).

3 The Unrestricted Constraint-Lambda Calculus

A constraint can be thought of as a relation that holds between entities from a
fixed domain. We only consider constraint domains on which a notion of equality,
denoted by =, is given. Typical constraint domains are the real numbers with
addition, multiplication and equality, or the set of all integers.

A constraint language comprises a countable set, C, of individual constants,
a countable set, V, of constraint variables, a countable set, F, of function letters
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of fixed arities, and a countable set, P, of predicate symbols, again with fixed
arities. The set 7 of constraint terms over a constraint-language is inductively
defined in the usual way.

Definition 1. If P is a predicate letter with arity n and t1,...,t, are constraint
terms, then P(t1,...,t,) is an atomic constraint. A constraint is a finite con-
gunction (C1 A Co A ... A Cy) of atomic constraints. The conjunction of two
constraints is the conjunction of all their atomic constraints. Satisfaction of a
constraint for a particular domain is defined in the obvious way.

The unrestricted constraint-lambda calculus which we now define is an extension
of the usual lambda calculus.

A constraint store is regarded as a collection of formulae. Two constraint
stores are regarded as equal if their logical consequences are the same and we
shall only be concerned with formulae, principally equations, provable from a
constraint store S.

Constraint-lambda terms are like standard lambda terms but they now in-
clude notations for constraint-variables and they also may include a notation
for the store of constraints. General constraint terms (GCT) are augmented
terms of the constraint language. Constraint-variables may appear as part of a
constraint-lambda term or as part of a general constraint term. This makes it
possible to transfer values from the constraint store to lambda terms. Similarly,
a lambda term may appear inside a constraint term. Having lambda terms inside
constraints allows us to compute values in the lambda calculus and introduce
them as part of a constraint. These terms have to be reduced to constraint terms
before being passed to the constraint-solver. General constraints (GC') comprise
primitive constraints and conjunctions of constraints, defined in terms of gen-
eral constraint terms instead of the usual constraint terms. They correspond to
the notion of constraint in the previously defined constraint-language but are
slightly more general since they may include lambda terms as constituents.

Similarly to the notation in Mandel’s calculi, a constrained-lambda term is
of the form {C}M where C is a constraint (that may be absent) and M is a
(constrained)lambda term. We use the letters C for general constraints and ¢ for
general constraint terms. These terms may be modified by sub- or super-scripts.

The grammar of constraint-lambda terms is

A=z | X |e| f(4,...,4) | dz.A | AA| {GC}A and for general constraints
is GC := P(GCT,...,GCT) | (GC AN GC). For general constraint terms it is
GCT == A.

The generalized constraint terms are exactly the same as the constraint-
lambda terms. Nevertheless we consider it important to distinguish these two
sets since the set of pure constraint-lambda terms and pure constraint terms,
which we now define, are disjoint.

We call a constraint-lambda term pure if it contains no subterm of the form
{C}M; we call a constraint term pure if it contains no lambda term, i.e., if
the only constraint-lambda terms it contains are constraint variables, constants
or applications of function-symbols to pure constraint terms. A constraint C' is
called a pure constraint, if every constraint term appearing in C' is pure.
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Free and bound variables and substitution are defined in a straightforward
way (see [6] for full details). We identify terms that are only distinguished by
the names of bound variables, e.g., we regard the terms Az.M and Ay.(M[x/y])
as equal, provided y does not appear in M. This means that we do not need to
introduce an a-reduction rule.

We now define the reduction rules for the (single-valued) unrestricted con-
straint-lambda calculus. “Single-valued” means that substitution only occurs
when a constraint variable can only take a unique value. (Multiple values are
dealt with in [6] and our paper in preparation.) Because of its simplicity this
calculus is a good starting point for the investigation of our calculi.

Reduction rules for the single-valued unrestricted constraint-lambda calcu-
lus are defined on pairs (M,S) consisting of a constraint-lambda term and a
store. Nevertheless we shall abuse notation by speaking of “reducing a constraint
lambda term” when the store is obvious or irrelevant.

A constraint store is either a set of constraints or the inconsistent store: ®. We
assume that for every element of the constraint domain there is a distinguished
or canonical name (cf. [8]). The store will then automatically entail e.g. X = cn
if it entails X =t and t = cn, where cn is a canonical name.

The only operation on constraint stores we shall use is the addition of a
new constraint, C, to a store, denoted by S @ C where S @ C = SU{C}if SU
{C1}is consistent, = ®otherwise. For the present we shall assume that all con-
straint stores are consistent. Moreover we shall assume that the adding con-
straints monotonically increases the store.

There are three rules: The first rule is the usual beta-reduction familiar from
the lambda calculus. The other two allow information to flow from the constraint-
lambda term into the constraint store and vice versa.

Definition 2 (Reduction rules). We say that a constraint-lambda term M is
reducible with store S if one of the rules (83), (CI) or (CS), below, is applicable
to the pair (M,S). We write (M,S) — (M’',S") where S’ is the resulting store.
We say M is reducible (or M is a redex), if, for all stores S, there is a store
S, such that (M, S) is reducible to (M',S"). We write M — M’ in this case.
We call a sequence of zero or more reduction steps (M, S1) — (Ma, S2), .. .,
(My—1,Sn-1) — (M,, S,) areduction sequence and abbreviate it by (M, S1) —*
(M, Sn). We write M —* M’ as an abbreviation forvVS.35’.(M,S) —* (M',S").

1. Beta-reduction. (Az.M)N,S) — (M[z/N],S). B)

E.g. if we have the integers as constraint domain, (Az.x +1)5 — 5+ 1.
2. Constraint Introduction. When a pure constraint appears in a term, we can add
this constraint to the constraint store and remove it from the lambda expression:

({CIM,S) — (M,S ¢ C) if C is a pure constraint. (CI)

For example ({X < 7T} X,{X > 2}) — (X,{X < 7,X > 2}). (The appearance
of lambda terms inside constraints is merely a syntactical device to allow the
lambda calculus to provide values to the constraint solver.)
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3. Constraint Substitution. This next rule allows us to substitute values com-
puted by the constraint solver into the lambda term provided they are unique:

(X,S) = (M,S) if Sk X =M. (cs)

This rule allows us to reduce (X,{X < 5,X > 3}) to (4,{X < 5,X > 3})
over the constraint domain of integers. It is often convenient to restrict this
rule to terms not containing constraint variables, since otherwise there may be
infinite reduction sequences whenever a constraint of the form X =Y is provable
in the constraint theory. Thus we could have: (X,{X =Y}) - (Y, {X =Y}) —
(X A{X=Y}) —--.

Closure. We now take the closure of these reductions. We give a few examples.
if (M,S) — (M',S"), then (A\z.M,S) — (A\x.M',S"),
and similarly (f(Mi,...,M,...,M,),S) — (f(My,...,M', ..., M,),S’),
(MN,S) — (M'N,S"),
and ({C[z/M]}N,S) — ({Clx/M']}N, S").
As usual if M is a term such that no reduction rule is applicable to a subterm

of M for a given store S, then we say that M is in normal form for the store S.
If M is in normal form for all stores S, we say that M is in normal form.

Fact 1. The unrestricted constraint-lambda is a conservative extension of the
traditional lambda calculus (AK).

This is clear since every lambda term can be interpreted as a constraint-
lambda term and the only reduction rule that then applies is beta-reduction.

3.1 Example. Mandel’s Triangle Example Revisited

We consider a constraint solver for the real numbers

that can solve quadratic equations, etc. and consider b h ¢
this triangle (cf. [§], p. 49). By Pythagoras’ Theorem P
we have p? + h? = b? and (a — p)? + h? = 2. Every a

solution has to satisfy the triangle inequality: a < b+c¢, b < c+a and ¢ < a+b.
Having computed p and h from these equations, we obtain the area as the sum
of the areas of the small right-angled triangles ph/2 + (a — p)h/2.

We write z,, zp and z. for the variables representing the lengths of a, b and
c. We use the upper case variables X, and X}, for p and h because their values
are computed by the constraint solver. This leads to the following program that
is, in fact, a restricted constraint-lambda term (see below Section [H).

Meqpre {X, + Xj =2 N (wa —Xp)? + X =22 A X >0 A
Ta <Tp+Te N Tp <Te+Tg N Te <Tp+ 2ot
(Ay1y2{y1 > 0 A y2 > 0}yr X y2/2) Xp Xy, +

(Ay1y2{y1 >0 A y2 > 0}yr X y2/2) (20 — Xp) Xp)
5 4 3
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By performing three S-reductions and one (CT)-step we obtain

(Ay1y2{y1 >0 A y2 > 0}yr X y2/2) X, X, +
(May2-{y1 >0 A y2 > 0}yr X 42/2)(5 — X)) Xp)

By performing three S-reductions and one (CT)-step we obtain

((Ayrye{yr >0 A ya > 0}y1 X y2/2) X, X+
()\ylyg.{yl >0 A Yo > O}yl X y2/2)(5 — Xp)Xh)
with a constraint store containing X2 + X7 = 4> A (65— X,)* + X = 32 A
Xp>0Ab5<44+3 AN 4<3+5 A 3<4+5. Then, because the constraint
solver can solve quadratic equations, the constraint store entails

Xp=24and X, =18 (A)
We can then (-reduce the constraint-lambda term to
{Xp, >0 A X >01X, x Xp,/2) + ({(5—Xp) >0 A Xp, >0}(5—X,) x X3/2)
with the same constraint store. Next we reduce the term using (CT) to
Xp X Xp/24+ (5 —Xp) x Xp/2.

Finally we use (C'S) (twice) on X, and X, utilizing (A) so that we obtain the
numerical expression 1.8 x 2.4/2 4 (5 — 1.8) x 2.4/2 and therefore 6 as the final
solution (using the canonical name 6 for the numerical expression).

4 Confluence of the Unrestricted Constraint-Lambda
Terms as a Reduction System

There is a significant difference between the rules (5) and (CI) on the one
hand and (CS) on the other: the first two rules only depend on the syntactical
structure of the term, while the constraint-substitution rule (CS) depends on
the constraint store and the logical consequences of the constraint system.

It is not possible to have confluence in the traditional sense for the unre-
stricted calculus because different reductions can lead to different constraint
stores. Consider the pair (Az.X)({X = cn}M), D), where the constraint store is
initially empty. This can be reduced in two different ways. In the first the final
store contains X = cn but in the second the store remains empty and it is not
possible to carry out any further reduction. Thus we have the reductions:

(M. X){X =en}M),0) — (Az.X)M,{X = cn}) by (CI)
— (X, {X =en}) by G-reduction
(%) — (en, {X = cn}) by (CS)

but we also have
(x¢) (M. X){X =cn}M),0) — (X,0) by B-reduction,

and there is no way to reduce (*) and (**) to a common pair (N,S”).
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Note that the constraint store may contain different sets of constraints at
different stages of the the reduction so that, while a constraint substitution may
not be possible at some reduction step, it may become possible later.

We therefore introduce a restricted notion of confluence where the term ob-
tained is the same in the final pair but the stores may be different.

First we say that a sequence of reductions can be restricted to store S if we
only need to use information from store S in applications of (CS).

Definition 3. A constraint-lambda calculus is said to be confluent as a reduc-
tion system if: For each pair of reduction sequences (M,S) —* (My,S1) and
(M, S) —* (Ma, S2) such that both can be restricted to store S, then there exist
a term N and stores S1, Sh such that (My,S1) —* (N,S}) and (M, S2) —*
(N, $5).
Observe that (*) above cannot be restricted to store §) but, of course, (¥*) can.
It is not straightforward to show confluence of constraint-lambda calculi us-
ing the usual method of critical pairs, since the constraint-lambda calculi are
conditional rewrite systems and the (CS)-rule does not satisfy the usual pre-
conditions for such systems. We prefer to show one-sided local confluence with
a labelled reduction system. This technique is sufficient to establish confluence
as a reduction system for the unrestricted constraint-lambda calculus and it can
easily be adapted to the restricted calculus (see below Theorem [2)).

Theorem 1. The unrestricted constraint-lambda calculus is confluent as a re-
duction system.

The proof involves proving an analogue of the Strip Lemma. In the present
case this means that if there are two reductions of a constraint-lambda term,
(M,S) — (N1,S1) and (M,S) —* (N3, S3), then there are stores S7, S5 and
a term N such that (Nq,S1) —* (N,S]) and (N, S2) —* (IV,S5). We do not
suppose that two reduction paths ending in the same term also result in the
same store.

We “remember” the redex L that we reduce in the single reduction step
M — Nj by labelling L in the term M. We then trace L through the reductions
from M to Ny and show that we can reduce the “residuals” of L in Ny. We do
this by defining indezed constraint-lambda terms, A*, by

A =2 | X | X" | f(A, .. A%) | AwA* | Nz A® | A A% | {CIA* | {C} A

Terms of the form X*, M*z.M and {C}*M are called labelled terms. The def-
inition of generalized constraint terms is extended to include indexed terms as
well: GCT := A*. The labelled terms are used for the proof of the Strip Lemma,
to “remember” where the single reduction step from M to N; took place and
to trace this reduction step through the reduction sequence M —* N;. We can

then obtain the common reduct N by reducing all the labelled terms still present
in N2 .
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We then add to the rules in Definition 2

((AN*z.M)N,S) — (M[z/N],S), (6%)
({C}*M,S) — (M,S & (C), if C is a pure constraint, (Cr1*)
and (X*,S5) — (cn,S), f SFX =cn. (Ccs*)

Let M be an indexed term, S a constraint store, and X a constraint variable
such that S F X = ¢n for some canonical name cn. If X appears in M, we can
use rule (CS) on the store S to reduce X to cn. If we obtain a term M’ from M
by replacing some occurrences of X by X* we say that M’ is obtained from M
by labelling the subterm X with stordl S.

If M has a subterm L = (Ax.L1)Lo and M’ is obtained from M by replacing
some occurrences of L by the term (A\*z.L;) Lo, we again say that M’ is obtained
from M by labelling the subterm L with store S. Since in cases such as this L is
reducible for every store, we sometimes say M’ is obtained from M by labelling.
Similarly if a subterm {C}M is replaced by {C}*M.

We now have a series of lemmata whose proofs may be found in [6].

Lemma 1. If x # y and is not free in L, then M[z/N][y/L] = M[y/L)[z/N|y/L]].

Recall that we are only considering applications of rule (C'S) when the con-
straint variable for which we substitute a value is uniquely determined. Thus,
if we have some store S for which S + X = M, then no other value can be
introduced for X. From this we conclude that if we have reduction sequences
(M,S) —* (M1,S51) and (M,S) —* (Ms,S3) that can both be restricted to
store S, then every (CS) reduction performed in one of the sequences is either
already performed in the other sequence or can still be performed on the result
of the other sequence.

Lemma 2. Let M* be an indexed term that can be obtained from a constraint-
lambda term M by labelling with store S. Then every labelled subterm of M* is
reducible with store S.

Lemma 3. Let M* be an indexed term that can be obtained from a constraint-
lambda term by labelling with store S, and let (M*,S) —* (M’,S"). Then every
labelled subterm of M’ is reducible with store S’.

For every indexed constraint-lambda term M and every store S we define a
constraint-lambda term eg(M) by induction on the structure of M as follows:

es(MN) :=eg(M)es(N) it M # XNa.L
es((Vw.M)N) := es(M)[z/es(N)]
es({C} M) = es(M)
") =

es(X enif SEX =cn.

2 The store is important for this definition since we assume that all labelled terms are
redexes and we might not be able to derive the equation X = cn for a store S C S.
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On all other terms eg(M) operates transparently, e.g. es(Az.M) = Az.eg(M)
and es({CYM) = {es(C)}es(M). In many cases the store S will be obvious
from the context or not important so we omit it.

We also have to define an appropriate store. Again S.(M) leaves the store
unchanged except in the following cases:

S.(MN) 1= Se(M)US(N)  S.(Cy A Cs):
S.({CYM) := S.(CYUS.(M) Se(f(ti,....tn))
S.({CY M) =S (MY®C  S.(P(tr,....tn)) :

Se(C1) U S(Cy)

Se(t1) U--
Se(t1) U---US(

Lemma 4. Let My, My be constraint-lambda terms with (M, S1) —* (M{,S})
and (M, Sa) —* (M4,85). If S1, Sa C S, then Mi[x/Ms] is reducible to
M [x/M3] with store S.

Lemma 5. Let S be a store and M* an indexed term that can be obtained from
a constraint-lambda term M by labelling with store S. Then M™ is reducible to
es(M) with store S.

For every indexed term M, the term |M| € A is defined by replacing each
labelled subterm by the corresponding unlabelled term, e.g., |\*x.\*y.xy| =
AT Ay.xy.

The previous lemma guarantees that we can obtain eg(M) by performing
reductions if M is obtained by labelling. The following lemma shows that, if we
can perform a reduction between labelled terms, we can also perform a reduction
between the corresponding unlabelled terms, and vice versa.

Lemma 6. 1. Let M, N be constraint-lambda terms with (M,S) —* (N,S’),
and let M’ be obtained from M by labelling (i.e., M = |M’|). Then there
ezists a term N' such that N’ can be obtained from N by labelling and
(M',S) —=* (N',5").

2. For all indexed terms M’', N' with (M',S) —* (N',S") we have
(M), ) —* (IN'], ).

Lemma 7. Let M, N be indexed terms where M 1is obtained by labelling a
constraint-lambda term with store S and (M,S) — (N,S"). Then e(M) is re-
ducible to e(N) using store Sc(M), i.e., 35" .(e(M),S.(M)) —* (e(N),S").

Lemma 8. Let M, N be indexed terms where M is obtained by labelling a
constraint-lambda term and let (M,S) —* (N,S’) be a reduction sequence that
can be restricted to store S. Then e(M) is reducible to e(N) using store Sc(M),
i.e., 38" .(e(M),Sc(M)) —* (e(N),S").

Lemma 9. For an indexed constraint-lambda term M the following holds: For
every store S such that M is a labelling for |M| with store S, there exists a store
S’ such that (|M|,S) —=* (es(M),S").
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Lemma 10 (Strip Lemma). Let S be a store. For all constraint-lambda terms
M, M', N, with (M,S) — (M',S") and (M,S) —* (N,S"), where both reduc-
tions can be restricted to S, there exist stores S1 and Sy and a term N’ with

(M',S") —=* (N',S1) and (N,S") —* (N',Ss).
This immediately yields Theorem [I.

5 The Restricted Constraint-Lambda Calculus

The unrestricted constraint-lambda calculus is based on the AK-calculus. The
restricted constraint-lambda calculus offers the same reduction rules, but the set
of pure lambda terms is restricted to AI-terms only (see the next paragraph).
This eliminates the problems with “disappearing” constraints.

The set of restricted constraint-lambda terms is defined just like the set of
unrestricted constraint-lambda terms except that if M is a restricted constraint-
lambda term then A\z.M is a restricted constraint-lambda term only if = actually
appears in, and is free in, M. The sets of extended constraints and extended con-
straint terms are defined similarly to the sets of general constraints and general
constraint terms, but with restricted constraint-lambda terms in place of general
constraint terms (see above Section B). We write M € A; if M is a restricted
constraint-lambda term.

We use the same reduction rules and the same conventions as for the unre-
stricted constraint-lambda calculus. Most importantly, we use the variable con-
vention. Then, as for the unrestricted constraint-lambda calculus (Fact 1), we
have:

Fact 2. The restricted constraint-lambda calculus is a conservative extension of
the A\I calculus.

The terms of the restricted constraint-lambda calculus satisfy certain prop-
erties that are not necessarily true of unrestricted terms.

Lemma 11. 1. Va.M,N € Ay = M|[z/N] € Ay,

2. \x.M € A; = free variables of (Ax.M)N) = free variables of (M[z/N]),
3 MeA, M —-* N = N € A;, and

4. M € Aj, M —* N = free variables of M = free variables of N.

Lemma 12. The restricted constraint-lambda calculus is confluent as a reduc-
tion system.

The proof of this lemma is identical to the proof for the unrestricted con-
straint-lambda calculus, since the two systems share the same reduction rules
and the restricted constraint-lambda calculus is closed under these reductions.

In the restricted constraint-lambda calculus we can no longer “lose” con-
straints, since terms such as (Az.Y)({C}z) that lead to problems in the case of
the unrestricted constraint-lambda calculus are no longer allowed. This can be
seen from the following lemmata which are strengthened results of Lemmata [7]
and [§ for the unrestricted constraint-lambda calculus.



218 Matthias Holzl and John N. Crossley

Lemma 13. Let M, N be indexed terms where M is obtained by labelling a
constraint-lambda term with store S and (M,S) — (N,S’). Then e(M) is re-
ducible using store Sc.(M) and there exists a unique store S" such that
(e(M),S.(M)) —* (e(N),S”) and (N,S") —* (e(N),S”), and in particular
S C s

Lemma 14. Let M, N be indexed terms where M is obtained by labelling a
constraint-lambda term and let (M, S) —* (N, S") be a reduction sequence. Then
e(M) is reducible with store S¢(M) and there exists a unique store S” such
that (e(M), Sc(M)) —* (e(N),S”) and (N,S") —=* (e(N),S"), and in particular
S C s

Lemma 15 (Strengthened Strip Lemma). For all constraint-lambda terms
M, M', N and for all stores S, S1, Sy with (M,S) — (M’,S1)and (M,S) —*
(N, S3), there exists a term N’ and a unique store S’ with (M’,S1) —* (N, S)
and (N, Sg) —* (N, 5").

Then the proof of Theorem [1l immediately yields

Theorem 2. The restricted constraint-lambda calculus is confluent.

Corollary 1. Normal forms are unique: If a term M of the restricted constraint-
lambda calculus has normal forms Ny and Ns, then N1 = Ns.

5.1 Inconsistent Stores and the Single-Valued Calculus

The single-valued constraint-lambda calculi can be extended to allow for incon-
sistent constraint stores. If we add the special constraint-lambda term L and
the reduction rule

(M,®) — L (L)

to the restricted constraint-lambda calculus it remains confluent: If (M, S) —*
(M, S1) and (M, S) —* (Ms, ®), then the confluence of the restricted constraint-
lambda calculus ensures that (M7, S1) can be further reduced to (M7, ®) for some
term M. Both terms can then be reduced to the common reduct (L, ®).

6 Denotational Semantics

We let E' denote the semantic domain of the constraint-lambda terms. The de-
notational semantics are defined in such a way that each model for the usual
lambda calculus can be used as a model for the constraint-lambda calculus pro-
vided that the model is large enough to allow an embedding emb : D — FE
of the underlying constraint domain D into E. This is usually the case for the
constraint domains appearing in applications.
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As usual we have an isomorphism E — E ~ E. We denote environments
by 7 (a mapping from lambda variables to E). We can then define a semantic
valuation from the set of constraint terms, 7, into D which we call val: 7 — D.
We shall write val’ for embo val: T — E.

We associate a pure lambda term with every constraint-lambda term by
replacing all constraint variables with lambda variables. Let M be a constraint-
lambda term with constraint variables { X1, ..., X, } and let {z1,...,2,} be aset
of distinct lambda variables not appearing in M. Then the associated constraint-
variable free term, cuft (M), is the term

We separate the computation of a constraint-lambda term into two steps.
First we collect all constraints appearing in the term and compute all the lambda
terms contained therein in the appropriate context. Then we apply the associated
constraint-variable free term to the values computed by the constraint-solver to
obtain the value of the constraint-lambda term.

For a constraint-lambda term M and store S we set

1. ©, as the denotation of a constraint-lambda term in an environment 7 when
the constraints are deleted from the term fi

2. The function €€ collects all the constraints appearing in the constraint-
lambda term T and evaluates the lambda expressions contained within these
constraints. The superscript C on € denotes the context that is recursively
generated.

The semantics of a single-valued constraint-lambda term with respect to a store
S is defined as

(M, 8)] = {2, (cvft(M)vy...v,) | SUC (M) F X1 =v1,..., X, =0}

where © defines the usual semantics for pure lambda terms and ignores con-
straints contained within a term. The superscript o on € indicates that we are
starting with the empty context and building up € as we go into the terms. The
environment 7 is supposed to contain bindings for the free variables of M.

Intuitively this definition means that the semantics of a single-valued con-
straint-lambda term is obtained as the denotation of the lambda term when all
constraints are removed from the term and all constraint-variables are replaced
by their values. In particular we have (by footnote [3):

Fact 3. The denotational semantics of a pure lambda term is the same as in the
traditional denotational semantics.

3 Therefore, for pure constraint-lambda terms, ©,, represents the usual semantics.
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The denotation of a constraint-lambda term in an environment 7, ©,, is
defined as follows[]

75

:Dn(/\l‘M) = )‘U'gn[w/v] (M)

Dy (x) = n(z) Dy(MN) =2,(M)D,(N)
Dy(e) =wval'(c)  D,({CIM) =D,(M)
Dy(f(My,...,My,)) = val'(f)(Dy(Mi),...,D,(M,))

When evaluating lambda terms nested inside constraints, we are only in-
terested in results that are pure constraints, since the constraint solver cannot
handle any other terms. Therefore we identify all other constraint-lambda terms
with the failed computation.

We can now show that the semantics of a constraint-lambda term is compat-
ible with the reduction rules.

Lemma 16. For all environments n and all terms M, N, we have

Dy (M[z/N]) = Dya/o, (v (M).

Theorem 3 (Correctness of the Denotational Semantics). Let M and
M’ be restricted constraint-lambda terms such that (M,S) — (M',S"). Then

1. for every environment 1, we have D, (cvft(M)) = Dy (coft(M')), and

2. [(M, 5)] = [(M", S))].

For unrestricted constraint-lambda terms we may lose a constraint during
the reduction and then one of two things can happen. 1. We can still compute
a single value for each constraint variable and then we get the same result as
if we had entered that constraint into the store (since we are assuming there
are no inconsistencies), or 2. there is at least one constraint variable for which
we no longer obtain a single value. Then, in the denotational semantics, we get
the empty set as the value of the term. Therefore Theorem Bl also holds for the
unrestricted calculus provided we replace = by O in item 2.

Theorem 4. The denotational semantics is compatible with the reduction rules
for both the restricted and the unrestricted constraint-lambda calculi.

7 Conclusions and Future Work

We have introduced the unrestricted constraint-lambda calculus and the re-
stricted constraint-lambda calculus in a simple and transparent fashion which,
unlike previous attempts at defining combinations of constraint solvers and

4 Notice that the semantic function ® is only applied to constraint-variable-free terms
and that it does not recurse on constraints, therefore there is no need to define it on
constraints or constraint terms. Furthermore the interpretations of a constant, when
regarded as part of a lambda term or as part of a constraint, coincide, as is to be
expected.
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lambda calculi, makes them conservative extensions of the corresponding tra-
ditional lambda calculi.

The interface between the constraint store and the lambda terms ensures
clarity and the smooth movement of information into and out of the constraint
store.

We have shown that the unrestricted constraint-lambda calculus satisfies a
restricted, but natural, confluence property, namely that it is confluent as a
reduction system, and we have proved that the restricted constraint-lambda
calculus is confluent in the usual sense so its normal forms are unique.

In addition, the denotational semantics of each of the theories is a simple, con-
servative, extension of the standard denotational semantics of the corresponding
lambda calculus.

In papers in preparation we add disjunction and multiple solutions to the
system and also describe our implementation of these calculi in the language
Dylan.
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Abstract. We introduce a framework for presenting non-classical logics
in a modular and uniform way as labelled natural deduction systems.
The use of algebras of truth-values as the labelling algebras of our sys-
tems allows us to give generalized systems for multiple-valued logics.
More specifically, our framework generalizes previous work where labels
represent worlds in the underlying Kripke structure: since we can take
multiple-valued logics as meaning not only finitely or infinitely many-
valued logics but also power-set logics, our framework allows us to present
also logics such as modal, intuitionistic and relevance logics, thus pro-
viding a first step towards fibring these logics with many-valued ones.

1 Introduction

Context. Labelled Deduction is an approach to presenting different logics in a
uniform and natural way as Gentzen-style deduction systems, such as natural
deduction, sequent or tableaux systems; see, for instance, [23L8I9IT1IT6121]. It
has been applied, for example, to formalize and reason about dynamic “state-
oriented” properties, such as knowledge, belief, time, space, and resources, and
thereby formalize deduction systems for a wide range of non-classical logics, such
as modal, temporal, intuitionistic, relevance and other substructural logics. The
intuition behind Labelled Deduction is that the labelling (sometimes also called
prefixing, annotating or subscripting) allows one to explicitly encode additional
information, of a semantic or proof-theoretical nature, that is otherwise implicit
in the logic one wants to capture. To illustrate this, take the simple, standard
example of modal logics, where the additional information encoded into the syn-
tax usually comes from the underlying Kripke semantics: instead of considering
a modal formula ¢, we can consider the labelled formula x : ¢, which intuitively
means that ¢ holds at the world denoted by z within the underlying Kripke
structure (i.e. model). We can also use labels to specify the way in which the
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different worlds are related in the Kripke structures; for example, we can use
the formula xRy to specify that the world denoted by y is accessible from that
denoted by z. A modal labelled natural deduction system over this extended
language is then obtained by giving inference rules for deriving labelled formu-
lae, introducing or eliminating formula constructors such as implication J and
modal necessity [, and by defining a suitable labelling algebra, which governs
the inferences of formulae about labels, such as xzRy.

Labelled deduction systems are modular for families of logics, such as the
family of normal modal logics, in that to capture logics in the family we only
need to vary appropriately the labelling algebra, while leaving the language and
the rules for the formula constructors unchanged. Labelled deduction systems
are also uniform, in that the same philosophy and technique can be applied
for different, unrelated logic families. More specifically, changes in the labelling,
i.e. in how formulae are labelled and with what labels (as we might need labels
that are structurally more complex than the simple equivalents of Kripke worlds),
together with changes in the language and rules, allow for the formalization of
systems for non-classical logics other than the modal ones. For instance, labels
can also be employed to give Gentzen-style systems for many-valued logics; in
this case labels are used to represent the set of truth-values of the particular logic,
which can be either the unit interval [0, 1] on the rational numbers or a finite
set of rational numbers of the form {0, ﬁ7 e Z—ﬁ, 1}, e.g. the set {0,0.5,1}
that is used in 3-valued Gédel logic (see Example Bland note that in this paper
we employ falsum L and verum T instead of 0 and 1). For examples of many-
valued labelled deduction systems, mostly tableaux systems, see [1J6l[7I13/14]. In
these systems, the labelled formula x : ¢ intuitively means that the formula ¢
has truth-value x; or, when x is a set of truth-values as in the “sets-as-signs”
approach, it means that ¢ has one of the values in x. The inference rules and
the labelling algebra of a system then essentially mirror the truth-tables of the
formula constructors of the corresponding logic.

Contributions. We here introduce a framework for presenting non-classical
logics in a modular and uniform way as labelled natural deduction systems. The
main idea underlying our approach is the use of algebras of truth-values as the
labelling algebras of our systems, which allows us to give generalized systems
for multiple-valued logics. More specifically, our framework generalizes previous
work, including our own [B/I6/21], on labelled deduction systems where labels
represent worlds in the underlying Kripke structures, and this generalization is
illustrated by the following observation: since we can take multiple-valued logics
as meaning not only finitely or infinitely many-valued logics but also power-set
logics, i.e. logics for which the denotation of a formula can be seen as a set of
worlds, our framework allows us to give systems also for logics such as modal,
intuitionistic and relevance ones. In a nutshell, the novelty of our approach with
respect to previous approaches based on labelling is that we can capture all
these different logics within the same formalism. (It is interesting to note that
this also provides a first, large, step towards the fibring [4l12] of these logics with
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many-valued ones; we have begun [15] investigating in this direction as part of
our research program on fibring of logics [16/18/19/22].)

The fact that the labels constitute an algebra of truth-values means that
we can have operations on truth-values, and that formula constructors can be
associated with these operations. To this end, the syntax of our systems defines
operators that build labels as terms of truth-values, and uses these “complex”
labels to build two kinds of formulae: (i) labelled formulae, which are built by
prefixing “standard”, unlabelled, formulae with a label (and with an infix oper-
ator : or ::), and (ii) truth-value formulae, which are equalities and inequalities
between labels. For labels 3, 81, 82 and a formula ¢, the semantic intuition be-
hind these formulae is as follows: § : ¢ means that the value of ¢ is equal to
that of the truth-value term (3, 3 :: ¢ means that the value of ¢ is greater than
or equal to that of 3, 1 = B2 means that the value of (3 is equal to that of 31,
and (7 < 2 means that the value of 35 is greater than or equal to that of (.

A system for a particular logic comprises then inference rules that define
how these formulae can be derived, e.g. “basic” rules expressing the properties
of :, ::; = and <, rules defining how the formula constructors are introduced and
eliminated and how this is reflected in the associated label operators, and rules
defining properties of these operators. For example, the modal constructor [ is
associated with the label operator [J, and different modal logics are obtained
modularly, by varying the properties of (i.e. adding or deleting rules for) 0.

We give here introduction and elimination rules for general formula construc-
tors, which subsume, as special cases, non-classical constructors like necessity or
intuitionistic, relevant, or many-valued implication, as well as classical (i.e. ma-
terial) implication and classical conjunction and disjunction. We then consider
three particular kinds of labelled deduction systems that can be expressed within
our framework: (i) ezhaustive systems where each formula constructor is asso-
ciated with a truth-value operator of the same arity, (ii) well-behaved systems
where the arity of the operator is less than or equal to the arity of the associated
constructor, and for each constructor there are both introduction and elimination
rules, and (iii) finitely-valued systems where the rules capture the truth-tables
of formula constructors, as is common in systems for finitely-valued logics. As
examples, we give systems for modal and relevance logics (which provide the
basis for systems for other non-classical logics such as intuitionistic logic), and
systems that capture many-valued logics, e.g. the 3-valued Godel logic.

As exemplified in the intuitive explanations above, the semantics of our sys-
tems is given by structures interpreting both formulae and labels as truth-values,
and checking if the relationship between them complies with the labelling, e.g. for
the labelled formula G : ¢ if the value of ¢ is indeed that of 5. Rather than sim-
ply proving soundness and completeness for a particular system, we analyze
soundness and completeness in the general context of our framework. That is,
we establish the conditions under which our systems are sound and complete
with respect to the algebraic semantics for the corresponding logics.
Organization. In §2 we introduce our general labelled deduction systems on
algebras of truth-values, and in §3 we consider some special systems. In 4 we
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focus on semantics and define interpretation systems, and in 5 we establish
conditions for soundness and completeness. In §6lwe draw conclusions and discuss
related and future work. Note that discussions and proofs have been shortened
or omitted altogether; a detailed account is given in [15].

2 Labelled Deduction Systems

We define the language of our labelled deduction systems (LDSs), specifying how
to build labels, formulae and judgements, and then define inference rules and
derivations. We then consider the case of exhaustive LDSs, which is important for
establishing completeness (as each LDS can be transformed into an exhaustive
one).

2.1 Truth-Value Labels and Formulae

The use of terms of truth-values as labels allows us to build two kinds of formu-
lae, namely (i) labelled formulae, obtained by prefixing “standard”, unlabelled,
formulae with a label (and with an infix operator : or ::), and (ii) truth-value
formulae, which are equalities and inequalities between labels. To define these
formulae, we introduce the general concept of signature, and then define a truth-
value signature as the composition of a signature for formulae with one for labels.

A signature is a pair (F, S) where F' = {F}, } e is a family of sets of construc-
tors (Fy is the set of constructors of arity k) and S is a set of meta-variables.
The set of propositions over a signature is the free algebra L((F,S)) where the
0-ary operations are the elements of Fy US and, for & > 0, the k-ary operations
are the elements of Fj,.

Definition 1. A truth-value signature TVS is a tuple ¥ = (Cf,=f,C?, 57, D)
where (Cf, =) and (C¥, %) are signatures with t € CJ, T € D and D C CY.

The elements of the sets C’,{ and C} are the formula constructors of arity k and
the truth-value operators of arity k, respectively, where the true t is a O0-ary con-
structor. The elements of =/ and ZV are schema formula variables and schema
truth-value variables, respectively. The elements of D are the distinguished ele-
ments, i.e. the designated elements of the set of truth-values; D is not empty and
contains at least the top element (verum) T. We call the elements of L((C/, 57))
formulae and the elements of L((C¥, Z")) truth-value terms.

Definition 2. Given a TVS X, truth-value terms (3, 81, B2 € L({C?, E)), and a
formula p € L({CT,ZEF)), the equalities 31 = B2 and the inequalities 31 < (o are
truth-value formulae, and B : ¢ and (3 :: ¢ are labelled formulae. We denote by
L(X) the set of truth-value and labelled formulae, and call its elements composed
formulae.

We employ the following notation: ¢ and v are formulae in L((C/, Z7)), 3
is a truth-value term in L({CV,Z")), ¢ is a schema formula variable in =, §
is a schema truth-value variable in =Y, and ¢ and 7n are composed formulae in
L(X). All these variables may be annotated with subscripts.
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2.2 Deduction Systems and Derivations

A LDS allows us to infer a composed formula in L(X) from a set of composed
formulae in L(X) or, in other words, to infer judgements.

Definition 3. A judgement J over a TVS X is a triple (©,n,1), written © / n >
T (orO/nif T =0), where ©® C L(XY), ne€ L(XY) and T C Z".

The set of composed formulae @ and the composed formula 7 are the antecedent
and the consequent of the judgement, respectively, and the schema truth-value
variables in the set 1" are the fresh variables of the judgement. As will become
clear when we will give rules for formula constructors, e.g. in Definition [T0 and
in Example [ the fresh variables allow us to impose constraints on substitutions
and thereby express universal quantification over truth-values.

In order to prove assertions using hypotheses, we need to say when a judge-
ment follows (i.e. can be derived) from a set of judgements. Hence, we now
introduce inference rules and then define generically a “basic” LDS that can be
extended to systems for particular non-classical logics.

Definition 4. A rule r over a TVS X is a pair ({J1,...,Jx},J), graphically
S
J 7
where Jy, ..., J i, J are judgements, and J is such that @ =0 and T = 0.

Definition 5. A labelled deduction system LDS is a pair (¥, R), where X is a
TVS and R is a set of rules including at least the following rules:

01 <62 d2:u& 1 2 € 52:5__E 01 = 0o 52:6‘1 0:¢& -
8 € 6 <&y 61 : € Tosae
< 01 <d2 02 <03 01 <d2 02 <41 _ 01 =02 _
§5<8s ="’ 01 < d3 =t 01 =62 ' 01 <62 '
02 =01 _ (51:(51 516:6;/@ o
=5, n 5 —cong » T, 71},
512(52 0(517---7576):0(517“'76k) (SST T:t

where k €N, 0 € CF, 6,61,...,0k,07,...,6,, € Z¥ and £ € =7,

LDSs for particular logics are obtained by fixing a particular TVS X' and
adding rules to the ones in Definition Bl which establish minimal properties on
labelling, common to all our LDSs. So, <, and <; establish that < is reflexive
and transitive, =, establishes that = is symmetric, =; and =g introduce and
eliminate =, and together with =.,,, they say that = constitutes a congruence
relation. The rules ::j, ::g and :; define conditions that :: and : should obey,
relating labelled and truth-value formulae. Similarly to =g, rule :g relates : to :
(intuitively because if the value of £ is equal to d, i.e.  : £ holds, then a fortiori it
is greater than or equal to it, i.e. 4 :: € holds). The rule T says that “top” is the
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greatest element, and the rule t says that the true t is a formula corresponding
to T. Note also that, as we indicate below, other rules about :, ::; = and < can
be derived, such as the rules for the reflexivity and transitivity of =.

To define derivations in our LDSs, we introduce additional terminology and
notation. A substitution is a pair o = (¢/, %), where o/ : =f — L((C¥,=f)) and
o : 5V — L({C",E")) are maps from schema variables to formulae and truth-
value terms, respectively. Given a composed formula 1) € L(X'), we denote by o
the composed formula that results from by the simultaneous substitution of
each & by o(¢) = o/ (€) and of each § by 0(§) = V(). By extension, ¥o denotes
the set consisting of 1o for all ¢ € ¥. Given a set of schema truth-value variables
{61,...,0k} C EV, we say that the substitutions oy and o9 are {d1,...,dx}-co-
equivalent, in symbols o1 =5, 5,3 02, iff O’{ = Ug and o¥(8) = ¢3(0) for each
§ € =Y such that § ¢ {01,...,0r}. We use label(©) to denote the set of all
schema truth-value variables in a set of composed formulae 6.

Definition 6. A judgement J is derivable from a set {2 of judgements in a
LDS (X, R), in symbols 2 s gy J, iff there is a finite sequence of judgements
J1, ..., Jn such that J,, is J and, for I =1,... n, either

1. Jy is an aziom Az, that is of the form ¥y, ..., ¢¥m,n/n >T; or

2. there are a rule v’ = ({©) /n} > 1{,...,0, /n, >T/},7') in R and sub-
stitutions 0,01, ...,0} such that 7y = n'o and for each i = 1,...,k there is
O;/m >Y;in Ji,...,Ji—1 such that ©; = O, U Olo;, n; = nio;, Tloy CT;
and T; \ Y/o; = 1), label(6)) N 1] 0i = 0, 07 =y 0 and 0:(5) & (2 \ {d})o;
for each 6 € Y!; or

3. there is © /n >Y € 2 and a substitution o with o =y id such that Oc C O,
label(O@ U {n})o N, C Yo and n; is no (where id is the pair of identity
substitutions on =F and Z°).

The judgements ©; /n 1y and ©;/n; > T; for i = 1,...,k in condition 2
constitute a rule, referred to as an instance of r’ by the substitutions o, 01, ..., 0.

Definition 7. We say that a composed formula n € L(X) is inferred from a set
of composed formulae ¥ C L(X) in a LDS (X, R), in symbols ¥ &5 ry n, iff
there are ¥y, ..., € ¥ such that &5 gy Y¥1,...,%n /1. When there is no risk
of confusion we will simply write ¥ F 7.

We say that a formula ¢ is a theorem of a LDS (X, R) with set D of desig-
nated truth-values whenever (s gy 0 : ¢ or (s gy 0 i p for some § € D.

Arule ({J1,...,Jx},J) is a derived rule in a LDS (X, R) iff J1,...,J i (s g

J. We will use derived rules like primitive ones. For example, among others, from

the rules in Definition Blwe can derive in any LDS the rules for the reflexivity and

transitivity of equality for labels (=, follows straightforwardly by the reflexivity

<, of < and =; follows by the transitivity <; of < and the symmetry = of =):
— = 01 =02 62=203

=24 and 51—:63 =t
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We give example derivations in the next section; we conclude this one by
defining exhaustive systems, in which each formula constructor c is associated
with a truth-value operation symbol ¢ of the same arity.

Definition 8. An exhaustive LDS is a triple (¥, R,*) such that: (i) (¥, R) is
a LDS, (ii) = is a family {*x}ren of maps where = : C,{ — CY fork > 1, and
0 CgUEf — CYUEY withey € Cand &, € ZV, and (iii) R includes a :

It is then easy to derive the following rules in any exhaustive LDS:
§=¢ 0:¢ §<E LEES

o — ‘B2, — I, =
5.¢ s—¢ soc 5<¢
Given a formula ¢, P denotes the term in L({C?, Z")) inductively induced by
-, and for a labelled formula 3 : ¢, 3 : ¢ denotes the truth-value formula g = .
That is, T corresponds to =. Similarly for 3 :: ¢, where T corresponds to <.
By induction on the length of derivations we can then show that if © (5 gy 7

then © F(z,r5 1 where (X, R,) is the exhaustive LDS induced by (¥, R).

By -

3 Special Deduction Systems

In our LDSs we can formalize formula constructors that are common to several
multiple-valued logics. One such constructor is conjunction, which, interpreted
as a binary meet, is common to classical, intuitionistic, relevance, Godel and
many other logics. Another example is implication, in all its variants ranging
from material to intuitionistic to relevance or to other non-classical, substruc-
tural implications. In fact, our framework allows us to define general introduction
and elimination rules that encompass formula constructors in several logics like
modal, intuitionistic and relevance logics thus obtaining the counterpart of the
rules in [21], where the labels represent worlds in the underlying Kripke struc-
tures. To formalize this, we now introduce well-behaved systems, which are based
on a stronger definition of signature than the simple one given above.

3.1 Well-Behaved Deduction Systems

A well-behaved signature associates, by means of the operation *, each formula
constructor of arity & with a truth-value operator of arity n with n < k. For
instance, the unary constructor [J is associated with the unary operator [J,
while the binary “local” constructor A for conjunction is associated with the
unary operator A (see the examples below).

Definition 9. A well-behaved signature is a tuple (X, C’f,7>, where X is a TVS
cf = {C,{}kel\w with C’,{ C C’,{, and * : UkeN+Okf — Ugen+Cp U{T} such that
ifce C’,{ then ¢ € Cy with n < k.

To illustrate the intuition behind * and C7, let us first define a well-behaved
LDS as a system that is based on a well-behaved signature, and that has an
introduction and an elimination rule for each constructor in C¥ (as is usual for
natural deduction systems; see, e.g., [20]).
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Definition 10. A well-behaved labelled deduction system is a LDS (X, R),
where X' is a well-behaved signature and R includes the rules:

— for each ¢ € C’/: where ¢ € CY, 6 = 01,...,0p-1, & = &1,...,€n—1, and
1=mn,...,k

§:£/¢(6,0) & b, j=n,... .k o 0:c(ér,..., &) 0 € Cpi

§:c&r,. .. E) ’ &(6,68) : & ’

— for each ¢ € C’,{\C’If where ¢ € CV, 8 = 01,...,0p, € = &1,...,&, and
t=n+1,...k

0<¢b) 6:¢& (5::{,'0'

52:C(£1,...,€k) o
e, . n&k) [0568(8),0::¢€/8 =&, ifn#0] §:¢& /8 =€, j=n+1,..,k e
§ e '

where, for § = 61,...,0; and € = &1,...,&, the vector § :: &€ stands for the |
hypothesis formulae 61 :: & +-- 6, : &, and 6 < &(d) stands for 6 < ¢&(01,...,0).
Observe also that [§ < &(8),0 :: €/ 2 &, if n # 0] indicates that this judgement
does not appear in the rule when n =0 (e.g. as in the case of disjunction).

The introduction and elimination rules of Definition [0lare general and cover
a large number of constructors and logics. The constructors in Cg are those that
have a “universal” nature, such as necessity [J and classical, intuitionistic and
relevant implications 1, as well as conjunction A. For instance, recall that in the
Kripke semantics a modal formula Uy holds at a world zx iff for all worlds y,
xRy implies that ¢ holds at y. Similarly, intuitionistic implication is universal
since to be satisfied in a Kripke world it has to be satisfied in all the accessible
worlds, and it is locally implicative for each world. Analogously, the constructors
in C,{ \ C’,{ are those that have an “existential” nature, such as modal possibility
O, relevant fusion o, and disjunction V.

To illustrate this further, we give examples of well-behaved LDSs for power-
set logics, i.e. logics for which the denotation of a formula can be seen as a
set of worlds. In particular, we give a LDS for the normal modal logic K [5)
and one for the basic positive relevance logic Bt [10J17]. We first need one
additional definition, namely that of a local constructor, which allows us to
identify the constructors whose evaluation in the corresponding Kripke-style
semantics only depends on one world (and is thus “local” to that world), such
as classical implication, conjunction and disjunction.

Definition 11. A constructor ¢ € C,{ in a well-behaved LDS (X, R) is local iff
¢ € CY and R includes the following rules (where § = 61,...,0p-1)

U Us.
)

5 < 6,0 and “5,8) <6

Ezample 1. The modal system L(K) is a well-behaved LDS (X, R) where X' is
a well-behaved signature such that
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—of=¢{={0},¢f =Cf ={a}, f,t € CJ and C =0 for k > 3,
- 1, Tedy, ct ={0}, C§ = {3} and C} =0 for k > 2,

— T is a local constructor (so that the rules U; and Us hold for 1),
- D= {T}7

and R includes the rules 7 ¢ 17, 1<s L% and T

The rules for the operators [J and 7 of the system £(K) are thus the following
instances of the rules in the Definitions [10] and
06 :: ¢ 0 0¢ 0:61/0 & 06 0& d:&

_— > — Ug, ,
0 ¢ O, 06 :: & v 0:& & ! 6 &

The intuition behind the additional rules of £(K) is the following: L/ and 1°
define L as the least element of the set of truth-values in £(K), and f; says
that the false f is indeed false. As usual for modal logics, negation is a derived
constructor, i.e. = abbreviates ¢ J f, and so is <, which abbreviates = —.

That our system £(K) indeed represents the logic K will become clear below
when defining the algebraic semantics (which allows us to show that the system
is sound and complete with respect to it), but we can already observe that our
system is justified, albeit informally, by the way in which one can obtain a modal
algebra from a Kripke structure [5]. As another informal justification for £(K),
observe that it is straightforward to derive the axioms and rules of the standard
Hilbert system H(K) [5]. For instance, we can show that the normality axiom
O(& 3 &) O ((0&) O (0E,)) is a theorem of L(K) as follows:

e -

Ta0OE 3&), Ta06/T 20 38&) Az Tu0E 3&), T06/T::06 Az

T a0 T&), T 04 /|jT w6 Od& L T 0 3&), T Dél/EJT w6 :'E
T 06 D6), T =06 /0T = & e
T a0 O&), T 06 /T 08 !
T:06 36)/T([06) 3(06)
T 06 3 &) 3 ((B6) 3 (HE2))
Labelled equivalents of the necessitation rule and of modus ponens can be derived
similarly, e.g.

I

Tue/OT<T T Tug/Tué fl"”

Toe/OT ¢ o

Tug/Tle

Compare our system here with the labelled deduction systems where labels

are worlds in a Kripke structure, e.g as in [3[16/2T] and [2]T1]: the unary op-

erator [J corresponds at the algebraic level to the accessibility relation of the

Kripke semantics. In fact, our system L£(K) is modular, as it directly mirrors

the modularity of modal logics: all we have to do is add rules expressing proper-

ties of [J, and thereby corresponding to properties of the accessibility relation of

the underlying Kripke semantics (and thus also to axioms of the corresponding

Hilbert axiomatization). For instance, to get a LDS for the modal logic S4 we
only have to add the rules

O
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§< s & <08
5 < 6"

— T
5§D6 and

We can then show that the Hilbert axiom [ T €, corresponding to the reflexivity
of the Kripke accessibility relation [5], can be derived in our LDS for T, i.e. in
the system extending £(K) with the rule 7', and that ¢ 2 OO is a theorem
of L(K) extended with the rule 4.

Ezample 2. The basic positive relevance system L(BT) is a well-behaved LDS
(X, R) where X is a well-behaved signature such that

- Cgf ={A, 3}, Cg ={A,3,V}, t ECOf and C/: =@ fork>3and k=1,
— Ais a local constructor, and V = T,

TeCy, Cy={A}, C§ ={3}, and C}y =0 for k > 3,

D ={T},

; 0:¢ ———— iden.
and R includes the rules S(T.0) € her and 5 < 3(T¢)
The rules for the operators 1, A, V of L(B™) are thus the following instances
of the rules in the Definition [0 (for example, A; is an instance of the rule ¢y
since A is local and A is unary):

0161/ 3(8,61) 1 & > o 606 3& 01:& . 086 6:u& A
56 & ” 3(8,01) = &2 s ang D
5::§1A§2/\_ 6 & v §u&VE §u6/8 ¢ 6::52/6'::5/\/
5 & Eoosaave T &t B

Note that the rules her and iden capture the hereditary and identity prop-
erties of the ternary compossibility relation of the Kripke semantics of relevance
logics [T0JI7]. The use of fresh variables in the rule J; for the introduction of
relevant implication 1 also mirrors the Kripke semantics, namely the evaluation
clause of T in terms of the compossibility relation: the rule says that § :: & 0 &
holds whenever for an arbitrary é; the antecedent §; :: & yields the consequent
(8, 61) :: &, which in turn says that the value of & is greater than or equal to
the value of the arbitrary (due to the arbitrariness of d1) term Z1(d, d1).

As for modal logics, an intuitive justification for the LDS L£(B™) can be
obtained by showing that we can derive the axioms and rules of the corresponding
Hilbert system H(BT™) for basic positive relevance logic [T017121], e.g.

0:&1/0& Azher
0:6/(T,0) =& Vi
§:6/20(T,0) & VE
Tué& d( V)
Similarly, we can prove both T :: (§ A (& V &) T (&1 A &) V (&1 A &3)) and
Tou& 36 T I6/Ta(L38) 3 (6 3.
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Similar to the case of modal logics, other logics in the relevance family (up
to the notable examples of the relevance logic R and, perhaps even more im-
portantly, of intuitionistic logic) are obtained by extending L£(B™) with rules
formalizing other properties of the truth-value operator 1, e.g. its transitivity.

3.2 Finitely-Valued Deductive Systems

We now consider systems for finitely many-valued logics; in particular, we give a
system for the 3-valued Godel logic with one distinguished element [13]. In fact,
our framework allows us to impose that a LDS has a finite number of values in
a very simple way: we just need to require the set CJ of operation symbols of
arity zero to have as many elements as we want.

Definition 12. Let Var(n) denote the set of elements of = that occur in the
composed formula n, and let Var(©) denote the set Upco Var(n). A finitely-
valued LDS is an exhaustive LDS (X, R,~) such that C{ is finite and R includes

7717~~~777n/¢ . )
51...0% 61..05 ) 1 61..6 valy (with By ... By € Cg)
nlﬁl»--@k""’nnﬂl---ﬂk/wﬁl---ﬁk
61...8 51...8 61...6 .
Mgy s lngy a4 [V 4 for every Bi...Bk in C§ l
valg ,
171a"'777”/1/]

where 11, ..., Mn, Y are composed formulae and Var({m,...,nn,v}) = {061,...,
dr}. A k-LDS is a finitely-valued LDS such that the cardinality of CY is k.

The rule valg states that to derive a formula we have to derive it by consid-
ering all the possible instances of schema truth-value variables with elements in
C§. The rule val; states the inverse.

Ezample 8. The 3-valued Gddel LDS L(G) is a 3-LDS (X, R) where X is such
that

— le:{—'}, Cf:{jl}, anng:@forkz?)andk::O,
— Cy={L,05,T}, Cy ={=}, Cy = {3}, and C}y =0 for k > 3,
- DZ{T}?

and R includes the rules =5—"5=7 71> T ¢ L 1<6 L% and

01 < d2 5 61 =0.5 (SQZLi =T 5
—_— —_—————— 2 —_— 3
01102 =T s 61102 = L = 61302 = 02 s
61302 =T _— 01102 =1 6 =05 _ 61002 =06 =T —
5 <0, EU F— 52, 5 =0, g2

Observe that the rules J;: and Jg: actually capture the entries of the truth-
table for 3-valued Godel implication

|| L]0.5T

LT T|T
0.5||L| T|T
T ]|L]0.5| T
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For instance, that § = TJ0.5 yields § = 0.5 can then be shown as follows:

T

S=T905/T=T
— — Ax — — g3
5= T905/6=T705 5= T905/T305=05
5= T905/6 =05

t

To illustrate the rule valg at work, we show that the Heyting chain axiom
(&1 0&) L) &), ie (& 0&)V (&2 T&), is a theorem of L(G):
T<o05 1 _
(1505 =T —"
T=(1305)
(905 <T | T<@05 "~
(1505) =T
(1505) 3 1) =L
(1905 L) <L T<(0590) -
((L30.5) 7 1) < (0.571L)
((L30.5) 3 L)3(053L) =T f”
T =((L305) 3 1)3(0.53L)
T <((L305) 3 1)3(0.53L)
TS (678 D )IETE)
Ta((@3&)31L)3(6386)

where the elided cases are similar to the one displayed (with £; = 1 and £,=0.5).

L

=I

iIS

v

valg

4 Interpretation Systems

The structure for a signature is an algebra providing the interpretation of formula
constructors and truth-value operators.

Definition 13. A structure for a signature X (or X-structure for short) is a
tuple B = (B, By, <, -]/, [[]"), where (B, <,[-]7) is a pre-ordered algebra for the
formula constructors CY, (B, <,[-]°) is a pre-ordered algebra for the truth-value
operators C?, By C B and By has a top element T. A structure for an exhaustive
signature X is a X-structure such that [c]/ = [¢]".

The elements of the set B are the truth-values and those of By are the
distinguished truth-values; in most cases, By is a singleton set, but there are
many-valued logics that have more than one distinguished element (see [7]). The
other components of B provide the denotations of the constructors and operators,
e.g. [[]/ is a family of maps [c]£ : B¥ — B for each ¢ € C,{, and similarly for [-]”.

For the modal signatures we now introduce structures that are based on
generalized Kripke frames (W, G, R), where W is a set of worlds, G C pW is a
set of sets of worlds and R is a binary accessibility relation on worlds (see [9]).

Ezample 4. Each generalized Kripke frame (W, G, R) induces a structure for a
modal signature, as defined in Example[]], as follows:
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— Bis G with Was T and @ as L, and By = {T};
— [O]°(b) = {u € W | wRu, for some w € b};
— [t]f = T and [f]f =1;

— [ (b1, b2) = (W \ b1) U by;

= [OJ ) ={weW |we O] O®)}

Each such structure is of course a modal algebra.

Similarly, the structures for the basic positive relevance signature are based
on the algebras associated with the relational structures (W, R) for relevance
logic, where R is a ternary compossibility relation on worlds in W (see [TO/17]).

Ezample 5. Each relational structure (W, R) induces a structure for the basic
positive relevance signature of Example Bl as follows:

— Bis pW with W as T, and By = {T};

— [3]7(b,b1) = {w2 € W | Rwwyws for some w € b and w;y € by };

- [t =T;

- [/\]f(bl,bg) = b1 N bg;

— [3)F (b1, b2) is the greatest set b such that for every & C W if &' C b; then
(217 (B, 0) < bo;

[VI7(

Example 6. A structure B for the 3-valued Godel signature X' of Example [3] is
defined as follows:

— (B, <) is a total order with a top T and a bottom L and B = {L1,b, T}, and
Bo={T}

— (B, []/) and (B,[]*) are 3-valued Godel algebras such that [c]/ = [¢]? for
each c € {—, O}, [L]" =L, [T]Y =T and [0.5]” = b.

For more details about Godel algebras see [13].

In the sequel, we will sometimes omit the reference to the arity of the con-
structors and operators in order to make the notation lighter.

Definition 14. An interpretation system is a pair T = (X, M) where X is a
signature and M is a class of structures for X.

Definition 15. Let B = (B, By, <,[]7,[]") be a X-structure. An assignment a
over B is a pair (o, a’) such that of : 7 — B and o® = Z¥ — B.

The interpretation of formulae over B and « is a map [.]5 : L((CS,=f)) — B
inductively defined as follows:

— [B = [df, whenever c € CY;
— [€]8 = o/ (&), whenever &€ € = ;

— [elprs- 008 = [df ([e1]%, - - ., [0x]B), whenever c € C’,{ and o1, ..., Pk
€ L({(C*, =1)) for k € N.
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The interpretation of truth-value terms over B and « is a map [.]5 : L({C?,
ZYY) — B inductively defined as follows:

— [o]B = [0]*, whenever o € CY;

- [[5]]3 = a”(0), whenever § € E¥;

— [o(B1, ..., B)]B = [0]°([B1]B, ..., [Bk]B), whenever o € CF and B, ..., B €
L({C",E")) for k € N.

We say that B and « satisfy a composed formula 1, in symbols B, a I+ 1, iff

— [B1B = [¢]B whenever ¢ is B : @;
_ [[5]]5 < [[(p]]g whenever ¥ is 3 :: @;
— (B8 ¢ [0 whencver b is 1 o By with o € (=, <).

To introduce satisfaction of judgements, we define co-equivalent assignments
with respect to a set of schema truth-value variables as follows: a1 =5, . 5,1 a2

iff a?(8) = ak(6) for every 6 € 5%\ {61,...,0} and of = af.

Definition 16. A structure B and an assignment « satisfy © /1 81, ..., 0k, in
symbols B,aI- © /1 >0y, ..., 0k, iff for every assignment o' with o' =5, . 5.1 @,
B, o' - n whenever B, o’ I+ for every ¢ € O.

A structure B validates a rule ({J1,...,Jx},J) iff for every assignment «

over B we have B, a |k J whenever B,a IF J; for eachi=1,... k.

A composed formula n € L(X) is entailed by © C L(X) in a LDS (X, R), in
symbols © F (s gy 1, iff B,a -6 /n for every X-structure B and assignment c.
When there is no risk of confusion we will simply write @ F 7.

5 Soundness and Completeness

Rather than focussing on particular systems and logics, we will now analyze
soundness and completeness in the general context of our framework. We first
introduce the concept of logic system and then identify the conditions under
which a logic system is sound and complete.

Definition 17. A logic system is a tuple (¥, R, M) where (X, R) is a LDS and
(X, M) is an interpretation system. An exhaustive logic system (X, R,~, M) is
a logic system based on an exhaustive LDS.

Definition 18. Let © C L(X) and n € L(X). A logic system is sound iff © F n
whenever © 1, and it is complete iff © = n whenever O F 1.
We can prove soundness by showing that every Y-structure in M satisfies all

the instances of the inference rules in (¥, R). By a simple case analysis we have:

Proposition 1. Let (¥, R, M) (or (¥, R,*, M) ) be a logic system. If a X-struc-
ture validates a rule in R, then it validates all instances of that rule.
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We can then show by induction that:

Theorem 1. A logic system (X, R, M) (or (X, R,~, M)) is sound whenever ev-
ery X -structure in M wvalidates all Tules of R.

For example, the X-structures for modal signatures, as introduced in Ex-
ample [ validate the rules of £(K), the Y-structures of Example [§ for basic
positive relevance signatures validate the rules of £L(B%), and the X-structures
of Example[d for 3-valued Godel signatures validate the rules of £(G).

For completeness, we consider exhaustive LDSs; this is by no means a restric-
tion since, as we argued in Section [2], it is always possible to get an exhaustive
system out of a LDS. The proof of completeness follows a standard approach [5)
by defining the induced Lindenbaum-Tarski algebra for maximally consistent sets
and showing that this algebra validates the rules. The next definition adapts the
standard definition to introduce the notion of maximality of a set of composed
formulae with respect to a composed formula.

Definition 19. Let (¥, R,%) be an exhaustive LDS. A set © of composed for-
mulae is maximal with respect to a composed formula n € L(X) iff (i) © V' n
and (i) for any @' such that © C ©' we have ©' F n. We say © is maximally
consistent iff © is mazimal with respect to n for some n € L(X).

In the proof of completeness (cf. Theorem 2 below), it is necessary to extend
a set Oy of composed formulae, with Oy I/ n for some n € L(X), to a set O
maximal with respect to 7. The details of this construction, of course, depend
on the particular logic we are considering, which might be a common modal logic
or some not so common non-classical logic. (For examples of similar constructions
for labelled deduction systems based on Kripke-style semantics see [BIT6J21].) So,
here we only illustrate the main ideas underlying the construction.

Definition 20. An exhaustive LDS (X, R,~) induces, for every (mazimally)
consistent set @ C L(X) of composed formulae, the Lindenbaum-Tarski alge-
bra Ao = (B, By, <e,[.]1,[]") where

— B=L({C",Z")), and By = D;

— <p 1is such that by <g by iff by < by € O;
— [cf (b, ..., bp) =C(by,...by);

— [0]%(b1,...,bn) = 0(b1,...,byn).

Note that the construction of the Lindenbaum-Tarski algebra is as expected,
and that exhaustiveness is required to define the denotations of the construc-
tors over tuples of truth-values. The following two propositions are useful in
establishing the completeness of logic systems under some conditions (namely,
exhaustiveness and fullness, which we will formalize below).

Proposition 2. Let (¥, R,*) be an ezhaustive LDS and © C L(X) a mazimally
consistent set of composed formulae . Then, for any assignment o and substitu-

tion o4 such that of,(8) = af (8) and 03(€) = a*(£) we have:
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1.b:peB@iffb<opandp<gb, and b: p € O iff b <o p;

2. [pla™® = $oa and [D]37® = boa;

3. Moealkn iff no, € O;

4. dMmea bW /n Y iff OUWo, oy, for any assignment o' with o =r «.

Next we prove that the Lindenbaum-Tarski algebra validates the rules.

Proposition 3. Let (¥, R,) be an ezhaustive LDS and © a mazimally consis-
tent set of composed formulae. Then the induced algebra A\to wvalidates all rules

of R.

Proof. Let a be an assignment over Ao, 0, a substitution related to « according
to Proposition [, and r = ({©1/m >11,...,0k /nx > 1x},n) € R. Assume
Moa Ik ©; /n; > 7T; for every i € {1,...,k}. Then, by Proposition 2, for any
assignment o/ with o/ =y, o we have O UO;04 F 1;04. So - OUO;04 / 0i0a-
Hence, using rule r we have that F © /no,. Thus © + no,, and since O is
maximal then no, € 6. So, again by Proposition Bl we have Atga IF 7.  QED

To prove completeness we need to require that our exhaustive systems are
full, in the sense that the Lindenbaum-Tarski algebras are among the structures
that we consider

Definition 21. An ezhaustive logic system (X, R,~, M) is full iff \ro € M for
every mazximally consistent set © C L(X).

Theorem 2. Every full exhaustive logic system is complete.

Proof. Let (¥, R,~, M) be a full exhaustive logic system. Assume g I/ 1. Then
n & 6O where @ is an extension of @y maximal with respect to 7. So, by Propo-
sition 2] we have that Atg id I 1. Since Arg € M, then Oy F 1. QED

With these general results at hand, it is not difficult to prove the soundness
and completeness of particular systems, such as the ones we considered above.

6 Concluding Remarks

We have given a framework for presenting non-classical logics in a modular and
uniform way as labelled natural deduction systems, where the use of algebras
of truth-values as the labelling algebras of our systems, as opposed to the more
customary labelling based on Kripke semantics, allows us to give generalized
systems for multiple-valued logics. In the tradition of Labelled Deduction for
many-valued logics [TJ6I7/T3/T4] and for modal, relevance and other power-set
logics [2BIRIATTITOL2T], our systems make use of labels to give natural deduction

! Note that it is always possible to make full an exhaustive logic system by considering
all XY-structures that validate the rules, and that soundness is preserved by the
closure for fullness.
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rules for a large number of formula constructors. The novelty of our approach
is that these constructors, and thus the logics they appear in, are all captured
within the same formalism. This also opens up the possibility of investigating
many-valued variants of power-set logics, and, more generally, their fibring [4]12],
as we have already begun [15] to do as part of our research program on fibring of
logics and of their deduction systems [I6[I8]19]22]. As future work, we plan to
investigate also extensions to the first-order case of the propositional multiple-
valued logics we considered here.
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Abstract. This work is focused on the study of temporal x modal lo-
gics. These logics have been traditionally used in several fields such as
causation, the theory of actions, conditionals and others. In this paper
we study the representation of properties of functions of interest be-
cause of their possible computational interpretations. The semantics is
exposed in an algebraic style, and the definability of the basic properties
of the functions is analysed. We introduce minimal systems for linear
time with total functions. Moreover, completeness proofs are offered for
this minimal system. Finally, T' x W-validity and Kamp-validity in com-
parison with functional validity are discussed.

keyword: T x WW-semantics, functional semantics, definability, complete-
ness.

1 Introduction

In recent years, several combinations of tense and modality (T x W-
logics) have been introduced. The main interest of this investigation is
focused on fields as causation, the theory of action and others (see
[BP90/Bel96/Che92/Kus93TG81Rey97ITho84] ). However, our interest for this
type of combinations is in the field of Mathematics and Computer Science. To
this respect, the combinations of modal and tense operators is mentioned, for
example, in [Rey97] as a suitable tool to treat parallel processes, distributed
systems and multiagents.

In this paper we present a new type of frames, which we call functional
frames. The interest of this approach is that it allows to study the definability
of basic properties of the theory of functions (such as being injective, surjective,
increasing, decreasing, etc.) and, in addition, it is a general purpose tool for stu-
dying logics containing modal and temporal operators. Traditional approaches in
this field are Thomason’s T' X W -frames and also Kripke’s frames, and both are
special cases of the approach we introduce here, in the sense that, if we consider
the restrictions imposed on the 7' x W (Kamp)-models in [Tho84], then every
T x W (Kamp)-model has an equivalent functional model (i.e. the same formulas

A. Armando (Ed.): FroCoS 2002, LNAT 2309, pp. 239-254], 2002.
© Springer-Verlag Berlin Heidelberg 2002
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are valid in both models). If those restrictions are ignored, as in [Zan96], then for

all

T x W (Kamp)-frame there exists an equivalent functional frame. The most

remarkable differences between the functional approach and the previous ones
are commented below:

In a T x W frame, the flow of time is shared by all the worlds. In a Kamp
frame each world has its own flow of time, although for two different worlds
the time can coincide up to an instant. In a functional frame each world has
its own flow of time and it is not required that flows of time for different
worlds have to be neither totally nor partially isomorphic.

In both T' x W-frames and Kamp-frames the flow of time is strictly linear.
In this paper, we will also use linear time in our functional frames.

It is typical in both, T'x W frames and Kamp’s frames, that worlds are
connected by equivalence relations defined for their respective temporal or-
ders and, as a consequence, the axioms of the modal basis of S5 are valid
for our operators of necessity and possibility. In our approach there is more
flexibility, the inter-world accessibility is defined by partial functions, called
accessibility functions. These functions allows us to connect the worlds and
so, to compare the measure of different courses of time in several ways.
The equivalence relations are used in previous approaches to establish which
segments of different temporal flows are to be considered as the same history.
This way, it is possible to define the notion of historical necessity. This can
also be made using functional frames, as it will be shown, but in addition,
functions allows to define situations which do not require, neither partial nor
total, isomorphisms between temporal flows.

More concretely, a type of frame is proposed, which we call functional frames,

where each frame is characterized by the following:

1. A nonempty set W of worlds. Each w € W is a label of an associated
temporal strict linear order, denoted by T.,.
2. A nonempty set of pairwise disjoint strict linear orderings, indexed by W.
3. A set of partial functions (accessibility functions), with the characteristic
that at most one accessibility function is defined between two orders.
An example follows: w G G.
1 2
I
3 4\5\
A N
Y6 7 8 9
w <w/)7 (Tw”7<’w”)v

where T, = {14,220}, T = {3w, 4w, 5w } and Ty

= {w,w’,w"}; the linear temporal flows: (T, <w), (Tw,
= {6’[1)” 5 7’LU”7 8’[1)” 5 9w// }

There are four accessibility functions:

w w w w U)l w” ’LU” 'U)/
— Ty —=Ty; —: Ty = Ty; — Ty — Ty and — : Ty — Ty
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defined as follows:

ww o _ idr, ; 'ﬂ; (1w> = 3w, ﬂ (Zw) = 4y;

w w' w w'

—_— (310’) = 611)”7 —_— (5w/) = 8w//;
"o, "o, "o "o
w w w w w w w w

— (6y) = — (Twr) =— Buwr) =4w, — (Jur) =5u.

The paper is structured as follows: in Section 2 we define the functional
semantics for the language Lrxyw. In Section 3 we analyze the definability of
the basic properties of the functions. In Section 4 we introduce minimal axio-
matic systems for L7« and its completeness proofs are given. In Section 5 we
prove that the T x W-frames and the Kamp-frames are particular cases of our
approach. Finally, in Section 6, future work is outlined.

2 The Logic Lrxw

The alphabet of Lp«w is defined as follows:

— a denumerable set, V), of propositional variables;
— the logic constants T and 1, and the classical connectives — and —;
— the temporal connectives G and H, and the modal connective 1.

The well-formed formulae (wffs) are generated by the construction rules of classi-
cal logic adding the following rule: If A is a wff, then GA, HA and A are wffs.
We consider, as usual, the connectives A, V F', P and { to be defined connectives.
The connectives G and H have their usual readings, but A has the following
meaning: “A is true at every accessible present” (in the above example, the
accessible present for 1., is {1y, 34}, etc.).

Definition 1. We define a functional frame (or simply a frame) for Lrxw as

a tuple (W, T, F), where W is a nonempty set (set of labels for a set of temporal

flows), T is a nonempty set of strict linear orders, indexed by W, specifically:
T ={(Tw,<w) | we€ W} such that if w #w', then Ty, N Ty =

F is a set of non-empty functions, called accessibility functions, such that:

a) each function in F is a partial function from Ty, to Ty, for some w,w’ € W.
b) for an arbitrary pair w,w' € W, there is (in F) at most one accessibility

function from Ty to Ty, denoted by .

We will denote Fy = {"% € F | w' € W}. Then F = Uy Fu- The
elements t,, of the disjoint union Coordy, = @weW T, are called coordi-
nates.

Definition 2. A functional model on X is a tuple M = (X, h), where X is a
functional frame and h is a function, h : Lpyw — 2699782 called a functional
interpretation, satisfying:

h(L) = @;h(T) = Coords; h(—~A) = Coords, \ h(A);

h(A — B) = (Coords \ h(A)) U h(B);



242 Alfredo Burrieza and Inma P. de Guzmaén

hOA) = {ty € Coords; | Fu(tw) C h(A)};
hGA)={ty, €Coordys |(ty,—)Ch(A)};
h(HA)={ty € Coords; | («,ty) C h(A)}.

Definition 3. Let A be a formula in Lyxw . Then, A is true at t,, if t, € h(A).
A is said to be valid in the functional model (X, h) if h(A) = Coordyx. If
A is wvalid in every functional model on X, then A is said to be valid in the
frame X', and denote it by Ex A. If A is valid in every frame, then A is said
to be valid, and denote it by = A. Let K be a class of frames, if A is valid in
every frame X such that X € K, then A is said to be valid with respect to K.

3 Definability in Lyyw

Definition 4. LetJ be a class of frames and let K C J. We say that K is Ly w -
definable in (or relative to) J if there exists a set I’ of formulas in Lyxw such
that for every frame X € J, we have that X € K if and only if every formula of
I' is valid in X. If J is the class of all frames, we say that K is Lpxw -definable.

Let P be a property of functions (injectivity, etc) and K the class of all frames
whose functions have the property P. We say that P is Lpxw-definable if K is
Ly w-definable.

Due to lack of space, the following theorem is stated without proof.
Theorem 1.

(0) Ko = {(W,T,F) | F is a class of total functions} is Lpxw-definable and
the formula J(ANGANHA) — (GOA A HOA) defines K.

(1) Ky = {(W,T,F) | Fisa class of total injective functions} is Lpxw-
definable and the formula O(GAN HA) — (GOA A HOA) defines K;.

(2) Ko = {(W,T,F) | F is a class of surjective functions} is Lrxw -definable
and the formula (GOA AN HOA) — O(GA AN HA) defines Ka.

(3) Kg = {(W,T,F) | F is a class of total increasing functions} is Lpxw -
definable and the set {0(A N GA) — GUOA,0(A N HA) — HOA} defines
Ks.

(4) Ky = {W,T,F) | F is a class of total strictly increasing functions} is
Lrw-definable and the set {IGA — GOA, OHA — HUOA} defines Ky.

(5) Ks = {(W,T,F) | F isa class of total decreasing functions} is Lpxw -
definable and the set {I(A N GA) — HOA, O(A AN HA) — GOA} defines
K.

(6) K¢ = {(W,T,F) | F isa class of total strictly decreasing functions} is
Lrxw-definable and the set {IGA — HOA, OHA — GOA} defines Kg.

(7) Ky = {(W,T,F) | F isa class of total constant functions} is Lpxw -
definable and the formula OA — (GOA A HOA) defines K.
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4 Minimal Axiomatic Systems for Ly w

4.1 The System Stxw -Tot
This system has the following axiom schemes:

1. All tautologies of the classical propositional logic, PL.

2. Those of the minimal system of propositional linear temporal logic K.
3. The characteristic axiom schema of the modal propositional logic K.
4. The axiom schema (Tot): O(ANGAANHA) — (GOAAN HOA)

The rules of inference are those of Kl + K:
(MP) A,A— B+ B; (RG) A-GA; (RH) A+ HA and (RN) AF0OA

Theorem 2. The following formulas are theorems in Spxw -Tot:
Ti: FOA—O(AV FAV PA). T2: POA — O(AV FAV PA).

Completeness Theorem for Spxw -Tot: The proof of soundness is stan-
dard. We focus our attention on the completeness proof and adopt the usual
definitions of a consistent (mazimal) set of formulas. In the following, we abbre-
viate mazximal consistent set as mc-set. On the other hand, by & we mean any
axiomatic system for Ly, which is an extension of Kl + K (in particular, the
system Sty -Tot). Familiarity with the basic properties of mec-sets in classical
propositional systems is assumed.

Definition 5. Let I} and I be mc-sets in S, then we define:
I <7 I iff {AlGAEFl}QFQ,F1<WFQ iff {A|DAEF1}§F2

The following lemma is standard in modal and tense logic.

Lemma 1. Let Iy, Iy and I3 be mc-sets in S, then we have:

(a) Iy <r Iy zﬁ{PA|A€F1}QF2 Zﬁ {FA|A€F2}QF1

(b) I =w Iy iff {OA|Ael}C .

(¢) (Lindenbaum’s Lemma) Any consistent set of formulas in S can be extended
to an mc-set in S.

(d) If FA € Iy, there exists an mc-set Iy € S such that I'y <7 I'» and A € I.

(e) If PA € I, there exists an mc-set [y € S such that I'y <7 It and A € I.

(f) If OA€ I, there exists an me-set Iy € S such that It <w I» and A € I5.

(g) IfFl <7 Iy and Iy < I3, then I'y <1 I3.

(h) IfFl <7 Iy and Iy <1 I3, then Iy =13 or Iy <p I3 or I3 <7 I5.

The following lemma is specific to our system for total functions.

Lemma 2. Let I, 15,15 be mc-sets in Spxw -Tot, then we have:

(a) If I'T <7 Iy and It <w I3, then there exists an mc-set in Spxw -Tot, Iy,
such that I'y <w Iy and, either I's =14 or I's <p I'y or I'y <p I3.

(b) If IN <7 Iy and I's <w I3, then there exists an mc-set in Spxw -Tot, Iy,
such that It <w Iy and, either I's =1y or I's <p I’y or I'y <7 I5.
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Proof. We prove (a). The proof of (b) is similar. Assume that I7 <7 I and
It <w I3. To construct Iy, it suffices to prove that one of the following condi-
tions is satisfied:

(i) Iy <w I3. In this case, we obtain the result because I'y = I'5.

(ii) {A | OA € I} U{A | GA € I3} is consistent. Now, Lindenbaum’s lem-
ma guarantees that there exists at least one mc extension, Iy, of the set
{A | OA € I} U{A | GA € I3} which trivially satisfies I <w Iy and
I3 <7 Iy

(iii) {A | OA € I} U{A | HA € I3} is consistent. Lindenbaum’s lemma
again guarantees that there exists at least one mc extension, Iy, of the set
{A|OA eI} U{A| HA € I';} which satisfies I's <y I'y and Iy <7 I5.

If we assume that none of the conditions i)—iii) holds, we have:
a) there exists a formula 0JA € I's such that A & Is;
b) there are By,...,B,, € {A|0OA € I5},Ch,...,Cp, € {A| GA € I3}

such that - (B A ... A By, AC1 A ... AChpy,);
C) there are Dl,...,Dn2 S {A | OA e F2}7E17~-~7Em2 € {A | HAe F3}

such that - (D1 A...ADp, AEY A ... A Epy).

Thus, we have:
B=DBiAN...ANB,,,withOB eIy; C=CiA...NChp,, with GC € I5;
D=DiA...AD,,, withOD € Iy; E=EA...AEp,, with HE € T5.
Now, from - =(BAC), we obtain - OB — O-C and (since OB € I) O-C € I5.
Similarly, from F =(D A E), we obtain O-F € I'. Thus, J(AA-C A—-E)eT;
and, since I't <7 I, we obtain FIJ(A A =C A =E) € I'. Therefore, by (T'1) in
theorem B] we obtain:

O(AAN-CA-E)VFAN-CAN-E)VPAN-CA-E))el}

Henceforth, by the definition of <y, either (1) AA-C A—E € I'; or (2) F(AA
~CA-E) € I5or (3) PLAN-CA-E) € I's. However, A ¢ I3 is contrary to (1);
GC € I is contrary to (2), and HE € I is contrary to (3). Since we obtain a
contradiction in any case, one of these conditions i)iii) is satisfied.

Definition 6. Let ¥ = (W,7,F) be a frame. A trace of X is any function
&y : Coords; — 25T such that, for all t,,, the set D5 (ty) 18 an me-set.

Definition 7. Let @5 be a trace of X = (W, T,F). @5 is called:
temporally coherent if, for all t,,t), € Coordy:
if t, € (tw,—), then Px(ty) <1 Px(t,)
modally coherent if, for all t,,,t,, € Coords:
if t;U/ S fw(tw), then @E(tu,) <w @2@20/)
coherent if it is temporally coherent and modally coherent.
prophetic if it is temporally coherent and for all A € Lryww and all t,:
(1) f FA€ Px(ty), there exists at), € (ty,—) such that A € Px(t!,)
historic if it is temporally coherent and for all A € Lpxw and all t,,:
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(2) if PAe Px(ty), there exists at), € («—,ty,) such that A € Dx(t),)
possibilistic if it is modally coherent and for all A € Lyxw and all ty,:

(3) ifOA € Px(ty), there exists at), € Fyu(ty) such that A €
Dy ().
The conditional (1) (resp., (2) or (3)) is called a prophetic (historic or possibilis-
tic) conditional for @5 with respect to FA, (PA or (0A) and t,,.

Definition 8. Let @5 be a trace of X = (W, T,F). ®x is called total if it is
coherent and X' satisfies the following property: for all t,,t,,,t,, € Coords,
(4)  ift., € Fultw) and t., # ty, then there exists ", € Fo(tl,) [l

(4) is called a total conditional for @5 with respect to ¢, t,,, and ¢/,.
D5, is called total-full if it is prophetic, historic, possibilistic, and total.

Definition 9. Let W be a denumerable infinite set and T = J,, ey Tw, where
T, is a denumerable infinite set, for each w € W. We consider the class, =,
of frames, (W', T',F"), such that W' is a nonempty finite subset of W and
T ={(T),, <) | we W'} where T, is a nonempty finite subset of Ty,.

For Xy = Wy, Th,F1) and Xy = (Wa, T2, F2) in = we say that X5 is an
extension of X if: (i) W1 C Wy; (ii) either Ty C Ty or for every (T, <w) €
71, the set Ty contains a flow wich extends (Ty,, <) and (iii) either F1 C Fo or

for every ©= € Fi, the set Fo contains a function which extends .

Definition 10. Let = be as in definition [9 and let @5 be a trace of a frame
=W, T F)e=.

I) Let the prophetic conditional be:

(1) if FA € $xi(ty), there exists a t), € (ty,—) such that A € Pxi (L))

We say that it is inactive, if its antecedent is not fulfilled, that is, if
one of the following conditions is satisfied: (i) t,, ¢ Coordss and (ii) t,, €
Coords: but FA & ®5/(ty). We say that the conditional (1) is active, if its
antecedent is fulfilled but its consequent is not, that is, t,, € Coordy and
FA € $xi(ty), but there is no tl, € (ty, —) such that A € &5 (t),). We say that

(1) is exhausted, if its consequent is fulfilled, i.e. there exists a tl, € (ty,—)
such that A € &5 (t),).

II) Let the historic conditional be:
(2) if PA € $si(ty), there exists a t, € («,ty) such thatA € Psi (L))

We say that it is inactive, if its antecedent is not fulfilled, that 1is, if
one of the following conditions is satisfied: (i) t,, ¢ Coordss and (ii) t,, €
Coords: but PA & ®x/(ty,). We say that the conditional (2) is active, if its
antecedent is fulfilled but its consequent is not, that is, t, € Coords, and
PA € &si(ty), but there is no t,, € («,t,) such that A € Px/(t,,). We

! That is, &5 is called total when is a coherent trace of a total frame.
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say that (2) is exhausted, if its consequent is fulfilled, i.e. there exists a
t, € («,ty) such that A € &5 (t),).
IIT) Let the possibilistic conditional be:

(3) if QA€ Pxi(tw),there exists at), € F, (ty)such that A € Ox ()
We say that it is inactive, if its antecedent is not fulfilled, that is, if
one of the following conditions is satisfied: (i) t,, & Coordss and (ii) t,, €
Coords: but OA & Pxi(tw). We say that the conditional (3) is active, if its
antecedent is fulfilled but its consequent is not, that is, t, € Coordy and
OA € Pxi(ty), but there is no t,, € F, (ty) such that A € Px/(t],). We
say that (3) is exhausted, if its consequent is fulfilled, that is, there exists
atl, € F,(ty) such that A € Ps(t,,).

IV) Let the total conditional be:

4) iftl, e F,(tw) and t,, # t,, then there exists tl, € F, (t,)

We say that it is inactive, if its antecedent is not fulfilled, that is, if one of the
following conditions is satisfied: (1) something (ty,t,, ort.,) is not in Coords:;
(ii) ¢, & Fl,(tw); (iii) t,, = t,. We say that the conditional (4) is active, if
its antecedent is fulfilled but its consequent is not, that is, t,,t.,,t,,, € Coords,
t, € Fu(tw), t, # ty, but t!l, € F, (t,) does not exist. We say that (4) is
exhausted, if its consequent is fulfilled, i.e. t!), € F, (t.,) exists.

Lemma 3 (trace lemma). Let @5 be a total-full trace of ¥ = (W, T,F) and
let h be a functional interpretation assigning each propositional variable, p, the
set h(p) = {tw € Coords;, | p € Dx(ty)}. Then, for any wff, A, we have

h(A) = {t, € Coords | A € Px(ty)}

In order to prove the completeness theorem, for each consistent formula A
we will construct (using the class, =, of frames in definition [)) a total frame
Y = (W,T,F) and a total-full trace @5, so that A € &5(t,,) for some t, €
Coordy;. To do this, we will define an enumeration of elements in T" as defined in
definition O T' = ;e Twi; Tw, = {t(,5) | € N} and an enumeration of wifs of
Lryw: Ao, A1, ..., A,,... Therefore, we have a code number for each prophetic
conditional (historic conditional, etc.) :

- The code number of the prophetic conditional

“if FA€ ®xi(ty), there exists a t!, € (t,, —)such that A € &xv(t,)”
is 2- 117137 - 17%, where i is the index of FA and (j,k) is the index of .
- The code number of the historic conditional

“if PAe ®si(ty), there exists a ¢, € («,t,)such that A € &5/ (t),)”
is 3-11°-137 - 17%, where i is the index of PA and (4, k) is the index of t,,.
- The code number of the possibilistic conditional

“f QA € Pxv(ty), there exists a ¢/, € F, (t,) such that A € Px(¢,,)”

is 5-11%- 137 - 17%, where i is the index of A and (4, k) is the index of t,,.
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-The code number of the total conditional
“fe¢, € Fl(tw) and ¢, # t,, then there exists t!/, € F, (t1,)”

is the tuple (7-137 - 17%, 7137 . 17¥ 7.137 . 17¥"), where g k) is the index of
tw, (j, k') is the index of #/,, and (5, k") is the index of #/,,|

Now, given a consistent formula A, the constructions of ) and @5 go step by
step as follows: We begin with a finite frame Xy = (W, 7o, Fo) and a trace @,
where: Wy = {wo}, To = {({t0,0)}, D)}, Fo = @ and @5, (t(0,0)) = L0, where Iy
is an mec-consistent set containing A. Assume that X, = (W,,,7,,,F,) and &5,

are defined. Then, ¥, and @5, , are defined as follows:

e If all conditionals are not active, then X, = X, &5
construction is finished.

e In other case, i.e., if there are prophetic conditionals (or historic, possibilistic,
etc.) for @5, with respect to F'A (respectively, PA or 0. A) and t,,, or there is
a total conditional for @5, with respect to ¢, t,, and ¢/, which are active,
then we choose the conditional with the lowest code number and the lemma
below ensures that there exists an extension X, of X, and an extension
&5, ., of @5 so that this conditional for @5, , is exhausted.

i1 = Px, and the

The result is a sequence of finite frames (Wy, 7o, Fo), ---s (Wa, Tn, Fr), .., Whose
union is Y, and a sequence of corresponding traces @x,,®x,,...,Px,, ... whose
union is @5. Each finite frame of the above sequence satisfies the condition of
linearity of orders and each trace of it is coherent, but in general, it fails to be
prophetic, historic, possibilistic or total. However, as we shall show, X' is such
that @5 is total-full. Thus, A is verified by the trace lemma.

Lemma 4 (Exhausting lemma). Let = be as in definitionld, @5 a coherent
trace of Xy = Wy, Tpn, Frn) € Z, and suppose that there is a prophetic (historic,
possibilistic or total) conditional for @5, which is active. Then there exists a
coherent trace @y, ., an extension of @y, , such that this conditional is a con-
ditional for s, ., which is exhausted.

n’

Proof. Let @5, be a coherent trace of X, = (W,,,7,,, F,) in =, and let
(1) if FAe &y, (ty), there exists ¢, € (ty, —)such that A € &5, (¢,)

a prophetic conditional for @5, with respect to F'A and t,,, which is active. In
this case, the proof is a simple adaptation of the one offered in (Burguess, 1984),
by induction on the number I of successors of t,, € Ty,: since (1) is active, we
obtain that FA € &5 (t,), but there is no coordinate t,, € (t,,—) such that
A€ Py, (t,). Then, by lemma[I] we have that there is some mc-set I" such that
Sy (ty) <r I' and A € I'. We want to extend the function @5, assign I' to a
new coordinate t/, and preserve the linear order and coherence of the trace. The
result will be a new frame X, 11 = (Whyy1, Tny1, Fag1) € 5 and a trace 5, .
For this, we consider the number [ of successors of t,, in T,,. Thus, if [ = 0:

2 Given a conditional for @5, if we simply replace the label X with X’ so that ¥ C %,
we have a conditional for @5 but with the same code number as the conditional for
@5. Then we can say that in both cases we refer to the same conditional.
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- = W .
n+1 n

- Tnr = (Tn = {(Tw, <w)}) U{(TL, <ip)}), where Ty, = T, U{t, },

and <!, =<y, U {(tw, 1)} U{(t1,,,t,) | t1, <w tw}

- Jn+l1 = fn and ¢ZW,+1 = szn U {(t;uﬂp)}

If I > 0, we assume that for any natural number m < [ the construction is
well-defined and consider the case {. We reason as follows: let ¢; be the successor
of ty, in T,,. Clearly, A € &5 (t}); in other case, the conditional should be
exhausted. If FA € &y (tf), the case is resolved by inductive hypothesis. If
not, that is, if ~FA € &5, (t¥), then by (h) in lemma [, we obtain that I" <p
@En (t;ku) Thus, we have @En (tw) <r I' <7 @En (t,t}) Then:

- n+1 = Wn

- Toa = (Tn = {(Tw; <w)}) U{(T},, <\)}, where Ty, = T, U {t;, } and

<o=<w W{(tw, 13,), (8, t5,)} U{(t1,,, 0,) [ H1, <o tw)} U{(E, t0,) | £, <w t1,}
- Fny1 = F,, and @2"’_*_1 = @gn U {(tz),F)}.

In both cases, I =0 and I > 0, the {tem (g) in lemma[I] allows us to conclude
that @, ., is coherent and the proof is complete.

The proof for a historic conditional is similar. Assume a possibilistic condi-
tional for @5, with respect to 0A and t,:

(2) if QAedy, (ty),there exists a t!, € Fy(ty) such that Ae &y (t,)
is active. Then, 0A € &5, (t,) but there is no ¢/, € Fy,(ty) with A € &5 (t],).
We know — by item f) in lemma [[] - that there exists an mec-set, I', such that
Ox (ty) <w I and A € I'; then we require a new flow of time T, with a
coordinate t,, associated with I" so that t,, € Fy,(ty). That is:
- Whgr = Wy U{w'}
- Tpy1 =T, U{(Tw, <uw)}, where T,y = {t/,,} and <,y = @
- Fur = Fo U{==}, where === {(ty,t},,)} and &3, ,, = b5, U{(t,,, )}

It is easy to see that @5, ,, is coherent.
Now, assume a total conditional for @5, with respect to t,,, t,, and ¢/ ,:

(3) ift), € Fy(tyw) and t, # t,, then there exists ¢!, € Fy,(t,,)
is active. Then, t!, € F,(ty) and t,, # t,, but ¢/, € F,(t,,) does not exist.
Therefore, we must fix an image for ¢/,. We have either t!, € (t,,,—) or ¢/, € («—
,tw). Now, by hypothesis with respect to @y, , we have @5, (tw) <w Px, (t,,)
and either @5 (t,) <r Px,(t,) or Ox (t,) <r Px, (ty). In any case, by
lemmalf2] there is an me-set, I', such that @5, (¢,,) <w I" and one of the following
conditions is satisfied: (1) @z, (t,,)=1T; (2) Px, (t,,,)<r; 3) I <7 Px, (t,).

In all cases, we have W,, 1 = W,,. Moreover:

a) If condition 1 above holds, then

- Ip41 — 7;17
w w w ’/ w w; w w .
- Fop1 = (Fo —{—1}) U {—"}, where —'=— U{(t,,,1,,)}
- ¢En+l = ¢En
Clearly, @5, _, is coherent.
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b) If condition 2 above holds, then we consider {t; , | 1 <1i < n} = (t,,,—)
i.e., the number n of successors of ¢, in the flow Tjs. If n = 0, then we
choose a new coordinate ¢!/, to be associated to I" and we have:

- Tnt1 = (T, —{(Tw, <w)}) VAT, <)}, where T}, = T,y U{tl],} and

w
<= < U{(E )Y UL (8 80) | £ < 2,0},
- Fupr = (Fa — {22} U {—"}), where — =" U {(£,, ")} ()
- QSEn-H = @En U {(tgﬂa F)} (T)

Now, using lemma [[ again, the proof of the coherence of @y, ., is complete.
If {t; , | 1 <i<n}=(t,,—)is not empty, i.e., n > 0, we take into account
the immediate successor of ¢/ ,, namely t; ,. Now, as @5, (t,,) <7 @5, (t1,,),
by item (h) of lemma[ll, we have three cases:

(i) s, (t1,,) =15 (i) I' <7 Px,(t1,,); (i) @5, (t1,,) <7 I
Case (i) is the same as condition 1 above but with ¢; , instead of ¢,,. Case

(ii) means that &5, (t,,) < I' <7 ®x,(t1,,). We select a new coordinate
t, to be associated with I'. Therefore:

T An+l = (7;1 - {(Tw’a <w’)}) U {(T{u” <{w’)}’ where Tllu’ =Ty U {t;:;'} and
= U (s t0), (Esta, ) U {6 ) | 6 <ar e} U
{(Eh 50) |1, <o o}

- Fng1 and @y, are defined as in (f) above.
Again item (g) in lemma [T completes the proof of the coherence of @y, .
Case (iii) lead us to consider the immediate successor of ¢; ,, namely 5 ,,
and we proceed similarly.
By iterating this operation at most n times, we fix the image of !, associating
an mec-set to it, preserving coherence and linearity.

¢) If the condition 3 above holds, the treatment is similar to condition 2. This
completes the proof of the exhausting lemma.

Finally we can enunciate the following theorem.

Theorem 3 (Completeness theorem for Sy.w -Tot). If a formula A is
valid in the class of frames {(W,T,F) | F is a class of total functions}, then A
is a theorem of Stxw -Tot.

5 T x W-Validity, Kamp-Validity, and Functional Validity

Now, we analyze the relation of 7' x W-validity and Kamp-validity to functional
validity. As we shall see, the functional context introduced is a generalization of
the T x W and Kamp contexts. Specifically, we can generate a functional model,
Mpyne, from a T x W (resp. Kamp model), Mpxw (resp. Mgqamp) and prove
the equivalence between M pypne and Mypyw (resp, Miamp)-

5.1 T x W-Validity and Functional Validity

Definition 11. A T x W-frame is a quadruple Xpxw = (T, <, W, =) consisting
of:
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1. A nonempty set T (“time-points”).

2. A strict linear order < on T.

3. A nonempty set W (“worlds” or “histories”).

4. A family ~= {=i}ier of equivalence relations = on W such that the fo-
llowing condition is satisfied: “if w =y, W' and ta < t1, then w /2y, w'”.
The expression w &y w' is read “w and w' share the same history up to (and
inclusively) t”.

Definition 12. A T'x W-model is a tuple Mpyw = (Xr<w, h!) where Xrww
is a T x W -frame and h' is a function assigning each atomic formula, p, a subset
of T x W and satisfying:
if w =y w', then (t,w) € AT (p) iff (t,w') € hi(p) ()
Lt is recursively extended to Lryw treating truth-functional connectives in
the usual way. The modal and temporal connectives run as follows:

W(GA) ={(tw) € T x W | Uper,y () € HH(A)};
W) ={(tw) € Tx W | Upe(y) (¢w) € AHA)
RH(OA) ={(tw) € T x W | Uyepay, (') C HT(A)):
where [w]~, denotes the equivalence class of w for the relation =;.

Generating a Functional Model from a T X W-Model. A functional
frame, (W*,T,F), is generated from a T x W-frame, (T, <, W, ), as follows:

1. W*=Ww.

2. T is the set of all (T}, <) such that for each w € W, (Ty,<,) is an
isomorphic copy of (T, <). The copy of ¢ in T, will be denoted t,,. Thus, if
w # w', t,, and t, are considered different.

3. F is the class {%%| w,w’ € W*}, where % is defined as follows: if there
exists to such that w %, w’, then the domain of “% is {t,, € Tp, | w ~; w'}
and, for each t,, € Ty, =5 (tw) = tur.

As a consequence of the properties of the equivalence relations, we have:
(a) idr, € Fu, for all w € W*; (b) if % € F,, then “>"" € F,s and
(c) F is closed under composition of functions.

The following lemma (whose proof is trivial) ensures that, in the above cons-
truction, ~ is determined by F:

Lemma 5. Let (T, <,W,=) be a T x W-frame and let ¥ = (W*,T,F) be a
functional frame generated from (T,<,W,=) as defined. Then, if w,w' € W
and t € T, we have that w ~; w' if and only if t, € fw(tw,

Now we restrict the notion of a model given in definition 2]

3 Where t,, is the copy of t at Ty, and ¢, is the copy of t at T,.
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Definition 13. Let ¥ = (W, T, F) the functional frame generated from a T x
W-frame. We define a functional model on X as a tuple M = (X, h) as in
definition [2 with the following restriction for h: for all atoms p € V and all
tw, ., € Coords, such thatt., € Fy(ty), we have

w’

tw € h(p) if and only if ¢, € h(p) (%)

Lemma 6. Let My w = (T, <, W, =, h) a T x W-model on the T x W -frame,
U=(T,<,W,m), X = (W,T,F) the functional frame generated from U, and let
M = (X, h) as in definition[I3l Then, if the following condition is satisfied

tw € h(p) if and only if (t,w) € h'(p)
we have for all formula A:

tw € h(A) if and only if (t,w) € hi(A).

Proof. By structural induction on A.
Now, the following result is immediate:

Theorem 4. A is T'x W-valid in a T x W-frame, U, if and only if A is valid in
the functional frame generated from U, according to restriction (xx) established
in definition &G

5.2 Kamp-Validity and Functional Validity

Definition 14. A Kamp-frame is a quadruple X amp = (T, W, <,~) consisting
of:

A nonempty set T (“time-points”).

A nonempty set W (“worlds” or “histories”).

A family < = {<| w € W} of binary relations on T, where each <, is a
strict linear order on a subset T,, C T and UwEW T, =1T.

A family = = {=~ }1er of equivalence relations =, on W such that the fol-
lowing conditions are satisfied:

(a) Zf w g w' then: {t eTl,N Tw/{tl ey, | 1t <w t}:{tl € Ty | 1 <w’ t}
(b) if wmyw andt' <, t, then w ~=p W'

As in the T X W-frames, the expression w =~ w' s read “w and w' share
the same history up to (and inclusively) t”.

Lo do =

+~

Definition 15. A Kamp-model is a tuple Mggmp = (ZKamp,hT) where
Ykamp 15 a Kamp-frame and h' is a function assigning each atomic formula,
D, a subset of T x W and satisfying:
if weyw, then(t,w) € hi(p) if and only if (t,w’) € ht(p)
ht is recursively extended to Lpww treating truth-functional connectives in
the usual way. The modal and temporal connectives run as follows:

4 If we eliminate the restriction (*) on the definition [[2, as in [Zan96], we obtain the
same result established by theorem [l but without the corresponding restriction on
the functional frames in definition [I3
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BH(GA) = {(t,w) € T x W | Upeqy (#w) C hi(A)};
BHHA) ={(tw) € T x W | Upery (tw) € hH(A);

w’ €[w]xy (taw/) g hT(A)jU

RN (OA) = {(t,w) e T x W |
denotes the equivalence class of w for the relation =;.

where (W],

Generating a Functional Model from a Kamp-Model. We generate a
functional frame, ¥ = (W*,7,F), from a Kamp-frame, X gmp = (T, W, <, =),
as follows:

1. W*=W.
2. T = Upew Ty, <3,), where for each (T, <w) in Xxamp, (T, <j,) is a copy
of (T, <w), so that if w,w’ € W and w # w', then T} NT,*, = &. The copy

of t € T = U,ew Tw is denoted t3,. Thus, if ¢ € To, N Ty, then there is a
copy ty, of t in T}; and a copy ¢, of t in T};,.

3. F is the class {Tﬂ:\ w,w" € W*}, where Y is defined as follows:

if there exists tg € T such that w =, w’, then the domain of “% is {t} €

T# | wa w'} and, for each ¢, € Tk, 5% (t5) = t,.

As a consequence of the properties of the equivalence relations, we have:

(a) idp: € F, for all w € W*; (b) if wy'e Fu, then " € F,v and (c)
F is closed under composition of functions.

The following lemma ensures that, in the construction, ~ is determined by F:

Lemma 7. Let (T, W, <,=) be a Kamp-frame and let ¥ = (W*,T,F) a func-
tional frame generated from (T, W, < =) as defined. Then, if w,w’ € W and
t € T, we have that:  w =, w' if and only if t%, € Fu,(tS).

The rest follows step-by-step as in T' x W-frames.

6 Future Work: Some Remarks about Incompleteness

In this section, we show that if we want to obtain complete minimal systems
with respect to the classes of frames with injective (surjective, etc.) functions,
then, in general, we cannot follow the method given in section 4, that is, it is
not sufficient (as a standard generalization) to consider the method of adding
successively to the basis of KCI+/C the formulae introduced in the section defining
these classes. In consequence, deeper study is required which we shall consider
as future work. As an example, we shall show that adding the formula
(Tot-Inj) O(GAANHA) — (GOAA HOA)

as axiom schema to the basis of Kl + K is not sufficient to obtain a complete
system with respect to the class of frames with total injective functions and,
indeed, taking into account that this class is defined by (T'ot-Inj), the system
Kl + K + (Tot-Inj) is incomplete in a wider sense, that is, there is no class K of
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functional frames such that the theorems of that system are precisely the valid
formulas in K. For the incompleteness of Kl + KC 4+ (Tot-Inj) we shall prove
that there is a formula valid in the class of functional frames with total injective
functions which is not a theorem of it. Let X be the formula
FOAANFOB) - OFANANFB)VF(FAANB)V (FAANPB)V
(PANFB)V P(AANPB)V P(PAA B))
Now, it is sufficient to prove the following conditions:

1. The formula X is valid in the class of all functional frames with total injective
functions.
2. There is a model of KI + K + (Tot-Inj) in which X is not valid.

The proof of 1 is easy. For 2, we define a new type of frame for Ly w.
Let ¥ = (W, 7T,F*) where W and 7 are as in definition [l but F* is a set of
correspondences, called accessibility correspondences, such that:

a) each correspondence in F* is a correspondence from T, to Ty for some
w,w € W.

b) for an arbitrary pair w,w’ € W, there is (in F*) at most one accessibility
correspondence from T, to Ty, , denoted ¢y, -
We will denote F, = {¢pww € F* | w' € W}. Then, F* =, cw Fu-

The set of coordinates of a frame ¥ = (W, T, F*), denoted Coordy, is defined as
in definition

A correspondence model on a frame ¥ = (W,7,F*) is a tuple (¥, h®),
where h® is a function: h® : Lyyw — 269979 | satisfying the usual conditions
for the boolean and temporal connectives, and the specific condition:

h*(OA) = {t,, € Coordy | Fa(tw) C h*(A)}

The notions of valid formula in a correspondence model, valid formula in a
correspondence frame, and valid formula are defined in a standard way.

Now, let the following correspondence frame be:

-W={w,w'};

-T ={(Tw,<w), (Tw, <w)}, where

~Lw = {lwa 2’[1}7 3’(1}}7 <w= {(1w7 211))7 (lwa 3w)7 (271)7 3111)};
- T = {4w', 5w }, <w= {(4w,5u) };

-F = {¢ww’}a where ¢ww’(1w) - ¢ww’(2w) - ¢ww’(3w) = Tw’

Now we consider an arbitrary model, M, on this frame, i.e., an arbitrary
interpretation function h : V — 21w:2w.dw 4w 50},

To verify that M is a model of KI + K + (T'ot-Inj) it suffices to show the
validity of its axioms in M. Details of proofs are omitted.

On the other hand, M falsifies X at 1,. Thus, we conclude that X is not a
theorem of Kl 4+ K + (Tot-Inj) as required.
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